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These lessons are intended for first-year students in the Material Sciences department, following
the curriculum provided by the ministry for the Mathematics course in the first year of Algebra
and Mathematical Analysis. This course is divided into two parts over two semesters, where
students study Mathematics 1 in the first semester and Mathematics 2 in the second semester.
This subject is a fundamental course belonging to the core unit, which has a coefficient of 3
and a credit of 6. The grade for this subject is calculated as 33% based on the total score of

the coursework and 67% based on the score of the final exam for each semester.
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These lessons can be foundational for the first year and preparatory for the second year, serving
as a starting point for further training in calculus, matrices, and solving differential equations.
The lessons are written in a clear and simple manner to encourage students to learn the basic
principles and concepts of algebra and mathematical analysis, in an attempt to simplify the
definitions and explanations for differentiation, integration, and differential equations, which
require describing physical, chemical, or other phenomena and knowing specific things about

these phenomena, observations, or samples.
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In these lessons, we have carefully integrated examples and exercises. Some of the exercises
can be found on various websites, which we have reviewed and translated into Arabic. This
work is divided into two parts, the first of which is dedicated to algebra and the second to
mathematical analysis in each semester. At the end of each chapter, we address a series of

solved exercises that help to deepen and consolidate the concepts.
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Sets ale gaxed! 1.1

Definitions wid jlad 1.1.1

owan Jle e um il O 93 (Ole gamall paihad BLASIwl J gl

pPogan 1) 10 Lo (635w g lguwdd Ole gomoll o deal Ja3 ¥ Ole gasmall (o SLEMal) (i

e gama G (1A 91) Gudad

We will try to explore the properties of sets without focusing on a specific example. We

will quickly discover that the relationships between sets are no less important than the sets

themselves, and this will lead us to the concept of a mapping (or function) between two sets.

1.1.1 : Definition - «aJ yad

lo bols b oI s iy 90 31} (W) ¢) polish) go gass B 65 gasal

A set is a collection of well-defined objects (or elements) that share a common property.

1.1.1 : Example - Jki

{0,1}; {&;j1 blue sV red}; N=1{0,1,2,3,...}
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Notations ke
et ST e o Y Ae game JS T e b Lt e 0 AT Ao geme e (1

We call an empty set denoted by &, every set does not contain any element.

&wa‘g?w‘oﬂg&&zxeE%’«S&thW‘O&MQZQ?J}EJ (2
r¢ E. GO 9 F de gamald
We say that x is an element of the set £ and we write x € F, the negation of this case

that the element = does not belong to the set £ and we write x ¢ E.

B juen duols mglay 35 das jolic pexd o8 9 (AS gae (u 9ST S 3T F b Ul (3

There are other ways to form a set, which is to group certain elements that have a

distinctive feature.

i 2.1.1 : Example - J 20
{zr eR, |z—2|<3},
{zEC, 22:1},
{(reR, —1<z<2}=[-1,2]
\. J

Distinguishing feature of set ds gameld 3 peaad! dsalidl 2.1.1

2.1.1 : Definition - «aJ yad

P o 15 Wf Suliie g sbg Wpolie o ;15 avg ¥ ¢ Gilise 65 gasal) polis o
The elements of the set are different, that is, there is no repetition in its elements, and it

may be finite or infinite.
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g 3.1.1 : Example - J 20
The set of level points < gunal! blas &S gaso (1
The set of natural numbers N N Sk 5\).9—@\ &S gatn (2
The set E defined as follows cb |PC1 60,20\ £ 68 gateal) (3

E={eeN, 0<e<20}.

Subset ds padl 4e gemad!  3.1.1

3.1.1 : Definition - «ad yad

bay) B A oo pois IS O 15) I 0o G j S8 gan (B A o) Yol ¢ g A 0ic gaseel Samilly
2 Az e E s o¥ ) ACE jopb @ jopg B pois

For two sets A and E we say that A is a subset of E if each element of A is also an element

of E. In formal notation A C E if for all v € A we have x € E.

we write ._.;):9

ACEsVre A=z € B

Sl goles! ) §ass Las-

Where the following properties are achieved
pCE (1
ECE. (2
SaS ) o gasal) gros B B polis b1 ESgeke g pkes 65 gesall 0o NI
' P (E) jopb W jo pg 6 goseall

Starting from the set E, we can create a new set whose elements are all the subsets of the
set E and denote it by & (E).

Brahim Brahimi-Jihane Abdelli 12 University of Mohamed Kheidar, Biskra
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( 4.1.1 : Example - J 2
Let the set b6 qaseall T
E={1,2,3},

D 65 gassal) 03 o1j5-1 6 gotea 0lo

The set of parts of this set is

Z(E) ={¢, £, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}.

Complementary set 4s gamé dmeaie 4.1.1

4.1.1 : Definition - «2J yad

E 6Sqasall (3 A 68 gotol) Suosio gous < &S gonall g a5 j5 S goteo A S gaseal) ol

By Cod ol B\ A jo bl & jop G
Let the set A be a subset of the set E, we call the complement of the set A in the set E wﬂz’ch
we denote by E\ A, A or CxA and write

CeA={zcE|z¢ A}

5.1.1 : Example - Jti

a8 A g E 68 gaseall o8

Unwversity of Mohamed Kheidar, Biskra 13 Brahim Brahimi-Jihane Abdelli



Sets \oqaseall 1.1 Sets theories <\S-qascall =\ 05

Let the sets E and A where

E=1{1,2,3,4,5}, A=1{2,3},

D E 68 gatal) (0 A &S gasal) Sunie Ging

then the complement of the set A in the set E is given

A={1,4,5}.

Difference of sets Qle gamed! 38 5.1.1

5.1.1 : Definition - «aJ yad

B g A gxiSeasall 0 5% F b8 sasall g0 ol js 0l sate B g A 68 goseal) ol

—By A= B g\ A/B jo b ol jogs
Let the sets A and B two subsets of the set E, we know the difference of the two sets A and
B which we denote by A/ B or A — B and write

A/B=A—-B={zx€ Aand z ¢ B}.

g 6.1.1 : Example - J 2

Zas Ag E QQ—W\ foﬁ
Let the set £ and A where

FE={1,2,3,4,5}, A={1,2,3}, B={3,4,5}
then oA PY

A-B = {z€A qx¢ DB},
- {172}
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and 9

B—A = {reBand z ¢ A},
= {4,5}

G ond 1o gaseall o &80 of B35

kI/Ve note that the difference between the sets is not commutative. D

6.1.1 : Definition - «aJd yad

{ﬂ\ Jhoo 6).>-\9 OS 9ot §b6>9>.-9d\ ,Jo\iﬂ.\\ G gate §B B 9 A UNS gadko (N &,.‘o\»d\ \9).9.“
—35g . AAB jo b o jop
The symmetric difference of two sets A and B is the set of objects that are in one and only

one of the sets. The symmetric difference is written AAB.

AAB = (A— B)U (B — A).

2 7.1.1 : Example - J 30 )

oieg &) JUal) oo A g E 6 gasell ol
Let the sets E and A from the previous example, then
AAB = (A-B)U(B-A)
= {L,2}u{4,5}
= {1,2,4,5}
(S8 1o gatol) up & P ) o B

kWe note that the symmetric difference between the sets is commutative. D

2 1.1.1 : Theorem - ’Q)hp

1oy culus oley & DU 80 o1 < 60 gaseal) 0o 0lisd j oS gosee B g A 68 gassal) ol
Let A and B be subsets of the set E, the symmetric difference can also be calculated with the

Unwversity of Mohamed Kheidar, Biskra 15 Brahim Brahimi-Jihane Abdelli



Sets theories w\Sqaseall oy )95 Sets < \oqaseall 1.1

following relation:

AAB = (AUB) — (BN A).

Operations on sets @he gamad| e @laleadl 6.1.1

Union and intersection ghalil! g slad¥!

‘ 7.1.1 : Definition - uﬁl,ﬁ\

Let E and F be two sets 0B gatn [ g E &S gadenl) JS:S

g EUF jopb F g E oxicgasead) s83Y jop (1
We denote the union of the two sets E and F' by E U F and write

FUF={z:x€EVzeF}.

(91) 122 g Gahmalt B0l v jo I omsy

The symbol V is called the logical separator and reads (or).

—Bg ENF japb F g E o gesad) g6 jop (2
We denote the intersection of the two sets E and F' as E N F and write

ENF={x:x€ EANz € F}.

(9) Vs g il Jooglly A jo 1Y omy

The symbol A is called a logical join and reads (and).

unol.rv-3\)«3\98&3\&3ppgwwwﬁ‘&uéu\m)ﬁﬂ\u\m\m&@(3
These two definitions can be genemlzzed in the case of more than two sets, and we

denote the intersection and union of a set of sets F; by U E; and ﬂ E;, respectively.
=1 =1

. J
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Properties yo! gum

ALY (ol g3 Lowd (B de gaaadl (o 4l 3> Ole gase M3 C g B A (S
Let A, B and C' three subsets of the set E, we have the following properties.

Commutative property A cl Aol (1

ANB=BNA o
AUB=BUA o

Associative property Aacod) Auolsnt (2
AN(BNC)=(ANnB)N(ANC) o
AU(BUC)=(AUB)U(AUC) o

Distributive property A 5 o) Aol (3
AN(BUC)=(ANnB)U(ANC) o
UBNC)=(AuB)N(AUC) o

Complement property el Luols (4

C(AnB)=CAUCB o
C(AuB)=(0ANCB o

C(CA) =4 o
CANA=¢ o
CAUA=E o

Cartesian product gﬁ)l.Sg-\.ﬂ s lhand |

8.1.1 : Definition - «ad yad

FXE japl o jopg F g £ onigase elasd o)) o ol pu) ¢ 3, Tl o1ssdy
) S B pais ating F e gatal) J) Jg I 1B pose akiy i) 68 pall g I b gatn &
13D e Sulalsid) G i@ wuu s e EH1 )Ty ouiny ) aws UM ow &S gosnal)

3 g e gaseal oA g poRaa)
The Cartesian product is the mathematical term for the product of two sets E and F,
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denoted by EXF', which is the set of ordered pairs whose first element belongs to E and
second element belongs to F. It is named after René Descartes who established the
foundations of analytical geometry, introducing this concept of product of sets.

We can write it as

EXF ={(z,y) |xr€e ENy € F}.
. J

1.1.1 : Remark - 'A'\.h'?)i.aoN

b We o jop o genall oo o g} oS genn 0o BEY 3T 1) e oley
-5 9 ﬁEz

The Cartesian product can be generalized to more than two sets or to a collection of setis:1

denoted by ﬁEi, which 1s the set of ordered n-tuples whose i-th element belongs to the set

i=1
E;. We can write it as:

HEZ = {(‘rlax27 7567’6) | x; € EZ’Z = 17 ’n} ’
i=1

. J

8.1.1 : Example - JL’ZD

We have the following examples S &lie Y Gy
R? = RXR = {(z,y) | z,y € R} the plane & pumad} (1
[0, 1XR = {(z,9) [0 <z <1,y e R} (2

[0, 1]X[0, 1]X[0, 1] = {(z,y,2) | 0 < z,y,2 < 1} (3

Y
Y
9 1 | - 2
0 1 1
0 I
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i\ J

Properties yo! gums

ALY (ol g3 Lowd (B de gasmadl (o 4l 3 Ole game OMS C 9 B 9 A de gamad) (S
Let the set A, B, and C' three subsets of the set F, we have the following properties.

(AU B)XC = (AXC) U (BXC) (1

(AN B)XC = (AXC) N (BXC) (2

Set fragmentation 4 geme &3  7.1.1

8 9.1.1 : Definition - u,uﬂ\

By En o Ui E o0 6055 = \Sgasn B, B, ol g 60ls pé Suid S gasn B ol
S by il b8 13) bbby 13) E G gaseal) &5 jos T
Let E be a non-empty set and let Ey, ..., E, be subsets of E We say that E, ..., E, form

a fragmentation of the set E if and only if the following conditions are met
Vie{l,..,n}: E;#¢ (1
Vi£j:ENE;=¢ (2

UE=E (3

i=1

Finished set degiit 4o g0 8.1.1

10.1.1 : Definition - uq)a:’\

3 ¢ E 68 gateall boh 1 512 oms 1 € N D polic 518 daiin S gasn I 3l 1)

If E is a finite set whose number of elements isn € N. We call the number n by the order
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or cardinal number of a set E and write
Card(E) =n
. J
i 9.1.1 : Example - JL’]’.D
Let the set &S gadenl! Jl:!
E={1,2,3,6,9,11},
then, the cardinal number of the set E is o® £ &8 gaseal) \9\’99‘ ole
Card(E) = 6.
\_ J
2 2.1.1 : Remark - I\Jé?MD
P &) polidd) o sqa8e pé sae SO ot =l 1h) GuBiie pd BT B gate o JoBS
.(659).51»
\We say that a set is infinite if it contains an unlimited number of elements. y

Properties o) gum
Card(¢) =0. (1

Card(AU B) = Card(A) + Card(B) — Card(AN B) (2

2 2.1.1 : Theorem - :\,u.hp

105151 6 qesn polic sae olo 7 € N 1D polis 518 Suiie S gato E &S gaseal) 518 13
1R P (E)

If the set E s a finite set whose number of elements is n € N, then the number of elements
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of the set of its parts & (E) is:

Card(P (E)) = 2694E) — g

. J
2 10.1.1 : Example - J A
Let the set &8 gaseal) JS:S
E ={1,2,3},
then: tole

& (E) ={¢, E, {1}, {2}, {3}, {1,2},{1,3},{2,3.
we remark that: o) B

Card(Z (E)) = 2094E) — 23 — g

A et AGLE) ol 3 521 i 21 9 3NN (o ABMall (o peaald| D ASLEY ABMall e
We call the binary relationship: the expression of the relationship between pairs or members of

this ordered pair.

Definition of relationship ddjall «ay a9  9.1.1

11.1.1 : Definition - w24 yad

65 gate0 W5y B 60 gateall () A 65 gatall g0 Sl SN 5425 ciSgate B g A oIS
3G (2, y) 6956 JF U8 e () jo b WIS W jap g B g A S L el e S5

Let A and B be sets, we define the binary relation from set A to set B as a subset of the

Cartesian product of A and B and often denoted by (#), for each binary (x,y) we write:

(xZy), if x is in relation to y. Ly g GdNe e 7 ¥ ) (2%y) (1)

(xRy), if x is not related to y. Ly g SN o gwd 2 ol ) (2 Zy) (2)
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Relationship on set 4s game ie 4ddlall

12.1.1 : Definition - w24 yad

o 1o B e gesal) ) A 68 getal) 0o 68 (Z) 3l 1) coxiSgate B g A ol
663 $is I N b5 gata e YR Sola g} YN S gevas A 68 gotns

BgAS 3G el on e js Dy 6632 60101 ¢ Jgogh 66 gasnr 653N & a0
Let A and B be two sets. If Z is a relation from the set A to the set B, then we call the set
A the domain or the starting set of the relation, and we call the set of ordered pairs that

satisfy the relation the range or the end set of the relation, which is a subset of the Cartesian
product of A and B.

Inverse relationship dwwSal! 4 5all

13.1.1 : Definition - «ad yad

—

5632 o1 (7) welRe —5,%5 W B & gasallgss A b8 gaseall g0 60 y2all 663 (2) o
A 65 gasallgts B 68 gaseall g0 6638 W1 Jo 5,29 (771) jo Jb @) jo pg SqulR))
Let (Z) be a relation defined from set A to set B. We define the inverse (Z7) of # as a

relation from set B to set A.

( )

11.1.1 : Example - Jiio

Find the inverse of the relationship &N un;&n ).>.-9°\
X = {(17 y)? (17 Z), (3,%)}

oD gl 66NN f,y, 2} = B &S gaseall ¢85 {1,2,3} = A &S gaseall 0o
From the set {1,2,3} = A towards the set {z,y,z} = B. The inverse relationship is

%' . B— A
= {(y71)7(z’1)7<x’3)}
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Relationship properties Gl@jall yal & 10.1.1

Reflexive property dwwlSad¥| dualill

WBMe (Z) WMl ([SB gy EE g1 € E icus (7,y) AALEN (S0 9 ddss de game B (S8
WS [l (V=P - UL I D PP P E N | gﬁ 43 a0

Let E be a qualitative set and let the binary (z,y) where: x € E and y € F, and let (#) be a
relation defined in the set £ . We define the following properties:

( 14.1.1 : Definition - u,t'ﬁ'.a

b ) 883 151 unliss) 6o¥e WY (%) 663N oo Jois

We say about the relation (#) that it is a reflexive relation if the condition is met

\Vz e E: x|

Symmetric property & ybUdll| dualilf

15.1.1 : Definition - i.ﬁl).ﬁ\

b ) 888 15) G D3 GoNe BT (2) GbyN oo Jehs

We say about the relation (Z) that it is a symmetric relation if the condition is met

V(x,y) € EXE : 2%y — yZx.

Antisymmetric property 4 WLl 4o duall!

16.1.1 : Definition - i.ﬁ.u.ﬁ\

B i) 883 13) by Bl 1o GdYe 15T (2) 6N oo Jois

We say about the relation (Z) that it is an antisymmetric relation if the condition is met

V(z,y) € EXE : (z%y N yZx) — © = y.
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\ J

Transitive property & daied! dualill

17.1.1 : Definition - i.ﬁl)ﬁ\

b il §853 15) Suaie oS BT (2) o oS JoBs g

We say about the relation (%) that it is a transitive relation if the condition is met

V(z,y,2) € EXEXE : (x Ry N y#z) = cX#=.

Equivalence relationship LS 3% 11.1.1

el ) ABMe 9 3ALSIY) ABMe Lo licwlawi uidde (¥ B jad
We define now two basic relationships, the equivalence and the order relationship

18.1.1 : Definition - uhlﬁ'.a

ob Lo &8ss 15) LTS sede 1851 (%) 66¥R o ks

We say about the relation (Z) that it is an equivalence relation if the following is true

(%) is a reflexive relation. m@! &oNe (Z) (1)
(%) is a symmetric relation. S0 oS sede (2) (2)
(Z) is a transitive relation. B xe G0N (Z) (3)
. J
(

12.1.1 : Example - JL’ZD

P 6o¥s (B o gane &1 Jo (=) 63 (1)

The (=) relation on any set is an equivalence relation.

515 654 B = lnybinel) 68 gata & & jlgi G5Ye (2)

The relation of parallelism on the set of straight lines is an equivalence relation.
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L 515 653 ) (D = laybined) 66 gevn S5 10l b33 (3) J
Th

e relation perpendicular to the set of straight lines is not an equivalence relation.

Lo JSdo dgalidiadl poliall (aiald Lgdi 33l A8Me ¢l y g dolatl 3 ,Saltl

The general idea behind the equivalence relation is that it classifies elements that are similar

in some way.

4 3.1.1 : Remark - 7\1&?){»\

wgam B m& J9 ¢ 91: Zas 499\1:3\ = o J) &6 qaseal! 99\1;.!\ SoNe \amm «ez-looly JI 69
_Ab.—&gmuamﬁ\\ﬂnﬁgsww\po\xﬁ\@»MJ&GA:OY\QS‘—W\MO»,}
\.p.-g) Sbasiog 68 16 p& 0 g__{\ m.\:oﬁ\ QS‘—gaMﬂ QS j5 0AD 9.9\1.\3\ -\l J.L\\ug 60N
0 by S4bo YN e gasal) B313) Jhng «(Bie 0a8) & gblasy ¥ &)
In /
mathematics, an equivalence relation partitions a set into equivalence classes, where each
equivalence class is a subset of the original set consisting of all elements that are equivalent
to each other under the relation. These equivalence classes form a partition of the original

set, meaning that they are non-empty, pairwise disjoint (i.e., any two distinct

Glasses are disjoint), and their union is the entire original set. y

Equivalence class 38U/ i

19.1.1 : Definition - uﬁlﬁ'.a

acE gl g E s geall (b 506 so¥e (2) o)
Let (#Z) be an equivalence relation in the set E and let a € E.

\;‘?\ﬂ;d}ﬂﬁ\?d}bp S a possd) ‘99‘\3:__0»9 —5 ;%

We define the equivalence class of the element a denoted by a as follows

a={x € FE:xHa}
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g 13.1.1 : Example - JL’]’.D

The following relationship: TR
Vao,y: xRy 2 —yi=x—y

It is an equivalence relationship. §9\\E SoNe cb
.x(@y;%}Rmy,m\iﬂ\&m.xeR@

Let x € R. We are looking for the y an elements of R where xZy.
:JT_(;J\G\;\ﬂip\i{o\!:g.;p.(y)\Fbe—y?:x—y&;W\dgb-mJ\__,&q
We have to find the solutions to the equation x> — y?> = x — 1y in (y). Where it can be written

in the form:

z-—ylr+ty —(z-y)=0&(z-ylzt+ty—1)=

Its solutions are y = x andy = 1 — x. y=l-zqy=1a D Des
g.le—xéle/Qu\g\d\ocquo@{x,l—x}.@xM\ﬁ\\E@M9

{1/2} 66 qusal §B $TE _aio I8! 03
Hence the class of element valence x is {x,1 — x}. consisting of two elements, unless

=1—x < x=1/2. In this case the class of equivalence is the set {1/2}.

.’ )

Ranking relationship e ol 433 12.1.1

SLEMal! (o 2alisnedl ¢ 1931 Al joby @igy SN Obadls 331 ¢ 9,8 (1o ¢ 5B B ol i & ylad
Gy 91 ro UB pusie ST 0352 e LI (o J5a oSe Bunsd 55 By ol U1 2L

Y uaiall
Order theory is a branch of mathematics that focuses on studying the various types of binary
relations that give rise to a structural ordering, which can be used to determine when any given

element is less than or precedes another element.

20.1.1 : Definition - w24 yad

B Lo 8885 13) I 68 qatal) (b w5 G0NS () S0¥ o Jobs
We say that the relation (Z) is a ordering relation on the set E if the following is satisfied:
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(Z) is a reflexive relation. mmrﬁ:! &oNe (Z) (1)
(Z) is an asymmetric relation. SoHs o SoNe (2) (2)
(Z) is a transitive relation. B0 1w G0N (Z) (3)

dgiie SOl 13) Aagiie A pe Ao penell OF J SR oo )3 ABSay Ao genell iy g 33 Hlla b
sliaed!) oled! Judiaid! i pe (e Hasse (wla ladasd quw ) JS& 2 Lola Lelded (Sen 3 ie
OSey L2 igiin pud Ao gammall COLES 1) Lei Lgdde A ggun Joadl (re (Sas Lo (Bl le
In the case of equipping a set with an ordering relation, we say that the set is a finite partially
ordered set if it is finite and can be represented graphically in the form of a Hasse diagram,
similar to the usual graphical representation on paper, which makes it easy to work with.

However, if the set is infinite, only a part of it can be represented.

~\

g 14.1.1 : Example - JLis

Poap 60Ye DR g Q Z N Jbe Lolw gl oo jR01> g 2all G5Y2)

The relation “less than or equal to” in N, Z, Q, and R is an ordering relation.
Reflezive meifﬁ)! °
Vo :x <,
Asymmetric S HW o e
Ve,y:x<yq y<zr= 1=y,

Transitive Ao @

Vo,y,z:x<yqy<z=z<z

\. J

15.1.1 : Example - JL:CD

6Sgate P(E) oS gasall (3 i p 68¥e (B C elgis-P) 0Ye oo oo logaseal) Go 0 b
D E &S gasal) ol
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In set theory, the inclusion relation C is a order relation on the set Z(E), the set of all

subsets of E.
Reflexive mm\\fﬁ)l .

VAC & (F): ACA,
Asymmetric S HW o e
VA, BC #(E):ACBand BC A= A=B,

Transitive Ao @

VA,B,CC Z(E):ACBand BCC= AcCC.

Total order relation S| cud oid| a3  13.1.1

E de gomall 2 ool 5 48Me (Z) (S
Let (#) be a relation of order on the set E.

21.1.1 : Definition - w24 yad

B Lo 8883 13) B 68 qatal) (0 S w5 G0NS () So¥ o Jobs
We say that the relation (%) is a total order relation in the set E if the following conditions

are satisfied:

V(z,y) € EXE : (zRZy NV yZx).

2 16.1.1 : Example - J 20 )

daw o Jo I o ol elgis] Yo ¢ Gl (5 Yo elgis) g ¥ sy o gate LD
J el

The inclusion relation C between the subsets of the set E is not a total order relation on
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P(F), as there exist pairs of subsets that are neither contained in each other. For example,
A+[1,3] ¢ B=10,2] and [0,2] £ [1,3].

o1003) 65N o1 % les ¢ A oo G i GSgate B Yoy Yo ¢ B oe O3 js 68 ga0 A Yoy ¥
Neither A is a subset of B, nor is B a subset of A, which means that the inclusion relation

@etween A and B s not a total order relation.

J

( 17.1.1 : Example - JL’Q

ZC"A.'O'RA“ < 6oL, R? 9P
We provide R? with the relation < defined as:

(2,y) = (2,y) <= <2 and y<y.

9(0,1) 02 08 of oTos YWY I o) o 51 130 T R2 o w5 66YS 3485 < 663
(1,0)
The relation < defines a partial order on R?. However, this order is not total because we

Lca,nnoif compare between (0,1) and (1,0).

J

Mappings Qlaglald| 2.1

Definitions e jlad 1.2.1
Definition of mapping Gadall! clm yad

22.2.1 : Definition - w24 yad

0y p 66Y 15, 13) B g8 A ga f ks bbye 1) Jois . o B p& xiC gase B g A o)
:.___ilig.Bmypg-g)MAmxpoﬂ\l{
Let A and B be two non-empty sets. We say that we have defined a mapping f from A to

B if we have established a relationship that connects each element x from A to a unique
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element y from B. We write this as:

fiA — B
z = y=f(z)

or 9\

f(Mapping, &%) <= (Vz € A)3ly € B) :y = f(x)

y 18 called the image of © under the mapping f. S &bl z 6,90 co.m.: y e
x 1s called the preimage of y under the mapping f. S &l v ol Gnm; T e

The set A is called the domain of the mapping. .{9_\)&33\ O gt Gnm; A &S gasal) o

89 1) & 1l ¢ Jpogh 56 gasn (amd B &S gasall
The set B is called the codomain of the mapping.
. J

( 4.2.1 : Remark - %){D

.B\Fbé).pgélyoaiflmzw\l{ — Bg&jAm{g.);thogﬁg (1)
f is a mapping from A to B if and only if every element x in A has a unique image in
B.

Acoébmwﬁg‘Bwymaﬁﬂugbu‘ulmQ)lsBg)uAu.e(g.x.\bafu\;\;l (2)
If f is a mapping from A to B, then an element y in B may have more than one

preimage in A.

Vod ) aiss By «JIZ aahid) Jios f loiss of(1) € B g : f g f(1) on &3l 3 (3)
B ¢85 A 9o 60 jRal) = Nankhil)
It is important to distinguish between f(x) and f. We have that f(x) € B, while f

represents the mapping as a whole, which belongs to the set of all mappings from A to

D y

2 18.2.1 : Example - J 20 )
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We have Gy

A=1{1,2,3} and B ={7,9,13}.

then Qo g e

.B\F'oé)..p-g&lyooﬁAonx)mS—J;BWAm@_Htho
f is a mapping from A to B such that every element x in A has a unique image in B.
.f@.};hiﬁ\@bgéﬁg\m\ﬂjunaﬁl3poiﬁj\&\>d\oméo
In this case, the element 13 in B does not have a preimage in A under the mapping f.
.39220@&@]9,}0&2)\&&\0@\90
In this case, the element 9 in B has two preimages in A: 2 and 3.
. J

Direct and inverse image dwuSal! g 3 piluad! 3 y gual!

23.2.1 : Definition - wad yad

385 1 A= B olly A 0a 8- 6 gase £ olilg 0338 )b pS i gase B g A 0B
Let A and B be two non-empty sets. Let E be a subset of A, and let f: A — B be a
function.

16 qasal) f oubil) Shwlp E & qascal) 6 pbhal) 6,9al) o 25
We define the direct image (or forward image) of the set E under the function f as follows:

f(E)={f(z) |z € E}
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L
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J

(

24.2.1 : Definition - uh.uﬂ\

@JghifA—)Bu.L}Sg cBanQSpQQ—WFuL’\Sg upg—l\pﬂg—u.pg-MBgAuu
16 gatal) f ki) Sl F 6o gaseal) Suml 69al) o,
Let A and B be non-empty sets. Let F' be a subset of B, and let f: A — B be a function.

We define the inverse image, or preimage, of F under the function f to be the set:

={ze€A|f(x)eF}

=0
.f&\,\!\&bgF\?bMhﬁp@\AgpM\J{w%x»?ﬁf‘l(F)cp'-(\ss.szn;

In other words, f~1(F) is the set of all elements in A that map to an element in F under

dhe function f.

J

(

We have the following concepts

A 2asal) go Sl j SSgatn fTH(F)
The set f(E) is a subset of the set B, and f~

co;,&nwwugbu\ula.}.f&}.m%f

cBQQ—W‘usGuPQQ—QAMf

0o 4>y poiS LGS b3 jho Bgeta 90 (B f({z}) =

1 : Remark - 7\1&?){9
S @laal b

QS‘—W\ °

Y(F) is a subset of the set A.

{f@)} passti 6jdelt 69001 @
H({y}) 2 Ganleh 6jpah) ol « & 51 Gyl
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Fon )90 IUD o5 @l 15)) 68 ) b gasal) Lis g1 polic 610 g Gigle S gase o

(v Lols
The direct image of the element f({zx}) = {f(x)} is a singleton set containing a single
element. On the other hand, the inverse image of f=* ({y}) depends on the function f.
It can be a singleton set, a set consisting of several elements, or even the empty set (if

there is no preimage of y under f).

. J

Surjective function wlall Gedald! 2.2.1

25.2.1 : Definition - hﬁlﬁ:’\

1B g A G5 B o il o) B us y pais IS ol 1) vy 1) pele kS f o) Jeis
We say that f is a surjective function if and only if every element y in B has at least one

pre-image in A. We can write this as:

f(Surjective function, w\& %) < (Vy € B,z € A) : y= f(x).

\. J

19.2.1 : Example - JL’]’.D

We have Gy A
A=1{1,23,4} and B ={z,y,z}.

[

\ 7
4 ‘L B

We have \u oo
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.B\F'oé)..p-gélyooiAoopoi&J;BWAm@*th °
f is a function from A to B if and only if every element of A has a unique image in B.
Ao B o bbln o) B g pois 35 oY B g5 A e pols suks f e
f is a surjective function from A to B because every element of B has at least one
pre-image in A.

\. J

Injective function ( beled| Gudall! 3.2.1

26.2.1 : Definition - w24 yad

A G BN Jo bxslg Ginle o) B us y pois I8 ol 15) hivg 13) orlike f dnbil) of Jgis
— ‘/ﬂ.)9
We say that the function f is injective if and only if every element y in B has at most one

pre-image in A, and we write:

f(Injective function, w\be &n¥) <= V(z,y) € A*: (f(z) = f(y) = = = y).

( &
20.2.1 : Example - JL?.D

9, laily Ly A lais- glalisee ghosie :§9\ai>.§!\ ulonl) 0o, 68 gobiel gubill o YKo ps
Subs 99 cu vol&d) §9\ai>_—§l\ vlal) o p vasdl) by p LY dubil) . alise Gf}\mb-\ vl
1978 wjlo R oo 31 (> Yo Yoy wdl) w0leb Y g 01 LD ¢ &5 Bab o comliie
' 030 ond 05¥ae o, vaskid) By A ki) 138
A good example of an application that uses unique identification is the Social Security
number. Two different individuals will always have different Social Security numbers.
The application that links a person to their specific Social Security number is a unique
wdentification application. On the other hand, there are many individuals who were born,

for example, on March 31, 1978. For this application that links a person to their date

cf birth, it is not a unique identification application.
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[ [

A‘ \

Injective function Not injective function.

Properties yaf $&

Gudad i 9o 9l AR de gamadl X Ol 13) dadd g 13 ol [ X = Y Gudald) e
X Gle ol Gudad g9l go f G g Y = X

The application f : X — Y is injective if and only if X is the empty set, or if there exists
an application g : Y — X such that g o f is equal to the identity application on X.

.mﬁﬁjwa\é!b!kﬁjbj&melQ@ °

The function f is bijective if and only if it is both injective and surjective.

Oabde f ol Galdne go f Gudalld) Ol 13) @

If the composite function g o f is injective, then f is injective.

Oabde g o f cuss 2 ol ploldne plactai g o f Ol 13 @

If f and g are injective functions, then the composite function g o f is injective.

Olss 13) g, h W — X Olacdaid) (s Jai e Ol 13) dadd g 13) golde f: X =Y o

g=hye fog=foh
The function f : X — Y is injective if and only if, for all functions g,h : W — X if
fog= foh,then g=nh.
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A‘»,Jm\.sj fﬁl(f(A)):Ag!AXum'&zdﬁ Acgarme A g poldn [ X =Y Glss 13) @
J(A) 2 dSalt 3y guad) Jloatiwls aslog! 4San
If f: X — Y is a surjective function and A is a subset of X, then f~!(f(A)) = A.

Therefore, A can be found using the inverse image of f(A).

SJANB) = f(ANf(B) 0l X (e &b 3o Olegame B 9 A g (plde [: X =V Olss 13] @

If f: X — Y is injective and A and B are subsets of X, then f(ANB) = f(A) N f(B).

e g g mlin fUaiwh=fog JSad e LGSO O S i W = Y Giedal = @

Every function h: W — Y can be written in the form h = f o g for a injective function

f and a surjective function g.

Jiles JBY e joliall e due e $aioa YV Old (ulie Gudad [ X = Y Ol 13) o

If f: X — Y is a surjective function, then Y has at least as many elements as X.

Bijective function Wkidl| Gedaddl 4.2.1

27.2.1 : Definition - «ad yad

O\.Q)\.\\\Bu.oy):o:.;mu\;\;!{;\c\ﬁm\,o\g—g\u\xmu\;‘gib.o.og\glé)\m@uh)fuldgm
|t ?(9 A Go SYC
We say that f is a bijective function if and only if it is both injective and surjective, that is,

if each element y in B has a unique predecessor in A. We write:

f (Bijective, c\:\m ) <~ (Vye B),3ze€A):y=f(x).

Brahim Brahimi-Jihane Abdelli 36 University of Mohamed Kheidar, Biskra



Sets theories <\S-qaseadl =\ 5 Mappings —\ax3l) 2.1

g 21.2.1 : Example - JL’Z?

ohis 530 &1 U8 T 00 oY (L il 1D (1) = 22+ 1 b2l £ R - R gnbid) o)
2= (y—1)/2 gz pRel) y = 20 + 1 &ds\Rall 131y s 5 3l iy cy
Let the function f:R — R be defined by f(x) = 2x + 1. This function is bijective because

for any real number y, we can find a unique real solution to the equation y = 2x + 1 for the

variable x, which is x = (y — 1) /2.

L J
Composite applications Qliulalll wuS & 5.2.1
We consider two applications: D Omdeadald) sCiad
f+A =B g:G — H
v o= flw) x —g(x)

Do les fog Gudaidl B 4an g(G) C A Dl 1)
If g(G) C A we define the application f o g as follows:
fog:G — B
z = f(g(z))

4 6.2.1 : Remark - 'Z\Jé?)ln

22 g(G) C A bl oo 138 g(z) € A o5l S f(g(x) 08 WG of bile ¥ osl bs s
G2 fog &kl oeh S Yl
We note that we cannot speak about f(g(x)) until g(x) € A, so the condition g(G) C A is

Cessentz’al for the composition f o g to have a meaning.

J

Inverse application wsall Gulald! 6.2.1

( 28.2.1 : Definition - dﬁ)ﬂ
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Let f be a bijective mapping from A to B B g% A 9o L1 \anks f J.\:S
f:A —B
z = f(x)
We define the inverse application of [ as follows: I U PO Gstzs\ subil) o,
f1:B — A
y = fy)

:\Q)ch:f(:(:)Z%&Am}pgx&%oj&ngﬁAm\b\iifgg\\pcyEBub{J
Let y € B. Since f is a bijection from A to B, there exists a unique x € A such that
y = f(x). Therefore, we have:

flo)=y <= z=[f""(y).
G J

7.2.1 : Remark - :\.Té#){n

Nong A ¢85 B oe b8 71 glo B gss A oo B8 f o\ 13)
If f is a bijection from A to B, then f~! is a bijection from B to A, and we have:

Ve € A, [ (f(z)
vy € B, (/) =uv.
Y J

L,

i 22.2.1 : Example - J 20 )

G185 I St o ) Nyl Gy 1ed

As we previously mentioned, we have the following bijection:

f 0,400 — [0, +00]

x — x?
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and its inverse application is as follows: : 63\;.!\ 99 Jﬁ!\ aonbs g

f71:00,400[ = [0,400]
r T

. J

8.2.1 : Remark - KT&?){D

B s A ve D18 [ &b ogy i [ (y) oo I 6y ¥y € B oK)

ol 13} Wins Let y € B. We cannot talk about f~'(y) unless f is a bijection from A to B.
0l o)) Gy g of 9 G (K oo ol Wil Wiley K € B
(TfK C B, we can always talk about f~1(K) even if the function f is not invertible.

J

Equals two applications jwawdad § ghusd  7.2.1

Let the two applications: Odeda ) S
f:A —- B g:F —» F
xr =~ y=f(x) = y=g(x)
We say that f = ¢ if and only if Olss 131 dadd g 13) f =g OF Jgad

; ¢${ A=FE, B=F
=g

Vee A f(z) =g(x)

[ 23.2.1 : Example - J 30
Let the two applications waenhill Jl:ﬁ
f*R =R
x > cos (z)
and 9
g:R =R
r > 2cos? (g) —1
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F=g10) 19 cuillall =Y go
From the trigonometric relations we find that: f = g.

Retreating evidence a7/ pdbd Gbd 3! 3.1

S e bleie! dovomo « P(n) dwadl) i L) (Saed) o Jas 81;«.‘\.‘ Ol .l T O
Ol gas SML a2l b pd das ybo oS g m EN
The principle of proof by induction makes it possible to prove that the statement P(n) is true

for every n € N. The proof by induction proceeds in three steps: retreating evidence, base

case, and inductive step.

P(0) cld (T 9¥1 5 glasntl
First step, we set P(0).
& P(n) duadl §f Sudd @3 Ao P(n) — Slaadti n > 0 (o 388 A0S 5 glasll Auwidly
Ao Leds ) as el

For the second step, we assume that the given statement P(n) is true for some n > 0 and then

prove that the statement P(n + 1) is also true.
n €N U Jai o dovomo P(n) duadl Of sl 0l La a8 080 ¥ 8

In the end, we have proven by induction that the statement P(n) is true for all n € N.

[ 24.3.1 : Example - J 2

Let’s prove that: o) —adid
Vn € N:2" > n.
For n > 0 we set P(n) the following case: G e\ P(n) gios n > 0 381 oo
VneN: P(n)=2">n.

We will prove backwards that the case P(n) is true for all n > 0.
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First step o 9¥1 3 glaid
Sdises P(0) 0ing . 2°=1> 0% n=0Jx1 oo
for n =0 we have 2° =1 > 0. From which P(0) is realized.
Second step AOLL 3 gladkt
Sbdse P(n+ 1) o) waiddy bt P(n) of o n > 0 ol
Let n > be0. Let’s say that P(n) is true and let’s prove that P(n + 1) is true.

2"l =97 42" >+ 2" >n+1 and P(n) = 2" > n.

From which P(n+ 1) is realized. Saese P(n + 1) oieg
&V n > 039 38 e dsaseo P(n) 6wadl) of g1 3L iy

We have proven by induction that the statement P(n) is true for alln >0, i.e.

VYneN:P(n)=2">n.

Ezxercise series N° 1 ady o kel dds 4.1

Exercise N°— 1 — @) (d w2

(A e gesal) (polis JS clheh &) Yool 4
Write in detail (i.e., by providing all elements) the following sets:

A = {integers between 2m § V2 o1 &Sadoo0 sl (1

B={ze€Q; I(n,p) eNXN, =2 and 1<p<2n<7}. (2

Solution : (e

Lood

A=1{234,56}.

1/2<n<7/2=n=1,2 4i 3.
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role a9 o p I Adedoned) @ual) CASO N T Adedions ded ST

1
B = 1727_7§71a27é7§ .
223333

42&3‘).»3_\.:}'3‘3/332/24.\.@71.6:«.\.:J}Mlpﬁ'g:«J!j‘1«;").»3..\.:%&53@.'4\3?&:-)43
.6/334/232/1_)\.@:«.\.9\.'4@‘3,:«.”3

Exercise N°— 2 — gdy id w2

CCCBICCAGY: IR CCAUB K oW 1)
If we have C C AU B does that mean C C A or C C B ¢

Solution : (emsd!

C={2,3} g B={3,4} A=1{1,2} e 2515 I¥

Exercise N°— 3 — gy oo w

oo A, B,C & 1 gase &35 IS Leisy i ¢ JW oo bk e ¥ o i b

FE g a,bg7 c,d,e, f,g,h poli) g EQQW\
We consider the following Venn diagram, which contains three partial sets A, B, and C' of
the set E/, and the elements a,b,c,d,e, f,g,h from E.
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(SO o Gsasoo Sl ) ) 518 1) Lo s as

Determine whether the following statements are true or false:
1)ge ANB 2) g
e

4) f € A. 5)
7) {a, f} C AUC.

AN B. 3)gc AUB.
NBNC. 6){hb}C ANB.

Solution : (e

g¢ B ALy ge BoY s (1

aeead ) puaid Uas (2

g EALY s (3

fEALY s (4

e€ ALY s (5

s s 9:b€ ANB gh ¢ ANDB oi old) I 1as g o (6

.&pua!f.\.bj3fEAU03a€AUCQ3QL¢33‘_,JUL\Ag~):’ (7
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Exercise N°— 4 — @ d w2

AUB=BNC 295 = \Sqate 25 C g B, A I8
Let B, A and C' be three sets where AUB = BNC.
ACBCC gl s
Prove that AC B C C.

Solution : (e

ACB JMBLgcx € Bigiaw e BNC Jbgcz € AUB ey v € A (S
BCCABLgcreCipigiae€ BNC JBbigcz € AUDB g .x € B a5l o¥I

Exercise N°— 5 — @ (d w2

S XC jopb jap « X CE U8l on F 68 gasad) oo S5 w18 gae 6585 C g B, A o)

FE (o X Gweaie
Let B, A and C be three subsets of the set E. For X C E, we denote by X¢ the cfomplement
of X in E.

Prove the following Morgan’s laws: 1Sl 918 ja0 galee s
1. ( AnB)UC=(AuC)N(BUC) 2. (A)=A
3. (AN B)¢ = A°U B¢ 4. (AUB)c = A°N B°.
Solution : (e

T sl HL (b yiew B 40 JS 2

sz eB greApls= i) 2 e€C gizeB greAawyxec (ANB)UC (sa (1
old (B9 dadd 7 € 0 Sy ST AWM g ¥ OLS) gug v € BUC gz € AUC
2 €BUC gz e AUC Liaai Lot Al
cx € C Ol 1y (Gl (o e old 2 € BUC gz € AUC Ol 13) ¢« Jolasdls
b g 2 ¢ C o=t dMs 7€ (ANB)UC JSdbgz e C giz € (ANDB) aiay
Of Sdo 1w € B old aw € BUC i lay Sty @ € A Lot oy v € AUC O
x€(ANB)UC JSBLyre ANB

¢ Ao € AplEs B bladh T €A JSLg 1 ¢ AC dieg o € (A9 (S (2

-

T € (AC)C gJEij
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T EB greAyigiiar g B girgAlod 3 g ANDB @d x € (ANDB)° ,Sd (3
v g A Gler € B gl x € A° O3)x € AU B° (Sd « Jaladl v € AU B O i
.:I}E(AﬂB)c‘»_,Jl:d\.)ﬁx¢AﬂB4@}AAJ‘A@}@.JI%B}?

FOLSA 23 g0d o Gl Blatell and lani Lises (4

re€(AUB) < z¢AUB

— z¢Agxé¢B
— €A gxeB°
<~

x € A°N B°.

Exercise N°— 6 — @) (d w2

Ug\—«ﬁ‘,@(E)uaFo\xQ—OS}lSCchAcQQ—WEIA
Let E be a set, A, B and C three elements of Z(E). Prove that:

IfFANB=AUB,, then A=B . A=Byl« ANB=AUB ¥ 13 (1

fob il 11 B D B=C ol c AUB=AUC g ANB=ANC o¥ 1) (2
IfANB=ANC and AUB=AUC , then B=C . Is one of the two conditions

sufficient?

Solution : (e

A C B i OLS| a8 B g A o3 dundll ,BUS IS (e (1
Ol JWbygr ¢ ANB Mgz € AUB Obd dieg v ¢ B (i poyadg z € A S
T € B yld &Il (R85 10 g« lialisne AU B g AN B (ylic gomadl

B C Oyl ol Gass O 9 B o2 dunaall HBLS I e (2
IOl L jed w7 € B Sd
..Z’ECgJ\J.ﬂ%jL%GAﬂB:AﬂCcZ\J\_‘»_Y‘of.\.bgﬁzl‘GALn! (A

L’QS'L:.E.J.xECgixeA‘fmlejxeAUB:AUCzZ\Jwto;mgézxgéflji (B
2 € O Ol gt Lold 7 ¢ A Wt 2
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.‘;’3‘5)—}&b\}‘jhbﬁ.BCCng‘ej‘-rECm;‘QYM‘@-‘?@

By g pd (b y0 ST LI Jladt 231 O dasd Lide « AUB C AUC O dadd Lis 4581 1)
C={2} 3 B={1}  A={1,2} o80
BCCOlow jud oS3 AUB C AUC Lo

B=1{1,2}. g A=C = {1} Jliess dazd 151 O Lede c ANB C ANC yi dadd Lus ,3a10 13)

Exercise N°— 7 — gdy id w2

Find the set of parts of the set &S gadeal! 9\}).-9\ &S gasco A5q)

E ={a,b,c,d}.

Solution : (e

LS aed) 4 jodl Ole gvadl panr e S oimd B = a,b,¢,d 4 gams ol ja ¥ P(E) 4o goal!
Ole gomall pran o] lgwdl Ae gomelly AL Ao gomell Sald b Loy £ 42 gommall

PRGORT
The set P(E) of parts of the set £ = {a,b,c,d} includes all possible subsets of E, including
the empty set and the set itself. Here are all the subsets:

P(E) = {¢,
{a}, {0} {c}, {d},
{a, b}, {a, ¢}, {a,d},{b, ¢}, {b,d}, {c,d},
{a,b,c},{a,b,d}, {a,c,d},{b,c,d},
E}

Exercise N°— 8 — gy o w2

F o0 05 088 gate De B g B oo o3k j5 033 gete O g A 0l g oS gasee Fg B ol
Let E and F be two sets, and let A and C' be two subsets of E and B , D be two subsets of
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F .

Prove that o) .__439\

(AXB) N (CXD) = (AN C)X(B N D).

Solution : (e

T 93> el i N (o pdi

YEB xeAIILy (7,y) € AXB dinyg (7,y) € (AXB) N (CXD). (s
YyeEBND gre ANC 1y yeD greC Jbg(z,y) € (CXD) Liayi Lot
(z,y) € (ANC)X(BND) yi s 1ia

2 €C gz € AJSWbygr € ANC Ui gias (7,y) € (ANC)X(BN D) oS« Jaliatly
(r,y) € CXD g (x,y) e AXB.: b .yeD gye Bidcye BND (Jaallsyg

(7,y) € (AXB) N (CXD) {i poicids

Exercise N°— 9 — gdy i3 w2

B o0 058 05 gaie B g A g 689030 B o
Let E be a set, and A and B be two subsets of E.
A =2 23\ 13) haog 1) (& HUY §,8)) AAB = B o) w3
Prove that AAB = B (symmetric difference) if and only if A = @.

Solution : (e

IS e Liayl dbliss (S @ BLA 3 pal Of ¥ 9i <05

AAB = (ANB)U (AN B)

E 2 A de gomell main Jiod A Cos

g sl gi | Sl

ANB=B g A=¢ % 9 ANB = B Laat (s ;LA 3 5all Cay yal wiad ¢ A = ¢ Ol 13)
A=¢ ol cdd ol e « AN B = B 1l 13) ¢« Jalietls

e ) OLEY el

ANB=¢ o cdo ¥ i

2 €ANB gix € ANB i Ladis ian 9¢ 2 € ANB o guastl da g Sle g € B (S

2 € ANB pouall 38 AL Jlaa ¥ Load JE3Ly (2 € B 0¥) Juoias Jo¥1 Jlain Y|
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.AﬂB:qﬁgJCJlej‘AgéLbfiAR}.nBMW‘&AﬂD&OﬁMd&QEﬁ;@M@Q

AN B = ¢ yi liasi cediw

AN B =B 42 Loyl jaiall 1as O3S AN B G2 jaic slou) LiSay a3 (o o « a8l 931 2
.BjB@MC&}J‘@Q}S:wMS’MMﬁiﬁQ

) PR IO NG EX (P DI POU[PRVER (I

Exercise N°— 10 — @) (d pad

1504%e 91 Gu S 10 « GBS ¢ Sunl) Sl BRI il 13 Lo 518

Determine whether the following relations are reflexive, symmetric, anti-symmetric, or

transitive:
E=7 and zRy <= z=—y (1)
E =R and 2Ry <= cos’x +sin’y =1 (2)
E=Nand z%y < Tp,q>1, y=pz? (3)
where p and q are natural numbers. Saub shae q9pLas
Solution : (emsd!
17 =10 aBigl 2 Lguwats a8e gt (pued 1 OV ¢ ArwlSadl Cowed a83atl (1)
X =—y = y=—1 O¥ LS A3
1# =1 Leo « (1)Z1 9 12(—1) 0¥ « G LS ws Cawd 233l
5 bl uﬁwL@gYJj‘%mwz\éM‘
el 3 ABMe W g ¢ 5AIST A8Me Cowed ABMall old die g
Exercise N°— 11 — @8y ja pad
In R? we define the relationship % as follows: b Wf 7 &o3=) R2 O =%

(x, )% (2, y) <= z =2
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Prove that Z is an equivalence relation. §9E &d¥e Z of w3l (1)

(20, y0) € R? posgd) ’3.9‘\3:_9_\:0 ).>,-9¢\ (2)

Find the equivalence class of the element (o, yo) € R?.

Solution : (e

Y 32T d3Me o Z A8dMall

(0, 5) (0, ) ey & (S Logn 7 = & ¥ Bt (1)

GO i 7 = 1 Lan] dbliss Sea gl o =2’ O (z,y)R(2,Y) Olss 13 ta LS (2)
(e, y )2 (2, y)

hor (oo 0 = 17 5 hem e 1= 21 OB (1) R YY) 5 (5, YR, Y) ols 1) taaia (3)
(2, ) R(@",y") LI godn g v = 2" s (g 3]

(2, Y)Z (20, Yo) Ga=3 S (7,y) SLALEN aasT 61 (0, Yo) raial! 38T i e (¥ Cond
Lo

(z,y)% (20, Yo) = = = .
.2\.41«5L“;i{)}S_JyLAi:EOL“;jLu:tQi%[ﬁ&ihbﬁid}ﬁ(ﬁ@b@j
e gomadl ga (T0, ) paial! 3AIST Lol O i

{(z0,¥);y € R}

Exercise N°— 12 — @8y ja padd

We define the following relation on the set R Sl GoM)) R & qasead) S w0y
TRy = 1 —y =2 —y.

Prove that Z is an equivalence relation. ‘9_9“5 &dNe Z o) st (1)

Find the equivalence class of the element x of R. R ge = possd) ?}_QE_JUJO ).>.-9¢\ (2)

How many elements are there in this category? &3\ 0 A0 SO PR v A @; (3)
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Solution : (e

Of asy (1)
Ry = ' —r =y —y <= f(zr)=f(y)
WMo o X Of Geda) 11 IMS (o GamU Sotd day Jeudl (o« f a2 — 1 Cos
Aodaie 9 Ao L0 o AwlSad Ledi (5T ¢ 3BLSS
TRY s R (o Y juoliall e Cond o € R (S (2)

(v o2) Walasdl g Lode cimy 230

Jleaubo
(@—y)lz+y)—(z-y) =0 <= (@—y)la+y—1)=0.
.{m,l—l’}Mgaa.d\yxjémmg?gimgﬁ.y:1—x3y:$gb'ﬂah.d‘d3.\:~ (3)
uf).@.&u.dbjs-ﬂ‘;bj
iAo gomell 92 T yualall AL it Wl old Az =1—1 = 1= 1/2. §ls 1)
{1/2}

Let’s prove each of these properties:

(a) Reflexivity: For any x € R, we have:
v —x =12 —x (Subtracting x from both sides) 2? —x = 0.

This shows that xZx since 22 — x = 0.

(b) Symmetry: Let z,y € R such that x%2y. This means:

We can rearrange this equation by adding y to both sides:

-y ty=a-y+y
2’ -y’ +y=ux

Now, we have shown that 2%y implies = 22 — y? + y. Similarly, if we start with y%z,

we will arrive at the same conclusion: y = 22 — 3? + 3. Therefore, Z is symmetric.

Brahim Brahimi-Jihane Abdelli 50 University of Mohamed Kheidar, Biskra



Sets theories <\S-qaseadl =\ 5 Ezercise series N° 1 9 o3\ &l 4.1

(c) Transitivity: Let z,y, z € R such that 22y and y%=z. This means:
P —yP=xr—y and P —2*=y— =z
We can add these two equations together:

(@ =y + (¥ =) = (x —y) + (y — 2).
Now, we can simplify each side of the equation:

-yt -t =r—yty—z a2t -2 =x—z.

This shows that %z, and therefore, Z is transitive.

Since Z satisfies all three properties (reflexivity, symmetry, and transitivity), it is indeed

an equivalence relation.

(2) To find the equivalence class of the element = € R, we need to determine all elements
y € R such that zZy.

From the definition of #Z, we have:

TRy = 1 —y =1 —y.

Let’s simplify this equation:

-yt =r—y (@ -y)(r+y) =z —y.

Now, we have two cases:
Case 1: x —y = 0. This implies x = y.

Case 2: x —y # 0. In this case, we can divide both sides by (z — y):
r+y=1

Now, we have two equations:
(i) x = y from Case 1.

(ii) z +y = 1 from Case 2.

Unwversity of Mohamed Kheidar, Biskra 51 Brahim Brahimi-Jihane Abdelli



Ezercise series N° 1 9 o3\ &l 4.1 Sets theories <\S-qascall =\ 05

Therefore, the equivalence class of x consists of all real numbers y such that y = = or
y+x=1

(3) To determine how many elements are in this equivalence class, let’s analyze the
possibilities:

(a) If y = z, then there is only one element in the equivalence class, which is x = 1/2

(b) If y # z, then there is only two elements in the equivalence class, which is {z,1 —z}

Exercise N°— 13 — @d) i pd

gl A=[—1,4 W gz 22 2as fi R R G (1
Let f: R — R where x — % and let A = [—1,4]. Find:

f &kl Sl A & gasal) 6 i hel) 5,90 (A
The direct image of the set A by application f.

S &b hulg A 6 gasal) Sul) 6,9\ (B
The inverse image of the set A by the application f.

Let the function be sin : R — R sin: R — R &1t oI%) (2

[0, 7/2] ¢ 9[0,27] ¢ R &S gaseall sin Ghwlg 6 philal) 6,00l B (A
What is the direct image by sin of the set R? And [0,27]¢ And [0,7/2]?

°[1,2] g ¢[3,4] 9 9]0, 1] & gaseald sin Ghulgy Sl 6,90l Dlo (B
What is the inverse image by sin of the set [0,1]? And [3,4]? And [1,2]7

Solution : (e

Aaiin 0 g —1 s 2 € [—1,4] Leadie 77 Aol g3 33 g Lot @uadl pans e cmd (A (1
.f(A):[0,16]4$.J.‘.\J1630&@#‘@5@4430&5341‘_,3300.4@:«.21‘&9

We are looking for all the values taken by x? when x& [—1,4]. Between —1 and 0,

all values are taken from 0 to —1, and between 0 and 4, all values are taken from 0
to 16. Therefore, f(A) = [0, 16].
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LIl @Bl sladiul @F adatly 27 € [—1,4] Colss 13) dadd g 3) 2 € f71(A) Lus (B
Lot 031 @ € [-2,2] of LAlSIlg Gygmall (pod ¢ [0,4] B 27 0S5 STy

S7HA) = [-2,2]
We have z € f—1(A) if and only if 2* € [—1, 4], of course, excluding negative values.

To have x? in [0, 4], it is necessary and sufficient for = to be in [—2,2]. So, we have

f_l(A) = [_27 2}'

(=1, 1] [0,27] (o 1Liial R 3 3 yaliad) 3 gualt (2
[0,1] [0, 7/2] 23 3 yalead! 5 5 guall

(e g sin(z) € [0,1] Ko 7 Aot slae ¥ yo oo ([0, 1] 3 2 glaal) 5y gall asisid
Llis LIk .k €Z gu € [0,7] gn u+ k2T o Lgulis (Sen S Adida=tl @ial

e gaedl
|12k, (2K + 1)x].
keZ
4o garmadl oo [3,4] 3 ASall &) guall b JLSLg [3,4] B dr A due da g Y
A2 Ll

& glwd B9 ¢ {1} 2 dwSal 39l daihe [1,2] I LcwSall 3 gwall o i
An/2 4 2krm; k € Z}

Exercise N°— 14 — @8y ja padd

9 f(z) =20 by \af 66,2\ N 83 N oo &b 200 Jlgadl g g f o)
Let f and g be the functions defined from N towards N defined as follows f(x) = 2x and

g(x) = {

Find go f and fog. .fogggof»ge\
&bl o018 ‘abhie g g f Jigu) D

Are the functions f and g Injectionts? surjections? bijections?

if x an even number

O Wi

if x an odd number

Solution : jemsd!

f00 590 f cesm 5 ¥ g amt (1
Let’s first find the compositions g o f and f o g:

(9o f)x) = g(f(x)) = g(2z) = x.
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On the other hand: HUBE A VESe

f(z/2) =z if z an even number
foglz)= .
f(0)=0 if x an odd number

In particular, we have: Lo (dols dawms
fog#gof

because oY
fog(l)=0#go f(1)=1.

(J ol ailas sy Lges ¥ (2
Now, let’s analyze the properties of the functions:

For the function : AN Y e
f@) =2

095 o9 T) Gwalme (puacds uade JS Jai (e Y Zulde AN sla (oplad
Owalides f(x9) =222 9 f(11) = 224

Injection: Yes, it’s injective because for any two different natural numbers z; and -,
f(z1) = 2z, and f(xy) = 2x4 are different.

g0 Lgd (el s ,al Mae ¥ O 5 yeld Cowd Lgh) Dy gaidl

Surjection: No, it’s not surjective because the odd numbers don’t have images.

(JlET e g8 5 el Cowd Lgd Y I ,tan 1 alEnd)
Bijection: No, it’s not bijection because it’s not surjective.

For the function : AN YT e

”2—6 if z an even number
g(z) = 0

if z an odd number

9(3) = g(7) = 0 LY Wlice Caued WA sl b
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Injection: No, it’s not injective because it maps different even numbers to the same

value (e.g., g(3) = ¢g(7) = 1).

o N Zde gasmadl 02 (Y = 1) jate JBY o a9 43Y 5 40l Cowd AN1AT1 008 [ gl

Jpold ud G O (ima Lo 108 o N de gommadl (o2 daalw Lgd
Surjection: No, it’s not surjective because there exists at least one element (y = 1)
in the domain N which is not the image of an element in the domain N under g, which

means that g is not surjective.

AT Coned 62 Lol Cuwd g3 yold Cowd LedY 1 pday 1 ulatd

Bijection: No, it’s not a bijection because it’s neither injective nor surjective.

AT L g 9 f I M G Le IS (e
From the above, both functions f and g are not bijective.

Exercise N°— 15 — @) (d pad

¢l 964018 Tailiie Gl g UD

Are the following functions Injectionts? surjections? bijections?

fi:Zo—>7Z, n—2n, fo:Z —7Z, n— —n
fs: R>R, z—2% fi:R—=R,, z— 22

fs:C = C,z— 22

Solution : (jemsd!
Let’s analyze each of the functions: e e W s
The function manan (1

fi:Z —7Z, n— 2n,

2n = 2m Ol&s 13) (1, M) demall Slae ¥ (o 7 9y JSI Y Loldie WA ola 1Halad
n=m yla
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Injection: This function is injective because for every distinct pair of integers (n,m) if

2n = 2m, then n = m.

VnmeZ: fi(n)=fi(m)=2n=2m=n=m
e Jlmadl o8 Ammiall sae ¥l prans ladd ¥ LY 5 0ld Ceued WA ol 1) goill
.271:1&.3:-71&@.«434:%%34‘}\143“_\#

Surjection: This function is not surjective because it does not cover all integers in the

domain. For example, there is no integer n such that 2n = 1.

AT G g2 B old Cued LY | pday 1 Jaland)

Bijection: Since it’s not surjective, it’s not a bijection.

The function A (2
fo:Z — 7, n— —n,
—n = —m HlEs 13) (1, M) Asmiall Mue ¥ (po 7 9 JSI Y Lolde WA ol IHalad
n=m ola

Injection: This function is injective because for every distinct pair of integers (n,m) ,

if —n = —m , then n = m.

VnmeZ: fa(n)=fo(m)— —n=—-m=—n=m

Joi e Z de gamadl (B dmuall Mas ¥ o Sladd Lea¥ 5 pald AN ol 1y g0t
.—nz—m%nwamgxnz‘ﬁmwamﬁ
Surjection : This function is surjective because it covers all integers in the domain Z.

For any integer m in Z, there exists an integer n such that —n = —m.

JolET ¢d 5 yeld g Aulie LgdY |, tan 1 JalEnd

Brahim Brahimi-Jihane Abdelli 56 University of Mohamed Kheidar, Biskra



Sets theories <\S-qaseadl =\ 5 Ezercise series N° 1 9 o3\ &l 4.1

Bijection: Since it’s both injective and surjective, it is a bijection.

The function Tata
f3: R =R, z— 22

62 1 f3(2) =49 f3(—2) = 4 Jliad) Jocw e 9 Y Loldis Cawd NI o8 [ aladl

" Alite e

Injection : This function is not injective because for example, f3(—2) = 4 and f3(2) = 4,

so it’s not injective.

J Ui o R de gasmall o8 A Gt Mlae ¥l A8l Llaas LY 5 pold ANIAT) olgl y ol
.x2:yd&»xu.2.ﬁ;-a..\.c_\q-3e‘yu.a.5ba.\c
Surjection : This function is surjective because it covers all real numbers in the domain

R. For any real number y, there exists a real number x such that 2? = y.

JolET Ced g8 Lol Cawd LdY 1 tan 1 aland

Bijection: Since it’s not injective, it’s not a bijection.

The function PR (S {
fi:R=R,, x> a2

G Al Mo To 9 T1 S .fg Je g./...‘.u.” oead 2\.1:“..&.& Coid 3AT1S) 00 :0:1\..&1‘

Holde Cawd 8 10g) A goll 3y guall udd Lagd .1 = —2

Injection : This function is not injective for the same reason as f3. It maps distinct real

numbers z; and x5 to the same positive value if 1 = —x5. So, it’s not injective.

J>i e R e gasadl 8 WG Gt Mlae ¥l Al Llaad LY 5 y,0ld WIS oia 1y goall

I =Y G T GAds 3L A g (Y (LA M 5
Surjection: This function is surjective because it covers all positive real numbers in
the domain R, . For any positive real number y, there exists a real number = such that

2 =y.

LT Crd ogd Lulioe Cawd LY | tay [ Julan

(3
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Bijection: Since it’s not injective, it’s not a bijection.

The function (5

fi:C—C, z+ 2%

Injection: This function is not injective because it maps distinct complex numbers z;
and 2z to the same value if z; = z5. For example, f5(—2i) = —4 and f5(2i) = —4, so it’s

not injective.

i e C de gammadl L2 el 281 Llaad ¥ LY 5 peld Ceacd At ola [ gadll
ALl A Gt Mue T Gal g dlama| HSas ¥ (JLL
Surjection: This function is not surjective because it doesn’t cover all complex numbers

in the domain C. For example, it cannot map to negative real numbers.

QLA e g8 5 el Cewd g Aoliie Ceand LY | yay 1 aland

Bijection: Since it’s neither injective nor surjective, it’s not a bijection.

Exercise N°— 16 — gdy ja padd

Show that 5 divides n® —n. n® —n omoy 5 o o

Solution : (e

e L IV Wi alasviuls o dacdall lae ¥ Jso da i (e 1° — 1 ey 5 adadl O codld
DAL O glasndd R

To prove that 5 divides n® —n for all natural numbers n using mathematical induction, we will

follow these steps:

953 Lo Bale 1 g cewla¥! Aol) (oo OLadl Ol 13) Los o ¥ of {dwlud ) ALt
Lot = 1 o Al = 1
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Base Case: First, we'll check if the statement holds for the base case, which is typically n = 1.

For n = 1, we have:

1°—1=0.

Ao dcwlw 1 WS LB 5 Sodh B Ley (oo die $T e dawdll JulB jaall oY 1k
Since 0 is divisible by any integer, including 5, the base case is true.

L~§i ko paadall saall Yol e doomio Al 2 Aol O (o il TAS) yatw ) dus yall
K —k add 5 07 o pian
Inductive Hypothesis: We assume that the statement is true for some positive integer £k,

i.e., we assume that 5 divides k° — k.
S 1Y I Ll k4 1 A Rslidl O codd Of Lde TAG1 a0 Y1 5 glasd]

Inductive Step: We need to prove that the statement is true for k41 based on the assumption

made in the inductive hypothesis.

.Wamm%k5—k:5m@ﬂ‘@|;&Y|oﬁ‘;A—)

Starting with the assumption, we have: k*> — k = 5m, where m is an integer.
Now, we’ll consider: D pakew (O¥Y
(k+1)° —(k+1):
(k+1°—(k+1) = k> +5k"+10k*+ 10k* + 5k +1 — (k + 1)
= k> —k+5k* + 10k” 4 10k* 4 5k
= 5m+5 (k' +2k° + 2k* + k)

= 54 (m+ k' + 2k +2k% + k)

= 5m/,m €Z.

5 ole dewdll Jold (k+ 1)° — (k+ 1) of Lol a3 3
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So, we’ve shown that (k + 1)° — (k + 1) is divisible by 5.
NP =N @iy © N Aadalt Mo W poend Aty 437 LGS a8 (ol 3 Yl T o o

By the principle of mathematical induction, we have established that for all natural numbers

n, 5 divides n® — n.
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OBl 32 (eSS (o ABMe Welis o guaddl da g (e (Seedl (e Jasa daaaadl 1 gt
IO (re BIAT) 0148 i’ Liagl (e 9 cebaey 39 jal) (6 el (B el Lalioniay 3 el
olilmd S8 gi Ailisla’ dalas of Aikas diro

A real-valued function of a real variable relates a real value to any number within its domain.

This type of numerical function makes it possible, in particular, to formulate a relationship
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between two physical quantities. It is characterized by its graphical representation in the coor-
dinate plane, and can also be defined by a specific formula, differential equation, or analytical

form.

Numerical function d3adall A1l 1.2

( 1.1.2 : Definition - uﬁ,a’.'?

15 &3l W1 f o8 Jgis . F 60 gatall g8 F 68 gatal) g0 6N [ g ol gate F g B ol
Mbngﬁg\&\,wEwwdb;&of\
Let E and F be two sets and f be a relation from the set E to the set F'. We say that f is a

function, if every element of E is associated with at most one element of F', and we write:

f+ B — F
r — flr)=y

—
kz's an application FCITUoY J.Lﬁ\))

‘ 2.1.2 : Definition - t.ﬁ‘uﬁ\

Dol 1) bibg 13) Gusas &s f of Jebs

We say that f is a numerical function if and only if:

f: ECR — FCR
z — fl@)=y

—
\is an application RCIRUoY dl.\”\u)

.FER‘,E)S&;}NU.\.QEJMEo.nx).m.lcJﬁg\élb!bﬁéjhj'&:\a.\c'ﬂhf‘)iume

In other words, f is a numerical function if and only if for every element z in F, its image in

F' is at most one real number.
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g 1.1.2 : Example - J A
The function is the inverse of x: tx ——glae &I\ 4
fi]—00,0[U]0,+00] — R
1
X _— —.
7
. J

Domain of definition i yalll ds geme 1.1.2

oigs LB y g st O (pSan 1 Alae ¥ Ae game o] ian Aodde WD Cay pal Ae gosma o]
Zg.\e\.qé\.gé).a.'ogibs.ef‘f.\@j.m‘b\ﬂ
To determine the domain of a numerical function, we need to find the set of numbers for which

the function is defined. So we can define the domain of a numerical function as follows:

3.1.2 : Definition - wad yad

s Y e 0% gae (B Dom(f) jo o W jop I o f —on s 68 gate Sysas &l f ol
T Fss5ee s 1558 f(2) 255 W 7 Gyinisd)
Let f be a numerical function. The domain of f, denoted by Dom(f), is the set of all real

numbers x such that f(x) is a well-defined real number and we write:

Dom(f) = {z e R | f(z) € R}

G938 6%k (0% I mill get 69 gate (B o3 A —ay Segate 5T S0
FIPC VBV L -2 Gﬂ\g B\l \g‘! \ﬂ‘\}g! ne o\mb-
In other words, the domain of a numerical function is the set of all values for which the

function is defined and has a real number output.

f:Dom(f)c R — R

Jless sl
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g 2.1.2 : Example - J 20
b WS 66 2all £ &N G
Let the function f be defined as follows
f R — R
r +— f(z)= (x21—1)'

o} Wiles Y WD 03) 0 Colw of ole ¥ Lhads 510 ploo of iy . BN ploey s & pRiall
ik Samadsd) 31ae Y ias o 60,20 £ JWL . £ &ML —1 522 ¥ g 1 542 6,90 —auss
' P 3G g —1,1
The variable x is in the denominator of the function. We know that a real number cannot
have a denominator equal to zero. Therefore, we cannot compute the image of the numbers 1

and —1 under the function f. Hence, f is defined for all real numbers except —1 and 1, and

we write:
(f: Defined &dop20 )<= 12°—1+#0
-1 = 0= (z-D@E+1)=0
<~ rz=1Nxr=-1
S Df:]R—{l,—l}
<= Dj=]-00,—1[{U]-1,1[U]1, +o0]
Yy
| 1
1 1 z2—1
-1 1 T
\_ J
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- -

Function curve &l it 2.1.2

4.1.2 : Definition - «ad yad

b WS 602 R? o Iy ud jol 60 gasal) o8 f: U — R &I i
The graph of the function f: U — R is the subset Ty of R? defined as follows:

Dy = {(a, f(x)) |z € U}.

i 3.1.2 : Example - J 20
SN (86w Y g 1/2 &IV (8he Viuwo
To the right the graph of the function 1/x and to the left of the graph of the function
1+x2+s. 3(z—1)
5 T35 in 5 .
Y
(@, f(2)) 1
x
L J

Parity and periodicity & y9dd! g Fleldt 2.2

w3 plaviwls X AT Aua 8 AT A 9 ) ATIAN COLED 13) Lo dudond Audiss elaiiw o jantl 10e B
s 9y Al A yd Colss 13) Le I AN e LBLS dn oo Lgany yal gi gy poladl il
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In this section, we will learn how to determine whether a function is even, odd, or neither,

using its graph or its definition. The symmetry of the function’s curve indicates whether it is
odd or even.

Even function 4 ¢ M| a1 1.2.2

5.2.2 : Definition - «aJ yad

We say that f is an even function if:

PO 15 Gus-gj s f o Jobs

Vee Dy: f(z)=f(—x).

4.2.2 : Example - JI.?.D

9 (nEN)%xHaw”@\dRMW\&&,ﬁd\ Jig )

Functions defined on the set R as x — ax™ where n is even, are even functions.

\. J

13) ¢ SLEIL g AN Blay G2 7 awat f(—7) = f(2) OF Gl 1062 ¢ dua 9y [ A1) COlss 13
M (=0, f(=20)) = (=20, f(70)) Madd) moaind « M(x0, f(20)) Madd B —7 = 7 Joidn Licd

If the function f is even, this means that f(—z) = f(z) for all z in the domain of the function.

Therefore, if we replace  with —x in the point M (xq, f(z0)), the point M'(—zq, f(—x¢)) =
(—zo, f(x0)) is obtained.
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Ly daZd ¢ OLSIan] Jald h Sadil @ I sme Jier 4318 cedl T ) goned Aesilly
D9ed Addly M(o, f(20)) dadid 3 blcett o M(—zo, f(20)) dadd OF ¢ O Lises «

N TJCURSVARE VKT TRV JUSELPRVVNS VPR VR DT I LT PP Jct]
Regarding the axis of symmetry, it represents the z-axis, so only the z-coordinates are ex-
changed. Therefore, we can see that the point M'(—xg, f(z¢)) is the reflection of the point
M (zq, f(zo)) with respect to the axis of symmetry. Thus, the points M and M’ are symmetric

with respect to the axis of symmetry.

Odd function 432 yalf A 2.2.2

6.2.2 : Definition - «ad yad

We say that f is an odd function if: 1 13) Gaspo &Yy f o) Jgo

¥z e Dy : f(x)=—f(-a).|

2 5.2.2 : Example - JL’ZD
C3pp (n€N) zas 2 2" Lo Wf R 68 gasall o &0 ;2001 g
Functions defined on the set R as follows x +— x™ where (n € N) is an odd functions
fIf7
)
25
e
i@
L J
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W e B T et f(—x) = —f(2) O g SIMd doayd f A cols 1)
s e Jgast @lwd M(zg, f(0)) Maddl 2 —7 o T Joddn Lied 1) (LI
M (=0, [(—0)) = (=0, — f(20))

If the function f is odd, this means that f(—x) = — f(x) for all x in the domain of the function.

Therefore, if we replace z with —z in the point M (xq, f(xo)), the point M'(—z, f(—z0)) =
(—x0, — f(x0)) is obtained.

s Of @0 OF LiSay (ILIL g OLSIaa Y1 (G giwe e (0,0) Azl b et 2ewitly g
M pidaid) (985 (AL 9 Tueedd Zwddls M (o, f(20)) Wadid) wiSasl oo M'(—0, f(—20))

Tateeld By (pililete M
Regarding the origin, it is the point (0,0) on the coordinate plane. Therefore, we can see that
the point M'(—xg, f(—x¢)) is the reflection of the point M (xq, f (o)) with respect to the origin.

Thus, the points M and M’ are symmetric with respect to the origin.

Periodic function & y¢dd) Al 3.2.2
o) I (6 gall By HSie JS A L) Slay g3 5ed ) A gall J1gudl il il
B pal 9 8y 9 mudlae HLAT) ngatl (o boled 40 ) 9! a 9gan

Graphically, periodic functions refer to a pattern that is repeated regularly in the Cartesian

plane. To fully understand the concept of periodicity, it is important to master the concepts

of cycle and period.

7.2.2 : Definition - «aJ yad

o1 bg3l) qoms g GBI jox ) Ko Bes 0o s j 200 2o E5Vgh ) Sl N e omy
.6)1'\.6.“ \am\_\ )9,\.\\ ey ._,\)\ﬂ) \s’ égg&-pﬁ\ &bo\al) bl ge oS!
The part of the graph that corresponds to the smallest repeating pattern of a periodic

function is called one cycle. The gap between two consecutive points that mark the end

of the same cycle is called the period.

8.2.2 : Definition - «2J yad

:_".‘}}/{:>0)~>.-9\5§6q)95&\5f09\d9§3
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We say that f is a periodic function if there exists k > 0 where :

Vee Dy: f(x+k)=f(z).

A
e -----2

8
S ooooa
=

. J

g 6.2.2 : Example - J 2

B 93 &u 98 &y tangent SN \g 2 B ;95 Su 95 Vg cosine g sine Jig )
The sine and cosine functions are periodic functions with a period of 2w, while the tangent

function is a periodic function with a period of .

+1

NSO ;

Positive and negative functions dudlud! 9 4w gadl JIgddl  4.2.2

Dy o Wme A (ST 9 Dy Lgan yad de gomme (Ao 43 jae dosae WMy f ST
Let f be a numerical function defined on a set Dy, and let A be a subset of Dy.

9.2.2 : Definition - «ad yad

o 11 A o (ol ) Sasgo £ &I ogl
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The function f is said to be positive (or strictly positive) on A if:

VeeA: f(x) >0 (f(x)>0).

o 131 A s (bl ) awlle £ a1 a) ogf o

The function f is said to be negative (or strictly negative) on A if:

VreA: f(x) <0 (f(x)<0).
. J

1.2.2 : Remark - Z\Jé?){n

AN il Sl iRy Jiolgill e §99 gl Bliie 016 Susgo £ &I W 13) o
Sadludd
If the function f is positive, its graph lies above the x-axis, and conversely, if the

function f is negative, its graph lies below the x-axis.

AJ0ledl) jein 20 1) 2018 Y DL oo Loled Swle g lolel Gus-ge f GBIV eSS 13) e
If the function f is strictly positive or strictly negative, its graph never intersects the

Gj-axis. _J

Operations on functions JI gl ie Clileadl 5.2.2
aog R A gamadl o U et ud Ao i@ e Gl g U =2 R 9 f: U = R (50
FATLD) I gud) o el adatld

Let f: U — Rand g: U — R be two defined functions on the same part U of the set R. From

this, we can define the following functions:

Gl W el f+g: U RN 98 g 9 f i3Il ¢ gama (1
The sum of the functions f and g is the function f + g : U — R defined as follows:

Ve e U, (f +g)(x) = f(z) + g(z).

Gl W el fg: U =R 98 g o f oidid slas (2
The product of the functions f and g is the function f - g : U — R defined as follows:

Ve e U (f-g)(x) = f(z) - g(x).
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ol A [ U 5 RANAN g2 f a0 g A € R odews slutt (3

The product by scalar A € R and the function f is the function A- f : U — R defined as

follows:

Comparison of two functions juidld &ylde  6.2.2

L“gjl.u:'33(_,.6Mif(ﬂd}ﬁ.’ié.’uﬂj.ACDfﬂDg;}aJiuméJulco,‘C«éJMQ:ﬁhgijﬁJ
s 9 g

Let f and g be two defined functions on the same domain A C Dy N D,. We say that f is less

than or equal to ¢, denoted as:

f<g: it ol i) Vre A, f(z) <g(z).

CES3 9 g S gk 9T (o ST [ OT J 923 9
We say that f is greater than or equal to g, denoted as:

f>g: if ol 1) Ve e A, f(x) > g(x).
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( 2.2.2 : Remark - 'Z\Jé?){n

g AN e 99 gl £ A s 01 g Lolw o) ge pdl £ AN s\ 13
If the function f is greater than or equal to g, then the graph of the function f lies above the
graph of the function g.

Y

g(x) = In(z)

Function monotony defs &y 7.2.2

DfMYWIu@ij%ﬁhW@&%HM‘Ame
Let f be a function defined on its domain Dy, and let I be a subset of Dy.

‘ 10.2.2 : Definition - hﬁl)ﬁ\

We say that f is increasing on I if and only if: : o\¥ 13) boog 13} 1 I o0l je f o) Jgos

V(z,y) e I*:x>y = f(z) > f(y).
" J

g 7.2.2 : Example - J 20 )

10, +-00[ JBad) N 610Y o &)y 2 = In (2) iy &IY L)

The function logarithm x — In (x) is an increasing function on the domain |0, +ool.
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! f(z) = In(z)

\. y,

11.2.2 : Definition - uhj.)ﬁ\

Dol 15) hbog 13) T Jo Lol Soljpe f ol Jebs
We say that f is strictly increasing on I if and only if:

Y(iz,y) eI* x>y = f(z) > f(y).
. J

12.2.2 : Definition - uh.u.ﬁ\

Dol 15) hbog 1) T o duodliie f o) Jgis
We say that f is strictly decreasing on I if and only if:

V(z,y) e I’:x>y = f(z) < f(y).
Q J

13.2.2 : Definition - t.ﬁ.u.ﬁN

Dol 1) baog 13) T (Jo loled Suablidn f o) Jebs
We say that f is strictly decreasing on I if and only if:

Viz,y) e* x>y = f(z) < f(y).
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g 8.2.2 : Example - JL’]’.D
10, +oo[ Bl (o Wl Suosliie &y z — % —qloo &1 o)
The inverse function x — % is a strictly decreasing function on the domain |0, 400].
(Y
flx) =1/z
x
. J

Finite function 33 gdmed! &iddl  8.2.2
Ao game (e A2 jae W) O oSS Of Y W i B3 guse A Colss 1) an‘s,é;b\..d‘ S
AT 43»&%4‘93?.@@2\:«3&*@

Before investigating whether a function is bounded or not, it must be defined on a non-empty

set, and then we can start searching for the bounds of the function.

14.2.2 : Definition - w«ad yad

Dy Ry %5 &S gasn S9318 &l f oI

Let f be a numerical function defined on the set Dy

Dgso M ks 318 s 13) bidg 13 Jo W ua b3gase £ ol Jeis (1
We say that f is bounded above if and only if there exists a real number M such that:

Ve e Df:  f(z) < M.

Dot m b 518 avg 1) oy 1) Jaw I oo bsgasee £ ol JeB (2

We say that f is bounded below if and only if there exists a real number m such that:

Vee Dy: m< f(x).
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Doasa M g m oliybs gisse s-q 1) Raog 13} srga%e f ol Jeis (3
We say that f is bounded if and only if there exist two real numbers m and M such

that:

VzeDi: m< f(z) <M.

\. J

g 9.2.2 : Example - J 20

39150 gy cosine g sine Jlg )

The sine and cosine functions are bounded functions.

Max and min values of a function a4 LAl g ¢ sadll medl! 9.2.2
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15.2.2 : Definition - wad yad

Let f be a numerical function defined on the set Dy, and let xo € Dy and I be a subset of
Dy.

ol 1) 2 6hasl) ke £ &I Galhel) & podd) Gueadl) ol f(ag) 522 of Jeis (1
We say that the number f(xo) is the absolute mazimum value of the function f at the

point xq if:

Ve e Ds:  f(x) < f(zo).

ol 15) T sl (b zp 6had) e £ &I S Lpod Gward ol f(w0) 512 o) g (2
9 Zo € 1
We say that the number f(xo) is a relative mazimum value of the function f at the

point xq in the domain I if xg € I and:

Veel f(z)< f(xo).

ol 13) 2o Sl e f A Galhalt b Gt ool £(7) 522 o Jgis (3
We say that the number f(xo) is the absolute minimum value of the function f at the

point xq if:

Ve e Dy f(x) > f(zo).

o € T oM V) T YWsall b g Sl x5 f SV G Wos Guaxd 0 f () 520 o) Jgs (4
9

We say that the number f(xo) is a relative minimum value of the function f at the

point xq in the domain I if xg € I and:

Veel f(z) > f(xo).

10.2.2 : Example - JLis
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12,2] Jsall Jo ) (b opdsaseal) ol b b p5-Tg Lolo 1 i f &V
The function f has an upper limit and a lower limit at the two specified points in the graph

on the domain [2,2].

Limits Qlud bgtd| 3.2

G il 58 doged! mualacd! (po g Sladls )11 o8 drwla¥) malastl aai (o Sbilgidl ycial
Al yd A Guw A3 (o HlaY O 2 Sa Wy (el g BlaiaMl g ) e pogae lgde dola

A8y el JSidn OLled! (uyid Juadll 10s b ST OLlgdl ¢ gus ge
Limits are one of the fundamental concepts in mathematics and an important concept in anal-
ysis, upon which the concepts of continuity, differentiation, and integration rely. Undoubtedly,

the reader has already studied the topic of limits, but in this chapter, we study limits in more
detail.

Definitions e jlad  1.3.2
End at point dladl dis 4o Lgd!

16.3.2 : Definition - «ad yad
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9 it Jo JS gt il 1) zp bl jles 051 R ge 1V b8 ) 68 qoseal) o s

We say that a subset V' of R is a neighborhood of the point xq if it contains an open set that

\mcludes the point xg. )

T Jloead! (o Adads 29 € R S50 9 R (oo T Jlovad) ol 48 ,a0 &1s f: ] — R ;S8
Let f: 1 — R be a function defined on the domain I of R. Let xyp € R be a point in the

domain .

‘ 17.3.2 : Definition - t.ﬁl).ﬁp

B 1051 (2 G 56 6620 p& og ) mp SN g b 6oyl AU of Yo

AR chol) pie £ € R &\
We say that the function f, defined in a neighborhood of the point xy (possibly undefined at
the point o), has a limit ¢ € R at the point xq if:

Ve>0 36>0 Vezel |r—x<d = |f(z)—{<e

: il g 70 M Uk ) £ ) Jo%s £(z) Gl o Jeiig

and we say that the function f(x) approaches ¢ as x approaches xy, and we write:

lim f(z) =4¢ or 99\ lim f = ¢.

Tr—xQ
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g 11.3.2 : Example - J A

Had o = 1 6RE 58 S\ s\l —elball £ (2) = 32 — 2 )
Let f(z) = 3x — 2, the task is to find the limit at the point zo = 1. We have:

lim f () = lim(3z —2) =1

rz—1 rz—1

Using the definition, we find 15 82 Yl

Ve>0, 3J6>0, VexeR, |rz—x<d = |f(z)—{ <e

lt—1]<d = [3r—2-1|<e¢
= Bz —3| <€
= 3(z—1)| <e
= 3z —1)|<e¢

€
— J-1l<s

It means that taking the value 0 = 5 is sufficient to show that for any x satisfying

|z — 1| < J, we have |f(z) — 1| <e.

lim f (z) = 1.

z—1

\. J

Ja, xo[U]zo, b JSGdt (po de gamall Ao A8 yae Wl f (S0
Let f be a function defined on the set of points of the form |a, zo[U]xo, b].

18.3.2 : Definition - «2J yad

ol 13} 7y el Ko +oo Sl b f I o Jeis (1
We say that the function f tends to 400 at the point xq if

VA>0, 36>0, Vexel: |z—x9<dé = f(x)>A

—

we write: bl
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lim f(z) = +o0.

T—rxo

ol¥ 13} 2y 6hasl) Be —oo Gu\® Jads f &M o Jeis (2
We say that the function f has a limit of —oo at the point xq if:

VA>0, 360>0, Vexel: |z—x<d = f(z)<—-A

we write: dig

lim f(x) = —o0.

T—TQ
. J

I =Ja, +00| JSEI) e de game Ao 48 yall f i ] — R ahiad) S0
Let the function f : I — R be defined on a set of the form I =]a, +o0l.

8 19.3.2 : Definition - uﬁﬁ:’\

o 1) oo 58 £ Sl i £ A of Jghs £ € R oI (1
We say that the function f converges to the limit £ € R as x approaches infinity,
denoted by 400, if:

Ve>0, 3dB>0, Vzel: z>B = |f(z)—{<e

we write: ilig

lim f(z) =4 Or g lggfzﬁ.

T—+00

ol 13) 400 B +oo Gl s f &IV o Jeisg (2
We say that the function f converges to infinity, denoted by +00, as x approaches to

400, if:

VA>0, 3IB>0, Vzxel: z>B = f(z)> A

we write: dlig

lim f(z) = +oc.

T—400
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] — 00, a] JIa) oo &S gate SO 60,2l FEIIA Sulladl oM 5o J8J) 5,2 (i I gy
=00 jo b B jop I Gullud) SoY I 7 Jop e £ e R Gl e f &IV o) Jews
’ ol 13
Similarly, we define the limit at negative infinity for a function f defined on a set of the
form ] — 0o, al. We say that the function f converges to the limit { € R as x approaches

negative infinity, denoted by —oo, if:

Ve>0, dB>0, Vrxel: z<B = |f(z)—{<e

we write: ALY

lim f(z)=¢ Or o limf=¢

T—r—00

Operations on limits Gl ked| e Qlitaadl  2.3.2

Lo = £00 G 7p dadd) HSII . g9 f el (ST
Let f and g be two functions. Let xy be a point where xq = 4o00.

1.3.2 : Proposition - dmsad

If we have ol \5!

limf=¢eRg limg=/¢€R
xo o

then: :\-,p
HmA - f) =X Lol AeR IS IS oo @
For every A € R, lim(\ - f) = X\ - L.
lim(f+g) =0+ o
zo
lm(f-g)=40-1 o
S N I
lim — = — cieg L £ 0 g¥ 13) o

o f 4
1 1
If 0 #is0, then lim — = —
f 0 #1150, enlxronf 7
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.lim% =0 o&b (—OO 9‘) lim f = 400 \JO;\ g\; \51

1
If also lim f = +o00 (or —o0), then lim? —
xo xo

Continuity )l peiw¥! 4.2

Continuity at a point dadd e yf pelwd!  1.4.2

( 20.4.2 : Definition - uﬁ,ﬂ\

S o Jois T Jeadl o 685 29 € R olig R oo T Yl Jo 60420 &y f: T — R IS
DGl §8%s 13 7 kel B5e 6 peime f

Let f : I — R be a function defined on the domain I of ;fhe real numbers. Let xo € R be

a point in the domain 1. We say that the function f is continuous at the point xq if the

following holds:

Ve>0, 36>0, Vexel, |rx—x9<d = |f(x)— f(zo)|<e,

we write: alig

lim f () = [ (20)

Tr—rx0
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(

12.4.2 : Example - J 20

oY 2o = 0 shal) e b peime f(z) = e &N

The function f(x) = e* is continuous at the point xo = 0 because

lim f(z) =lime” = e =1 = f(x).
r—x0 r—0

Continuity on domain Jlwm @l ) plu¥) 2.4.2

21.4.2 : Definition - w24 yad

R oo I Jall o 60,20 &y f: 1 — R o1&
Let f: I — R be a function defined on the domain I of R.

6 gased jop L Y DB aes o bpetae w31EN) 1Y) o bpede [ AN o Jois
L) jo b T e o 6 paiued) Jlg )

We say that the function f is continuous on the domain I if it is continuous on all points of

the domain 1. We denote the set of continuous functions on the domain of I as € (I) .

Mean Value Theorem dlaw glod| @udd| 4y yad

2 1.4.2 : Theorem - :\,U.hp

Y oy 558 JF U8 T on oing . [0, ] Suablaed) SRR 1S 6 peimal) £ ¢ [a, 5] — R &) oI5
fle) =y 2as c € [a,b] Smds 530 a-q 016 f(D) g f(a) vp jpase
Let f : la,b] = R be a function that is continuous on the closed interval [a,b]. For any real

number y that lies between f(a) and f(b), there exists a real number ¢ € |a,b] such that

)=y

J

OSI @ 3] cg T Al (o S 3B B g patly e € GEGsTl dnad) Gl ¢ (o1 JSad) B)
(omtetd) (e JSEtT) Ao 20 taill dad 1B (3 paliwe ATIAT)
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(In the left figure), the real number ¢ is not necessarily unique. On the other hand, if the
function is not continuous, then the theorem does not hold (as shown in the figure on the

right).

Continuous extension )| piw¥ by 3ol 3.4.2

gt ) paiaal e dolamd) pe Tw Doy LeTlons i LgBliad dantatis L oy 21T 1y Ls slotia ¥
Loy a3 A0 gans Lgiuds 52 (1 3 9l ole il g w51 Blisw (52 LS shas Jordond (o LSy oo

oW
A continuous extension of a function allows us to extend its domain or range smoothly while
preserving its continuity, enabling us to analyze its behavior in a broader context and overcome

limitations imposed by its original definition.

22.4.2 : Definition - «ad yad

.&\gf:I{IO}ARgf‘}eM\Ioumgfdw\o@
Let the domain I, xo be the point from I and f : Itxe} — R be a function.
BE Gufiie Gol b [ sl 1) 7o Ghad) Ko ) iYL paedl) Sbe £ &N o Jeis (1
Jg Lo
We say that the function f is continually extendable at the point xy if f accepts a finite

limit at xo, and we write:

¢ = lim f.
xo
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r el Y I8V o0 fiT =R jogb B jop S &I Bigs o, (2
We then define the function that we denote f: I — R for each x € I

) {f(:v) if x4

? Zf r = Xy.

2o 60a) 5 i Wb £ ) 0 aed andq 2y GBS S & pedime f GBIV Guieg
Then the function f is continuous at point xo, and the extension of the function f is

called continuing at point xg.

o
/ BN

2 13.4.2 : Example - JL’]’.D

b 1of R* 6 gaseal) Jo 66420 63101 oI

Let the function defined on the set R* be as follows

f(z) = zsin <%) |

Does f accept extension by continuing at 02 0 B ,\,am}l\; o) e f 3D
0l 6L W1 &1 .0 8o 0 Yo% [ ol Wik [ f(2)] < |2] oo 2 € R* 3 I8 go Wy ol

b W R (o 66,20 f 1) 6B B seig 0 58 ) pein P
We have for each x € R* that |f(x)| < |z|, we get that f goes to 0 at 0. That is, it is

extendable continuously at 0 and its extension is the function f defined on R as follows:

- ) {xsin(%), if x#0

0, if ©=0.
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xsin(1/x)

9 15 —1 —0.

—-0.5+

Operations on continuous functions § ytwed! JIgd| ohe Qlileal! 4.4.2
Shlgdl e alileot) Llaall du,s0 L0 o &yl eiw¥l lo do¥) GOldeat

The primary operations on continuity are immediate consequences of analogous issues at the

endpoints.

.

2.4.2 : Proposition - dmgad

Jodeg o € T 6ball o8 f,g: T — R i) ) o1&
Let the two functions f,g: I — R be given. Let xg € I be a point, hence:

A - f is continuous at o (VA € R). (VA ER) 2y 58 bpadme A f @
f + g is continuous at xg. Lo BS bydue f+g o
f g is continuous at xy. Ty B bymbue [ g @

Ty NS bpedue + Gieg ¢ f (79) £ 0 0\ 5] e

If f(xo) # 0, then % is continuous at .
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.

3.4.2 : Proposition - dugad

\539x0616h§.ﬂ\;i9—6,a§.mnf.;.3\§\52.f(1)CJ;Q}@Q\gg:J—)Rgf:I—)RJE\
2o O.hﬁﬂ\)ag—oyau\mgOf_‘*;P B u}S’ f(zo) Qh&ﬂ‘wo,mmng—«)\g
Let f: I — R and g : J — R be two functions, where f(I) C J. If f is continuous at the

point xy € I and g is continuous at the point f(xq), then the composite function go f is

continuous at the point .

Derivative and derivation laws JLALGY| judl b 9 Gidied! 5.2

Gidied! Glais Olusb 11 5 GLolail Olustl L2 duwlul pualis oo BGLELAYI 0l 58 5 @idall
Ol 92Tl g del 93T (4o Ao goame BLATLYY (10 98 JSAS Leln (A AT (§ ) gall J.«.a./.." J..uuu
.M|J|3Miu4‘3:~qub}lmhﬁﬁ“jaawd)h;uMMﬂummm‘rd!

Differentiation and the rules of differentiation are fundamental concepts in calculus in mathe-
matics. Differentiation is concerned with the instantaneous rate of change of a given function,
while the rules of differentiation form a set of rules and principles that facilitate the calcula-

tion of derivatives in specific ways and provide us with information about the properties of

derivative functions.

Derivative at a point dad) 2 §ided! 1.5.2

.QZOGIQS:Jj.th:]%RQRQ.GCMJl:.-..a[QS.“«J
Let I be an open interval in R and f : I — R be a function. Let z( € I.

23.5.2 : Definition - wid yad

VN Gams 518 1) 2 Gl e Slakby Gl £ &) o) Jebs
We say that the function f is differentiable at the point xq if the rate of increase

f(z) — f(xo)

T — Tg
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58 f &I Sidial) Sund g1 @iial) 542 GHIR GUD e ) Sadl) Yo 2 o LY Gu\RS ads
—39 .f"(20) jo Jb o jo 5 g 7o Sl
accepts a fized limit as x approaches the value xqo. This fixed limit is called the derivative or

the derivative value of the function f at the value xo, denoted by f'(xy). We can write it as:

24.5.2 : Definition - «ad yad

o € I 6hws J4 Jo olaidyl 6l wstd 3] T bl Jo slaby abte f &) o) Jeis
Lo jo b B jop Sibwd) s (e @ f() SN
We say that the function f is differentiable on the interval I if it is differentiable at every

point xy € I. The function x — f'(x) is called the derivative function, denoted by f" or %.

14.5.2 : Example - JL’]’.D

oy 7o € R &b 4 s ol able f(z) = 27 & y2al) &1 4
The function defined by f(x) = z* is differentiable at every point o € R. We have:
fx) = flzo) _2°—af (z—xo)(z + o)

= = =T+ 190 —— 2.
T — 2o T — X T — X T—T0

(@) = 22 1 6058 5T Loy of 220 §B 7o x5 £ A kel 522 o xS oo s

Indeed, we have shown that the derivative of the function f at xq is 2xy. Alternatively, we

can express it as: f'(x) = 2x.

\. J

Geometric interpretation of the derivative $ideld ouwdigl! juwddd| 2.5.2

dondll ax 93 Julas &3 (2, f(2)) 5 (20, f(70)) Biwes Jolad je oy (1 @udiuad) dasdl
Aaaul b uleed! Walas o .f'(T)) Aesdll g JIAT) dcx 53 Jolas O dad dolgldl o LE=/0)

r—x0

D e (o, f(20))
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The straight line passing through the distinct points (xg, f(zo)) and (z, f(x)) has a direction

coefficient of %ﬁmo) Ultimately, we find that the directional derivative coefficient is the

value f'(zg). The equation of the tangent at the point (z, f(z)) is:

y = (x — o) f'(x0) + f(20).

T
=7
/ Zo 3‘3
4.5.2 : Proposition - degad
Let f be a function. Then, ole &y f \;ﬁ:\

So\B) 518 13) haog 1) zp e Hlaiby b6 [ e
f is differentiable at xq if and only if the limit
i £ (@0 + h})l — f(®o)

h—0

exists and finite. Gufieg 39590

e: T - R &N q (f’(:l?o) Solw g{{}J\)fGR)&Q 13) boog 13} 7y e @\i&fu}éj &bl f o

f is differentiable at xo if and only if there exists £ € R (equal to f'(x¢)) and a function
€ : I — R such that e(x) —— 0 with the property that:

Tr—TQ

f(x) = f(20) + (x — w0)l + (x — T0)e().

.

5.5.2 : Proposition - dmgad

S f T =R g 2y € 1 g poibal) T Jead) o1
Let I be an open interval and xq € I. Let f: 1 — R be a function.
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If f is differentiable at xg, then f is continuous at .

T o bpsime f ol I Jo oy GL1s £ sld 13 o

If f is differentiable on I, then f is continuous on I.

g 15.5.2 : Example - J 2

681 G ke s . Gueadl) 355 Y £ ) B3 oTilg ol iy ¢ ol
Let ¢ be a fized real number. Consider the constant function f that takes the value c. We
calculate the derivative of the constant function.

fleath)—flz) c—c

V. R,Vh € R* = =
T € N, S 5 h h 07

then: HeA VY

flx+h) = fx)

/! . o
V:vER,f(.z’)—’lg% h = 0.
P91 SL &I\ gidbe ylo é\d\)g
LTherefore, the derivative of the constant function is zero. D

[ 3.5.2 : Remark - %){D

abls pé oilly 0 b seime f(z) = |7] Gdlball Gesdd) &1y ¢ JBall dam SO (e DS Gl

: 0 5 Hlais Y
The converse is incorrect: for example, the absolute value function f(z) = |z| is continuous
at 0 but not differentiable at 0.

y = |z|

P 80so 7 = 0 68 b Jae oo (el
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Indeed, the rate of increase at xy = 0 achieves:

f@) = f(0) _Ja| _J+1 i =>0,
-1 if x<0.

Derivative calculation §ided! Qlws> 3.5.2

.

6.5.2 : Proposition - degad

Mo 7 € T 38 38 oo qing 1 Jadl 1o 863 oxiyé oails f,g: T — R oI

Let f,g: 1 — R be two differentiable functions on the interval I. Hence, for every x € I,

we have:

(f+9)(x)=f'(z)+d(z) .
(Af) (z) = Af'(z) .

where X is a constant real number. a3 co.u»- 318 A\ Zas
(f - 9)(z) = f'(z)g9(z) + f(z)g'(2) .
(1) @ =-f -

(if f(z) #0) (f(z) #0 ¥ 13))
([)’ (2) = f'(@)g(x) — J;(iv)g’(fli) .

g 9(x)
(if g(x) #0) (9(z) #0 0¥ 13))
g 4.5.2 : Remark - %)@

It is easier to remember the following equation.: HeSURA TP RGT S B Y oo

(f+9) =f+4 (Af) =Af (f-9)=fg+ fd
AR
f ¥ g g2

Brahim Brahimi-Jihane Abdelli 92 University of Mohamed Kheidar, Biskra




Derivative and derivation laws {9\&&:&21\ onled g Gidhel! 5.2 Real functions daaasd) Jig )

-1\’ __ 1
(f ) _floffl'

-

7.5.2 : Proposition - dmsad

éd\;gof__,.:}{,iﬁ\ old f(z) K58 HlBbY &b &y g 9 2 Ko Hlalby able &y f —wo\d 1)
1L o Bikieg o 50 $lakby) b1
If f is a function that is differentiable at x and g is a function that is differentiable at f(x),

then the composition g o f is a function that is differentiable at x, and its derivative is given

by:

2 16.5.2 : Example - J 20 )
Let’s calculate the derivative of the function A Sulie —andad
In(1 4 %).

£1(@) =20 g f() = 1+22 g /() = £ go () = In(z) iy
We have g(x) = In(z) with ¢'(z) = 1 and f(z) =1+ 22 with f'(z) = 2x.
Then, the deriwative of the composition Jpﬂ WUl Giw 9

In(1+2%) = g o f(a)

18 99

wor &

Differentiation of some common functions 42 gJled! JI 9l yaas Gidie

() =0 Old ccald (e 3 yle ¢ Ca (f(7) = ¢ Calsa 13 TALLI W) e

Constant function: If f(z) = ¢, where c¢ is a constant, then f'(x) = 0.
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544l WNAY e
S(@) =na" Tt Bl (cals e byl noGues f (2) = 2" colss 1)

Power function: If f(z) = 2", where n is a constant, then f’(z) = nz" 1.

LIS [ [
J(z) =e” pld f(z) = e” calsa 13)
Exponential function: If f(z) = e®, then f'(x) = e”.

Thaed e oL AT @
F@) = 21k ol @i ole 51 pulul 53 b of(@) = logy (1) Colm 1)

Logarithmic function: If f(x) = log,(x), where b is the base of the logarithm, then

f'(x) = mi(b)'

Trigonometric functions: AL gt e

J'(x) = cos(z) ola o f (z) = sin(z) colss 13) fcwad) W1a
Sine function: If f(x) = sin(z), then f'(z) = cos(x).
J'(x) = —sin(x) old f (x) = cos(z) calem 13 Taelad! coadl Alla
Cosine function: If f(z) = cos(z), then f'(z) = —sin(x).
J'(x) =sec?(x) old of () = tan(z) ol 13) 1 all A1
Tangent function: If f(z) = tan(x), then f'(x) = sec?(x).

where: o

sec(x) = cos(x)

Hyperbolic functions: TSI Jlgudt e

J'(z) = cosh(x) ula f () = sinh(z) calss 13) (A1 31 cuad) Wha
Hyperbolic sine function: If f(x) = sinh(x), then f’(z) = cosh(x).
J'(x) = sinh(x) ol f () = cosh(z) calss 13) Al 31 dcolad!) i) ala
Hyperbolic cosine function: If f(z) = cosh(zx), then f'(x) = sinh(x).
S'(@) = sech(z)?(z) old f (z) = tanh(z) Colss 13) (20430 331 Jat) a3l
Hyperbolic tangent function: If f(z) = tanh(z), then f'(z) = sech®(z).
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where:

1

sech(z) = cosh(z)

Successive derivatives dul gied) GLilied! 4.5.2

Laai f/ 1 ] — R daidwed) A1) colss 13) Lgaiduw [/ S g BLlaiady alild adis f ] - R (s
Dasle dawy f AN SU Ghaedt f7 = () Ol @laiadl aLls Al

Let f : I — R be a differentiable function, and let f’ be its derivative. If the derivative function

f': I — R is also differentiable, then f” = (f’)" is the second derivative of the function f.

In general:

f(O) = f, f(l) = f f(2) = " and.... f(nH) = (f(n))/

B3 ye n BLETS ALLE [ J 933 3 g go 1 Ayl e f() Gide) Gl 1)

If the nth derivative, (™), exists, we say that f is differentiable n times.

2 2.5.2 : Theorem - z,ulén
{ Leibniz’s rule Pl Goye
(fxg)(n) _ f(n)xg + C%f(n—l))(g(l) 4+t CS f(n—k)xg(k) 4ot fxg(n)
In other words: : GP-‘ 6, L9
(f%g)™ ="k frPxg®
k=0
\_ J

Pl 1= 0 dal (e uied Riso Ao g 5L o

To prove the correctness of the Leibniz formula by induction: For n = 0, we have:

(fX9)O(x) = (f - 9)x) = Y CifP(@)g" M (2) = f (2) g (2)
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0l o n =0 Jai (o domomio duolbxtl )
So, the property is true for n = 0. We assume that:

(fXg)™" ch f9 (x)g" =P (x)
FOT Gt g
and let’s demonstrate that:
n+1
(fXg) Z Cr oy [P (2) gt P ()
we have VNN
(fXg)" D (x) = ((fXg)™) (x).

Therefore YSEY
SO ALy
(fXg)" D (@) = " CE(fE D (2)g" P (@) + [P (2)g" TP ()

k=0
Therefore HNSEY

(fxg n+1) ch’ k+1 (n— k:) ‘I‘ch k) n-l—l k)( )

P=k+1:0s¥ ¢ gemall B jdiall yodin psdd
We substitute the variable in the first sum: p =k + 1

n n+1
> CrfE @) (@) = 3O P )" (w)
k=0 p=1
SO Y
n+1
(fxg) n+1)( ) Z Ck: lf ( (n+1 k:) + Z Ck k:) n+1 k)( )
k=1
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Therefore D OA)

(fXg)" D (z) = (i(cﬁ‘l + X (f () g(”“"“(@"))>
+g”1f " ()9 (z) + O f O ()" ()
Note that: DO s
ChlyCFr=CF  and O =CY =1

Therefore: T oA

(fXg)" 1 (Z Op 1 f0 (@) g0 (@ )) + (@) (@) + fO2)g" P ()

£ somatl (B (o p Y1 Guasd) ) LiSay a3f dasY
Coa fO2)g" 170 (2) = fO(a) 9"V (x)
and 9
Cofl fort gt =) () = f0H ()60 ().

Therefore: T oA

n+1

(fXg) (n+1 Z +1f nH_k)(x)

Plodd a0l Ola ) cews (3
Therefore, according to the proof by induction, we have:

(VneN, n<p)(Vzel) : (fXg)" ZCkf(k (n=k) ().

*

Trigonometric functions awitied! JI gl 6.2

OMSadl Jmd Awkighl g coly jucadl g ¢ by 1 Skt g cAwniigll o2 Ay g i Adiliad! JI gad
Ay 9t ol glall g (OLiliall g (bl g 3L Aalaied!
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Trigonometric functions are essential in geometry, calculus, physics, and engineering for solving

problems related to angles, triangles, and periodic phenomena.

Cosine and arccosine edud| o ¢d 9 oo Al 1.6.2

T COS oyl Lgd e i oidl o ATIad) o\ SEd
Let the cosine function, denoted as cos, where:

cos R —[-1,1]

T > CosT,

WA O 9SS (Jlmadl ol 2 [0, 7] Jlonad! le Ladsi oSy A ois (yo JlET Ao J ol
DHLaiBN Old ILIL 5 dhebed Auadliie g b peluws oni
To obtain the bijection of this function, it is sufficient to restrict it to the domain [0, 7]. In this

domain, the function cosine is continuous and strictly decreasing. Therefore, the restriction:

cos : [0, 7] — [—1,1]

#ﬁj%’d‘wﬁ@ﬂ%m‘w1whj.&my

is a bijection, and its inverse function, known as ”arccosine”, is written as:

arccos : [—1,1] — [0, 7]

Unwersity of Mohamed Kheidar, Biskra 98 Brahim Brahimi-Jihane Abdelli



Real functions &aamesd) Jig ) Trigonometric functions &a3del) JlguV .6.2

D uSaalt LA oy yad IS (pe load Sl

So, through the definition of the inverse bijection:

cos (arccos(z)) =z Va € [-1,1]

arccos (cos(z)) =z Va € [0,7]

f T Ol

In other words:

cos(x) =y <= x = arccosvy, e (0,7
D 9d AwSall AN Gide Old
The derivative of the inverse function is:
—1

arccos' (1) = ——— Vo el —1,1]

V1— 22

Sine and arcsine ! wgd 9 & WM 2.6.2

& yacdl [, 7] Jlovadl e o AL Hlatd)
The function sine is restricted to the domain [—7, +75] defined as

sin: [—-5,+5] = [=1,1]

Coes arcsine jwo ptbad e 0 g cndl (w93 ponly uSiadl Lglalad Achlas Al g

Unwversity of Mohamed Kheidar, Biskra 99 Brahim Brahimi-Jihane Abdelli



Trigonometric functions &)l Yol .6.2 Real functions &aaas! Jig )

It is a bijective function. Its inverse function is called the arc of sin, and we denote it by

"arcsine”, where:

We have: Loty
sin (arcsin(z)) =z Vz € [-1,1]

arcsin (sin(m)) =z Vze|-F, +5]

i . T T
sin(z) =y <= = = arcsiny, = [_57 +§]
the derivative of the inverse function is: D8 dcwSall AN Ghide Ol
. / 1
arcsin’(r) = —— Vo €] —1,1]

V1— 22

Tangent and arctangent Jéadl ywed 9 Jo alddl  3.6.2

| = 5 +3[ ot e i B )Ll
[

tan:] — 7, +5[— R

The function tangent restricted to the domain | — 7, +

wol
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! e arctangent je b AY e 09 ol wgds wsall Lebilad gewd AdLLES Al ga

It is a bijective function. We call its inverse function the arc of tangent and we denote it by

"arctangent” where:

Y

arctan x

tan (arctan(w)) =z VreR
arctan (tan(x)) =z Vre]l-F,+5]

. T m
tan(zr) =y <= x =arctany, if: z€]— > +§[
the derivative of the inverse function is: DA dcwSall AN Ghide Ol
arctan'(s) = ——5, Ve €R.
1+ a2
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Hyperbolic functions &1 Jigddl 7.2

PERNU{IP P PETC X (I [PRVL I YLTPON () PIE [ =T DU I [ §-NT B (I8 (PYC P I SWE U0 (PR
S ot gedl (ol I B (pa J gl 0ls @add @3 W51 adadl Wy e Adide JIgs LedY

LY (el Lo 0liall J1 9udls i Agecd ol 95 Lgd 9 O e & i Ol 9>
Hyperbolic functions in mathematics are functions similar to trigonometric or cyclic functions.
They are derived from the hyperbolic function, these functions were introduced by the Swiss
mathematician Johann Henrik Lambert, and they have properties very similar to trigonometric

functions, as will be seen later.

Hyperbolic cosine and its inverse kg ¢lde 9 Sl 31 alall| oz a3 1.7.2

12d yasdl AN o @Sl 3 aleldl cos WA @ € R Ui (e

For x € R, the hyperbolic cosine function is defined as:

et + e "
coshy = ———

TSSO G [0, +00[ Jlwed! e Lo jlatd)
Restricting it to the domain [0, +oo[ where we write:

cosh : [0, +00[— [1, +00]

Coom ATgeh jo b waSall LeLlad o ,0 ALl als Lgie Jas
it makes it a bijective function. We denote its inverse as Argch where:
Argch : [1, +00[— [0, 4+o00].

Y coshz

Argchx
1
0 1 x
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Hyperbolic sine and its inverse Lg gldo 9 i 3| cund! Al 2.7.2

2}n)JL)L@.Y}Aﬁ@!@ﬁ‘}l‘%‘ﬁhl‘éﬂ%d&d@ioﬁ
For every x € R the hyperbolic sine function denoted by:

T —T

sinh: R —R: sinhx:%,

toble (3 Leled 3ol jie BLaiadM ALLE 3 yaliue Alls 4o

It is a continuous, completely differentiable, increasing function that achieves the following:

lim sinhz = —o0
r—r—00

and 9

lim sinhz = 400,
Tr——+00

D98 ouSall Lglilad o Adlas At Ll i 1

This means that it is a bijective function. Its inverse function is:

Argsh: R — R.
Yy
sinhz
Argshx
1 [ ]
0 1 x
8.7.2 : Proposition - dugad
cosh?z — sinh®x =1 °
sinh’ x = cosh z and cosh’ x = sinh x °
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bpaime 9 Wled 64) e &)y Argsh: R — R e
Argsh : R — R is a strictly increasing and continuous function.
Argsh is a differentiable function where: fzas Hlailby Gblo &)y Argsh e
1
2241

Argshr = In (m +Var? + 1). °

Argsh'z =

Hyperbolic tangent and its inverse Lg gide 9 S35 Jlatf Afs  3.7.2

D3 L Lgd e 5 T (St 31 AT AN cay paitly
By definition, the hyperbolic tangent function denoted by:

el aSalt Lelaland ey (Allilad g tanh t R —] — 1, 1] 48 pae 431y 2
It is a function known as tanh : R —] —1, 1] and it is a bijective function. We denote its inverse
by:

Argth ] —1,1[— R.

y
Argthx
,,,,,,,,, o1 Ji tanh
VZ0ER T
,,,,,,,,, R
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Trigonometric relations of hyperbolic 4l 31 J1 guld dliled| OLAYA  4.7.2

functions
(1
cosh®z —sinh®z = 1
(2
cosh(a +b) = cosha-coshb+ sinha-sinhb
cosh(2a) = cosh’a +sinh*a =2 cosh®a — 1
= 1+2sinh’a
(3
sinh(a +b) = sinha - coshb+ sinhb - cosha
sinh(2a) = 2 sinha-cosha
(4
tanh a + tanh b
tanh b) =
anh(a +b) 1 +tanha - tanhbd
Derivative of hyperbolic functions A 30 I g Bidies (B

cosh’ x = sinh z.

sinh’ x = cosh .
1

tanh? 2 = .
cosh” x

Q080 33 I gt L glae I gd Fide (6
The derivative of the inverse of hyperbolic functions

1
AI‘gCh/ZE = ﬁ’ (I’ > ].)
Argsh'z = ,
2 +1
1
Argth’x = m, (’l" < 1)
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(7

Argchz =In (z + Va2 —1), (z>1)
Argshr =In (z + Va2 +1), (z€R)

1
+$)7 (—l<z<1)

1
Argthz = —1
rgthe 2n(1_x

Limited Expansion 3 gdxed| piddl 8.2

=0 sl Je> f(7) = expr W I glu o 5,58 sllac) HSa dew™ AN Jle 250
s dadny ALed) @ I o yaT Leed Wit = 1+ 7 ddalae 0985 (g0 ¢ Lglls dlaul gy

We take the example of the exponential function. You can give an idea of the behavior of the

function f(x) = e® around the point x = 0 using its shadow, which has the equation y = 1+ z.

We have approximated the graph with a straight line.

Wl ALt @ 3y = o+ 1r + cpr? Walaedl Mie 25D ¢ Juadi Lo ,85 asd Of La i 13
B jios duols Lgt Walast ol .y = 142 + 52° Walasd Jio g0 7 = 0 Wadl Hlgn 2 f
paat! Walas e s g"(0) =0 5 ¢'(0) = 0« g(0) =0 @3 g(z) = expz — (1 + 2+ 32%) oo

JANA 2 G ) (e o AT (s GBS
If we want to find a better approximation, we can take, for example, the equation y = co+c1x+

cox?. The graph of the function f near the point = 0 is like the equation y = 1 + x + %xQ.

This equation has a special property: g(z) = expx — (1 +x+ %xQ) , and then ¢(0) = 0,
g'(0) = 0, and ¢”"(0) = 0. We can find the equation of the equivalent parabola, meaning we

find a second-degree approximation for the function f.

- Al 3 g WAL A Hu Jleatiuwby co paidl potiwiwd A8y Lasal 950 OF Lyl 1) E.Ya.ﬂ.\

Of course, if we wanted to be more precise, we would continue to approximate using the third
and fourth degrees...
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y=ltao+s 42 0 1 e

AN G Al 0 A ) e 3 gl i le Comd OB g (Juadtl e st 10s B
0953 Lo LALE) 2 A0l Aadill ) ga 8 dadd Aol pSLl Juadi JSdo DIl (e o y3Es
Led LAl @3 LA Aadill e AdUied! OLaided) (pe 102 3 gisd) s Ul @i (0 ) g

In this part of the chapter, we will look for the nth-degree polynomial approximation for any
function that provides a better fit. The results are valid only in the vicinity of a fixed point xx

(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula sl diwe 1.8.2

AT12 ale laal M1 5l & g p Olubdl I plle mul le Cocow Gl ) sl Adoo o
4a3dalae dolad G 0 gus i dawl gy Al Hl g Ol pe Bue Juolaild ALLS W co ya%

AasU oia L3 W) Slaide e dadd
The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712,
allows for approximating a differentiable function multiple times around a point using power

series, whose coefficients depend solely on the derivatives of the function at that point.
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2 3.8.2 : Theorem - 'Z\g.).hp

boxd oue g 2,2 € T olilg (n € N) CL(R) &dall oo &l f: 1 — R oIl
Let f: I — R be a function of the class C"*(R) (n € N) and let xo,x € I, then we have

_ 2
f@) = fla)+ T prag) + CI i
+w]‘(”) (o) + (& — zo)"e(x — o),
where Zas
xll)rgo e(x — o) = 0.
L J
2 17.8.2 : Example - JI.:CD
Let the function f be defined as follows: b ks G0 ,2al) f &I\ o JS:\

fil-1,4c0] - R
r — In(l+2)

S5 3 jall 0 0 GBI (5 bl 200 —usy pebm (o pel) oo SoBWe SEEY L1b
o

Differentiable infinitely many times, we will compute the Taylor series at the point O up to

the first three orders.

We have f(0) = 0. Then, when we calculate: s 03 . f(0) =0 1%y
fa) = = f(0) =1
14z ‘ B
Afterwards, we calculate: HENCER [ BU-J)
! 1 1!
@) =~ = /0) = =1
Finally, we calculate: TS \&5-9\9
3) — 2 3 (0) = 2
[P(x) = Atap [7(0) =2.

Brahim Brahimi-Jihane Abdelli 108 University of Mohamed Kheidar, Biskra



Real functions &aamesd) Jig ) Limited Expansion yq e\ piid) .8.2

1o) 25 AL s o) gk

We can demonstrate by induction that:

Where the value can be calculated: D Gadl) s uTm Zas

F70) = (=1)* ' (n — 1)L,
Thus for n > 0 we have: \uﬂn>0\l>-g‘ua\sﬂ).“)9

FO0) (=)=, ()
n! n! n

9500&1&)3: \\sgfoi\,\ﬂlgb\d;g).xj\&&{cm\;m )
In general, the Taylor polynomial of the function f at the point 0 is

z": (_1)k—1xk :I:'2 x3 (_1)n—1xn

9ol sgas = pid 2 M5 Jgh (b \asd

Here are the first three Taylor series expansions:

Pl(x) = I,

2

z
Py(z) = x—?,

2 28
Pi(z) = x—?—i-g.

\am)ﬁ\ OR 1339\9 )3.;9\ P39 Py q Py ;9);&.“ ..-‘/\Aﬁﬂ Qp\u’\ \og,m,ﬂ ._,l.ﬁu calaw ) \F)\)*JM \am)ﬁ\ \so
0 o 0 oo g f I Sl
In the graph below, the plots of the Taylor series Py, Py, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.
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by e X2 TS Y=
U =2 2 + 3 /// ‘
£ y =1In(1+ z)
2
O \\\
A
1 . 75
// \\
\
4 \
4 s _ x>
; WY=T—7%

Mac-Laurent formula lyed - dle ddwa 2.8.2

2 4.8.2 : Theorem - 'i\g‘).hp

&® 15l 6200 by ) cie g 7 € 1 olilg (n € N) € (R) & go &)y £ 11— R o)

fol9) - Sl R0 18 7 = 0 Ghssd)
Let f : I — R be a function of the class C*"*(R) (n € N) and let x € I Then have, by
applying Taylor’s formula at the point xo = 0, we find the Mack-Laurent formula:

xn

F@) = FO) + 2 FO + Z7/0) + ..+ S 00) + Le)

. J

18.8.2 : Example - JL’]’.D

x2 $4 £L'6 z,2n

l)cosle—gqtz—gqh..—i—(—l) o)
3 5 2041

. €T x n L

+ ZL‘2n+1€<l’)

3 = + x2”+25(x)

—1 —1)... — 1
—a(a )x2 + ..+ o Joooll@=mF )x" + z"e(x)
2! n!
1

1+=z

N1+2)*=1+ax+

31) a=-1= =l-z+z>+...+ (-1)"z" + z"(n)

1 1 3 1%3%5...(2n— 1)
— === == (=
i ¥t g Tt Y e

1
32) a= o " + x"e(x)
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" %o g gE" n
4)e :1+ﬂ+§+'”+ﬁ+x £(x)
.772 £L'3 n
5)1n(1+x):x—?—l—§+.. + ( 1)"_1n+m"5(m)

Limited expansion of some &2 giadl JIgddl paaud 3gumedl pildl 3.8.2

common functions

2 ZE3 4

v _ T 4
e —1+x+2!+3!+4!+0(x)*

1_x:1+a:+x2+...+x”+0(x”) *

xz I4 IQTL

.173 l‘5 I2n+l

sh(z) =1+ —+ —+ ...+

2n+1
3175 Gy o) x

Operations on limited expansions 3 gdsed| pid| e Olides  4.8.2

gél.nZ\JL.\JagM‘M‘M&?MAﬁQUﬁ-&LﬁWjJEUQM@Oﬁlﬁeh\.‘eii
D gumad! pldl e Sldloald cj.ﬁud}u 1;\.@:302\14‘.?’41‘:,5;3_\:.&).&363311%@6&4‘

0 sy ‘:,s dadd
We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited
expansion of a function at the point a € R to a limited expansion at the point 0. Therefore,

we will explain the operations on the limited expansion only at the point 0.

n'&.g-JAMQﬁ;jM‘ﬁM‘Oﬂ}.q-‘;éQMOM&QSH&UHQ3f05333n€N05_’U

LTS

Let n € N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

f®) = po+pz+--+pa” + 2" (x)
= P,(x)+ 2" (x)
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and 9

g(x) = q+qr+- -+ g.a" + 2 e(x)
= Qn(z)+2"e(x)

.

9.8.2 : Proposition - dmgad

19 9 f ox Al g8 (& 4 @ gatin Jiayg 0 58 1 O ) ve dgae p5 aoy f g @
[+ g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f +9)(x) = f(2) + g(z) = Po (2) + Qn () + 2"€().

W) e 2o g9/ osllall sgasd) & s o)as aag 0 58 7 6yl 00 390 45 aiy fg @
n \59\\\6 99\ OR J.o‘ :G.S.-))..“ -\ 59)}_“ gs";

fg accepts a limited expansion of degree n at O and represents the product of the

limited expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:
(f - 9)(x) = f(z) - g(z) = Tn(z) + 2"€(x)

n &5 ) B bl (P (2) - Qn (2)) 398\ pif T, (z) 2as
Where T,,(x) is the polynomial (P, (z) - Q, (z)) stopping at degree n.

2o 1 6 ) oo 0 B8 sqae 45 Jads fog &M ol (g0 =0 &) g(0) =0 =3 15} o
P(Q(x)) —af f0 520 1 6 ) 156 _abgiall squ0 ) piS ¢ jor

If g(0) =0 (i.e. go =0) then the function f o g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n is defined by the

structure P(Q(x)).

If qo # 0 then we have: o oo g #0 ol 3] o

1 1 1

9(@) Q14 Bxtg.. 4 dgn 4 Tl
9 q0

q0

:._‘.A‘ggn—l—léi-l,d\ona)dg—>9miﬁ6ﬁFoﬁf&\mm1&\gF@g\5! °

If F is a primitive function of the function f, then F accepts a limited expansion at a
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Limited Expansion yq e\ piid) .8.2

of degree n + 1 and is written:

F(z)=P(z—a)+ (x —

where: lim n(x) = 0.

r—a

a)"*n(x)

Jimn(z) =0 rzas

r—a

(

We know that:

and F(z) = arctan(z) and we write:

arctan’ r = 5
1+z

because arctan(0) = 0, then:

X

arctanx = z": ﬂ
— 2k +1

Calculate the limited expansion of the function arctan(z).

1
tan'(z) =
arctan’(x) 2
We set: 05
1

2k+1 + $2n+16(

19.8.2 : Example - JI.?.D

arctan(z) G\l sg a8l piid) s

:09\ @lﬂ)

—
s

role arctan(0) = 0 oag

2 2 I

ke

J

The limited expansion of the function tanx at 0 is of order 5.

20.8.2 : Example - J 20 )

56w M ge 0 58 tan 24l ygasea) piid) o

Firstly: :j;‘
3 5
sine =a — % + 11;—20 + ().
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On the other hand \Cp—g\ SRS ye
2
=1 — 0 2 5 =1
CoS T 2+24+$6($) +u
we set 205
2 4
u = —% + % + 2°¢(x).
In the calculation we need u? and u®: Dl 9 u? s <° s

then ©

s0: (Wb
1 2 .3, .3
— =1—u+u*—u’ +ue(u)
coS T 1+u
2 gt 4 ;
= ‘f‘?—ﬂ—f—z‘i‘l’e(l’)
2
5)
= 1+ % + ﬂx‘l + z°¢(x)
Finely ,»-ﬁ!\ <°
tanz = sinz-
COS T
3 5 2 5
= (z- % + 1:670 + 2%(z)) - (1 + % + ﬂx‘l + 2°€¢(z))

3

2
= z+ % + ExS + z€(z).

46058 9o 0 58 72 &Il sqasal) gisd) o
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The limited expansion of the function éi—i at 0 of order 4.
1L < g 1
T ht
2vz - UTOgreE
1 T Z\2 T\3 T\ 4
e (-3 G- )+ () v
2( —l—:c)( 515 5 G + o(z*)
1+x x2+x3 x4+ (z%)
= —4+-———+4+—=——+4o(x
2 4 8 16 32 ’
. J

21.8.2 : Example - JL’CD

3 e o0 0 58 h(z) =sin (In(1+ z)) A sgasedl phsd) us
Calculate the limited expansion of the function h(x) = sin (In(1+ z)) at 0 of order 3.

‘oiwg g(z) =In(1 +2) ¢ f(u) =sinu gos e
We set f(u) = sinu and g(z) = In(1 + z), from which:

fog(x)=sin (ln(l + :E)) 9 g(0)=0.

&Il 3 & ) pesgassal! il S
We write the limited expansion of order 3 for the function

U3

f(u) =sinu=u— o + ule; (u)

for w in the vicinity of 0. 0 e du 985 o
We set 05
2 3
u=g(x)=In(l+z)=z— E+§+x362(:p)
for x in the vicinity of 0. 0 Ve o 98 o
We calculate u?: P eSS e
2 o3
u’ = (z— ) + 5 + 2Pes(z))” = 2% — 2% + 23 ()

Unwversity of Mohamed Kheidar, Biskra 115 Brahim Brahimi-Jihane Abdelli



Real functions &amesd) Jig ) Ezercise series N° 2 y0 ) 93;Wi) &lwlw 9.2

and u® : tud g
u’ = 2 + 2Pey ().
then: ‘odeg
h(z) = fog(z)=f(u)

u
= u—g + ue; (u)

1 1
= <£L‘ — =+ —xB) — —2% + 2¢(x)

1 1
= r— 5202 + éxg + z3¢(2).

Ezxercise series N° 2 @d) i yhetd) duds 9.2

Exercise N°— 1 — @) (d w2

Calculate the following limits if they exist. B539%90 o\ YR SUNIRERALRY s
2 _ 2 _
1 lim Z 11z + 28 o lim © 11z + 28
x5t 1?2 —25 e—s5-  _ x2—25
. x> —97+20 . 22 —91+ 20
3.l e 4. lim ———F———
a5t 12— 25 a—5- 12 —25
Solution : (jed!

O plaatt 3 Hla) 31 obca¥Wi Lade . limyy52® — 25 =0 g lim, 5 2® — 11z + 28 = —2 Lot (1
D g limyy5e 22 — 25 = 07 dde g 27 > 25 Lot > 5 Yo

o2 —11x+28
lm ———— = —
r—5+ 2 — 25

Load Wt 0l 8 lim, 5- 22 — 25 = 07 1of das My ST Ayl gudts yewd (2

22 —11x+ 28
lim ——~ = —

L5 x2 — 25 oo
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el (3 5o (e Ll 3w 0/0 (ol puie Al o SEIL o dimg 527 — 924+ 20 = 0 Lgad (3
Y i UL 5 & el Hlodl ) plied) g dacud)

2? — 25 = (v — 5)(z + 5)

ST Al (e
22 — 9z +20 = (v — 5)(z — 4).
:‘nst&i ”In -
> —9r+16 (z—5)(x—4) x—4

2—-25  (z—5)(xz+5) x+5
ade g (Gead! aue W us o5Y L

limzx—-4=1 o limaz+5=10.
T—5

x—5
o gk €(1
o 22 —9x 416 1
lim —mm———— = —.
=5 12— 25 10
Syl 9 Lices d0lgidt Al jud dalon Lt o

Exercise N°— 2 — @ (d w2

Calculate the following limits. DG bR s

1.lim o ovVr+4—+vVz—4 2.lim,, ooVzi—1—12

Solution : (jemsd!

@‘N‘?u@;ﬂbd&gﬁ
(1

- WrH+d-Ve-4)(Vax+4+Vr —4)
Ve+4—Vr—4= N N
(v +4)— (v —4)

Vot d+Vr—14
8

T Vrtdt+Va-1
ot e dde g ((ead e Dl Cewd) +00 I pliet) J 950

lim Vz+4—+Vz—4=0.

T—r+00
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2

= _%__(\/m2 I —2)(Va?—1+x)
ol - Va2 -1+

i

\/7+x

\/ —l—:v
Lowd zla 4 g +00 (A plaed! J 95

lim Va2 —-1—2=0.

r—r+00
4 Exercise N°— 3 — @d ‘,.1,.0\
Calculate the following limits. e\ RS L T s
2x 1
1. lim e?® —¢® 2. lim et
z—~+00 z—4oo I -+ 3
. xe"+2e% =5 r? + zsinx
3. m —— 4. lim ————
z-5+00 et — 3 z+o0 X2 + T COS T
. J

Solution : (e

D G e Jalass 27 g s (1

€T x X ex €T —X
X — " = e? (1—€T)=62 (1 —e™").

g lim, 1ol —e =19 lim, 4o €2% ——|—oou.c-‘_,s

lim e* — e = +00.
xr——+00

i alded) (L2 7 g dawd! (B & idee d.nl_ﬂéehcj_‘»_t(Z

eQz + 1 - 621 1 + 6—230

r+3 142

Lot e (2
3 1 —2x
lim 1+e =1, lim 1+—-=1= lim +—6)3:1.
T—>+00 T—+00 X rz—+oo 1 —|—
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Lot (o0l 3331 IMS e (331 Ay (e

2x
. e
lim — = +o0
x—+o00 I
90 OLilgdl O o Jolows il oy
) e?x + 1
lim = +4o00.

z—+oo T+ 3

i aldedl (pe €f g dawedl (po I yidie Jule TET gy (3

we® +2e —5  we® 1—1—%—9531._ 1—1—%—;

_— = =z
et —3 er 1—3e* 1—3e"

ey Timy oo €7 = 0 OY (el pue Wl ) limy oy we” = +00 ¥

2 5 1+2 -5
lim 1+=-——=1, lim 1-3¢%=1= lim r  wer _
T——+00 X xrer T—+00 rotoo |1 — 3e—*

P OT ialgid) @ s Juolons geiiiand

. xe®+2e" =5
lim = 400
r—+00 em_g
fasd alied) g dawdl (o & ke Jlaso 2% 7 30 (4
2 +xsine  2? 1+Si%_1+si%

24+ xcosx x?2 1+ T R

x>0 g5 Jai e Lot —1 <sinz < 1 0¥

—1 sinx
— <
T T

K|~

<

.\:'-dhmm_woo% :Obi :\.a:t#‘ u.ﬁé..i..i OAJ-,‘-.’ 1lmw_>+oo si;x =0 ;\e).'é.'«.” et 6\:“3

22+ rsinx 1_1

z—+o0 T + T COST 1

Exercise N°— 4 — gdy i3 w2

1 858 27 GM ) S Gl c(,0) 139 e LB 8y ;8 YloRiw

Using the definition of limits, find (¢,0) to study the limit of the function x® at 1.
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Solution : (e

a1 oo 2olgidl OF) |28 — 1] < e oo [z — 1] < 6 Oleo 13) b > 0 (e Comdr € > 0 051
€21 381900 I puad e =1 Jai o 0w g 1312 € < 1 OT o 23 O
sl 3ie 78 aSe AN OY 9B bYW ceaSu 1 - <o <140 old oz — 1] <0 Gus § > 0SS
tola

1—30+36% -6 <a® <1+435+36%+6°
A CRNT

—35+35% -0 <2® —1 <36 +38%+ 6.

Do 0 €]0,1] 3B O s
—36 +35% — 5 > —e

36 +36% +6° <e.
g calic >0 90 <ce i (o pad
30 + 36% 4+ 8% = 3ce + 9%€® + e < (3¢ + 9% + e

9e<1 oY
—30+36% — 8% > =30 — 362 — 0 > —(3c + 9¢® + P)e

Juitws e 3c+9¢ + ¢ <1 i ¢ > 0 Ghidadl saall dsd OF a8y (Olbilwsdl uad ¢ LaL 9
Ol2 0 = €/2 Ulea 13) 3T Ho 0 € €]0,1] Jai o .0 = 1/2 Jliad

lz—1]<d = |2° -1 <e
1 olad 1 e 2° Wilgd Of cudas 1

Exercise N°— 5 — @ (d w2

Let f be the function defined by: P Go el S f Iﬂ

V1t z—V1+a?
T

f(z)

f &N Dy _ay ) b gesn 1591 (1
Find the definition set Dy of the function f.

TR o) i P o xail) 616 (B D clim f () s (2

Brahim Brahimi-Jihane Abdelli 120 University of Mohamed Kheidar, Biskra



Real functions &aaas! Jig Ezercise series N° 2 0 93! &lwlw 9.2

LCalculate lin%f(m), is it extendable continuously over R? J
T—>

Solution : (femsd!

V1t —V1+a?

f(x) .
th.&fﬁd‘l.c}w °
Dy = {z#0},
Dy = {l+z2>0,1+2>>0 }

— Dj={x>-1} = Dy =]-1,0[U]0, +o0].

2SI dacid 9 321 podl (B Ol Dl Clu=d @

V1itxr—1+ 22 \/1+x—\/1+x2*\/1+x+\/1+x2
x x V1+x+v1+ a2
1+x—(1+2?

z(V1+z+V1+2a?)
2

. r—x
v (VIi+az+vV1ita?)
1—2x

- _1
T (VItz+Vitad) = /@) =3

Dot Batesd! WA 9 R le )l peiw¥ly dpelll ALLE f

Fo Yite—viter Vita? x40,
%, x = 0.
c Exercise N°— 6 — @d gﬁ}ﬁs\
Let the function g defined on R be as follows: P GOHWS R e 60 y2al! g &3\ o JJ:S

oz)= | mm o eE{0-11}
0 if ©=0,-1,1
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At which points is the function g continuous? 96 padane ogg BRI \(\ <°

Solution : (e

lgalin puaio ¥ 5 ,aliwe Wy wglde Ldely R\{-1,0,1} e 3 yalwe Wy o g A1)
O 0 e g AN Ao ) patial (o yold

lim In |z| = —o0
z—0
Lo
: . 1
ol = Jlim 5 =0=90)

O¥ 9 a3 0 i B yolas g ATIASI

lim In|z| = 0"
z—1t

ola
1
i ote) = g 5 = ree 29l

—1 e B yetins Cawd g OF o 0 dds dall judain ] die B petias Coaed g AT

Exercise N°— 7 — @ d w2

b WS 66,2 R o R &N o (1
Let the function f: R — R be defined as follows
(ax)? if ©<1,

fz) =

Zx)  if x>1

as.in(2

% potae f &I 09 G @ b Blo ik wolia € R 2ys
where a € R s a real constant. What are the values of a for the function f to be

continuous?

6 padone S g R o R &I ogB S8 0, 8,7 € R ol b IS 591 (2
Find all values of the constant o, B,y € R such that the following function g : R — R

1S continuous:
1 if © <0,

9(z) = ae™® + Be* +yx(e* —e®)  if 0<z <1,

R if ©>1.
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Solution : (jemsd!

[ Ol 13) dadd g 15) 5 yatiws [ OY ] — 005 1] Lo g |1; 400 Jloadl Ao 5 palicws ATIt
O Adoled)  glutS O i 9 ied (w3 O T e Hlundl (e g Gted! (e Aalgd il
Lo

lim f(r) =asin(n/2)=a ¢ lim f(x)=a*

z—1t T—1—

.a:03ia=1Ql&‘bjdcﬁﬁjﬁ!uiueazzaglélhjghﬁﬁj‘bj1..\.'«.:.3).Mf.&.ﬂ..\ﬂ

MJLM,}J“_,.LC}M‘Q&%J‘MY‘M‘)JL’&«.\&EJAJ‘AL\AOSJGE,&J‘UA&JM
e 9 ]0; 1] Jlowadl 9] —00; 0] Jlonadt e Wb 1 yoliw) zeddl 931 (po g ALY (1 9 0 (plidadidd
tiga (e Lot g J1; oo

lim g(z) =1 ¢ lim g(zx) =a+ 5.

z—0~ xz—07F
Lot 5T dg> o9

lim g(x) = ae™' + Be' +v(e' —e™ ') o9 lim g(x) =e'.

r—1— z— 1+

TASLL dlesdt GasI (), 8,7) 4SS SOl 13) Jadd g 13) 3_peluwe ¢ AT

a+p =1
elate'lf+ (el —e )y = el

DAL Alentl i Lo (e 0T Ly g pdad JUed! Jiou (e g Alasndl St

a+p =1
(el —e )+ (et —e )y = el —e ™t

T RO Walaodl (e ef — o7 dealt JI 55 adatiad

—_ =

+8 © =7
« =

— = 1-
{5‘1‘7— B gl

Y=

00,1,0) +7(1, =1,1) : v € R} 150 3 yaliwn g AN Lglani [y I OLAML) Ao gone

(1

(2
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Exercise N°— 8 — @y i w2

D WS R\{~1} Jo 662l f 63101 oI
Let the function f defined on R\{—1} as follows:

1+

fe) = z3+1°

[ &

—1 ahall 5o ) pain YU £ AN pae 5Ty oo w3l (1

Prove that we can extend the function f by continuing at the point —1.

2 R —1 e s3gs-Lod) Gandll sas (2

Find the value taken at —1 for this extension.

Solution : (jemd!

Bl Clus e Gl poe Wls Load Sadit (—1 dedl e alielly dawdl e J&o adain
T o el Jeladl z sl ST dawed d38 Geaid| ade WY —1 wie f AN
P 4rl=(+1) (2> -z +1)

ZZ\J‘..\J‘H@S‘\.LGj
1

ALy

lim f(z) =1/3
USA) e COST Badeed! AT gyl peliw MLy et ALILE AN O phiid
1+2
fla)=q 2% +1
/3 ol z=-—1.

ol 1) oz # -1,

Exercise N°— 9 — @ (3 pad

¢ 0o Hlaiil bl Gul) el 4B

Are the following functions differentiable at 07

- o) zsin(x)sin(1/z) if ©#0 2 — Lol sin g
fx) = : g()—{o fre0, h(z) = |z]sinz.
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Solution : (Jemsd!

0 Zexdl) e dlgd (a3 COLEs 13) Laud G 9 AN ol 350 deadd crvusmd oy yaid) o

fl@)=f0) wE 1

= = —1
x x 1+ |z|

Lot g Alal el ] Lgatida g 0 e BLATAM ALl Wt 2 — 0 Lesie

9(x) —9(0)

. = sin(x) sin(1/x).

101 i [sin(1/x)| <1 g [sing| < |2| Joadiad

;9(0)‘ < |z

03 J95 7 Lad 03 J 955 cof 3 e (A0 Hlaed! 2o pla) Jleatiwls
Lot h Joi e .0'(0) = 0 e 0 e Blaiadly ahld g adiad

sin x
a3 A e 9 0 A J 930 T L3 0 A I 932 7] 90 A J9s 2 Led 1 U Jgdasina/z o¥
P(0) =0 e 0 e Flaiad a3 h a9 0 A J9 2t 03 J 955

Exercise N°— 10 — @) (d paad

\sL‘ \ﬂgRJr \:‘9' 0‘9)2“-“ e u$.:.o.>u a,bE]R)&,-ge\
Find a,b € R such that the function f defined on R, is as follows:

f(x):{\/i if 0<az<l,

ax’+bzx+1 if z>1,
differentiable at 1. 1 6s plaiby &hle

Solution : (e

d e 3 paliiwn fATIA) O 9SCOT Coma (Y g
D Lo
lim f (z) =lim (vVz) =1=1lim f (z) =a+ b+ 1.

31 31 31
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tde 9
a+b+1=1= b= —a.
1 e Blaia¥ aduld wyad
10, 1] Jlowadt e 7 = /7 WA pe Gallats f adial)
1/2 aied il g 1 suall Hlan (pe Fidie Juda [0 5= 98 T /T AN Fhdee
92 Lgdiine die g & = az” + bz + 1 WA pes [1, +00[ Jlowadl le GollalSf WA (g 550 Aga (o
X 2ax + b
20+ b & gl Lgaidn g ] i BFlaiady aLild 13) f atiad
TOlEs 13) dadd g 13) 1 e BLAAMN ALLE [ AN o s

f(@) - £ () N O A
m=——— = L=lin== =)
1—2 b
< 5— a—+
o

b=

Exercise N°— 11 — a8y ja pad

'R Jo sl Yot plaidk) Gubsle u\u;\
Study the differentiability of the following functions on R :

B 22 sin (%) x#0 B 23 sin (%) x#0
f<x)_{o z=0 g(x)_{o z =0,
Solution : (e

(0¥ 0 e B peiws [ OT das S
lim f () = 0 = £(0)
z—0
R e Ao CF Latall (o oo [ AN (g 451 dga (o
P 5 Ad Aaled e panild g pTl g 0 e BLATAY Aduld u juld

f(z) = f(0)

1
= xsin (—) — 0,2 — 0
x x
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.|a:sin(%)|§|x|4aﬁglm$g;3h»akjgéwmﬂmjﬂiuatpd.@
Giall e f ATl Colss 13) Le it SI.f(0) = 0 pe (0 e Flaiadt alyld f ariad) JSLL
0 e 3idead!) 4oyl el Al yd w0 e CF

L 7 £ 0 Jal (e ile s
F(z) = 22sin G) _ cos (i) |
190 M J 95 Ty dds g Ty = 5, gl
Flan) = % in(2n7) — cos(2nm) = —1 £ £/(0).

Ch ial (po Cawd [ ANl O G100 e jolias (e [/ 1AL g

Co 0 e FLETAM AL R e O auall (yo LedT (18 50 ST g AT Jolad G ylall bty
£ 0 Jai (e EID e dsls) .¢'(0) =0

¢ (z) = 32°sin (i) — T oS (%)

|9 (2) = ¢'(@)] < 3Jaf” + |z].
Ol Gauall (o g die 9 0 e yolws ¢ OF Joo 1o

Exercise N°— 12 — a8y ja pad

Bk 15 &1 R 6 gate G- Y (5 A

In each case, find the definition set of the function and then its derivative:

1) f(z) =42 —522+2—1, 6) f(x)——x+2+3%,
2) flz)=55° = Z+3V5, 0 1) = ——s

3 f@)= (@ + 1) - 20), 9 flo)=(@2o+ 1%

Y @)= 9) f(x) = V(5 —3)
5 )=,
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Solution : (e

lgaidee g R e Blaiady ALl o 42 jae f Al
f(z) = 4X32® — 5X27 + 1 = 122> — 107 + 1

ALld Lglde W Dy =|0;+00] dey .xZOgm#OQgSgQi%ﬁi\éﬁnfgﬂgﬁ
e BLATAM ALIS Lao ) Hasd A Of W3LL¥L 05 +oo] e 9 | — 00 0] Ao Flaiady
Hledide 9 ]0; +00] Ao FLaiad ALLS f a9 J0; +00]

—1 1 1 3

flx) =152 — — +3X—== 150"+ < + —=

T T T

2T 2T

R e BLaiad abld g 43 ,ae f aliudl

fl(z) =2z (2% — 22) + (2® + 1) (32" — 2)
=2t — 4x? + 34 — 22% + 322 — 2

=b5rt — 322 -2

25 Jai ge 274+ 7>0 0¥ R Lle Blaiad aLl8 g 43 yae f
Ao (2?2 +7) — 22 (222 — 3
f/(x): ( )2 2( )
(x247)
 4a® 4+ 28z — 42® + 6x

(x2 + 7)2
34x

(z2 +7)°

J =00 —1[U] = 1; +00[ (e Blaiad ALL8 9 48 pae f ATIAT

, 2z +1) — 2z — 1)
) = (x+1)2
_2x+2-2x+1
(12
B 3
C (z+1)2

J = 00; 0[UJ0; +00[ (e Blaiadt ALils g 4d pae [ Al

2.,—1
(2) = -1+ =X—
2

N 32
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Ezercise series N° 2y 93;Wi) &lwlw 9.2 Real functions &aaas! Jig

Wyas fawgar+ 2 =x(z+1) gl o+ 2" #0 ol 13) GLAiaMN ALL3 § 42 ja0 [ AN (5 oSS
R\ {10} ole BLsdl 2L 5

1+ 2z

Fla) = -2

(x + 22?)

f@)=(2x4+1)(22 +1) R e Blaiadl alild g 4d yao f atil

f(z) =22z +1) + (22 + 1)X2
=42z + 1)
=8r+4

J0; +00[ e Blaiad alLld [0; +00[ e 42 yae f ATl

f’(:v)=%(5x—3)+5\/§
B 5z — 3+ 10x
=
B 152 — 3

2Vx

Exercise N°— 13 — @3 (d s

D S gl n 68 ) oo Shdhal) s

Calculate the derivative of degree n for the following functions:

1).z — ze® 2).x — 2" n(1 + z).

Solution : (emsd!

385e Joauss B yu h(z) = ¢ 5 g(a) = & o f(x) = gla)h(z) IS 5 fla) = ve” g (1
F @) = 37 Chg (@)ht P ().
k=0

g (2) =0 g (x) = 1 g(x) = 7 Lot . 2319l o2 Jadd ods (4o g gemed! laa alliy
o k>0 Js dai e M) (7) = €% Luayi Lot a3¥ 9 k> 2

() = ze® + ne® = (z +n)e”.
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AN 0 Ayt e Bdeed) (2
2" In(1 + )

9 R Ol ot (Ao C® avall O @ ool h(x) = 1D(1+I) 9 g(x) — g1 &m."
e L O3] 8 0 el T e | — 1 400]

g (@) =(n—1)...(n— k)" = %x"—l—k,

oY
(—=1)* Yk —1)!
(1+ )k
Jexiwss . f (z) = g(x)h(x) ‘we write: A g f(x) = 2" In(l + 2) paad k>0 Jai (e
o g = 0 Go Sdnd A8de

fM (@) = (n—1)! kil(_l)k_l (Z) (QSL

¥ () =

1+ x)k

dasies ¢ gome daxt T e @uwdd @ # 0 Yl 13 Fn)(0) = n! Hi i 7 =0 Hlss 13
e dond) (LS A83Me Jleatwbs g

- 22502
' +

Exercise N°— 14 — ady ja padd

) z"e/T W n+ 1 &8 )l go ikl ol et neN \,Tﬂ
Let n € eN. Prove that the derivative of degree n + 1 of the function x™e/* is

—1 n+1
<xn)+2 61/55‘

Solution : (e

N Al pa UL G pllasd) A8Mal codid RY e OF aiuall (e 41101
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Real functions &aaas! Jig

n—Od}owaw‘mj

Ao i @5 7

(l,nel/w) (n+1)

CO
= 1-

= I~

(x (mn—lel/x (n+1)

xZ -
L. =1

<—1>““

—Lel/T ga VT AN Gide i = 0 i (pe Lo

.g|nkt&w2§ﬁﬂ|¢i@,&&

(_1)” 61/36
ZETH—l

(l,n—lel/r) (n) _

e/t S e amel/T ANal LaSG 1agt m+ 1 Y e Lgimws (b 4] g

s ST eed
(=)™,

(mnel/x) () _

xn+2

n+1

ZC’“

n+1—k
e 161/3:)( +1-k)

) (xn—lel/x)("Jrl*l)
(mn 1 1/x)( )+ (n+1)- (l_n—lel/x)(n)

n 1/m _ nel/z
) (n+1).L

$n+1 :L.nJrl

n+1 (_1>n el/m

(az—i—n.r—{—l)—i—(n—i—l)- e

1
x

xn+2

Exercise N°— 15 — ady ja padd

1S Jlgald n s M oo @ GBI (0 s aseall gl a5

Find the finite diffusion at point a of order n for the following functions:

1

\)

- W

)
)
)
)
)

>

In(cos(z)) n=6, a=0.
arc‘tan(a:) - _2 a=o.
sin(z) — x
xr
In (tan (§+Z>> =3, a=0.
In(sin(x)) n=3, a=7.
(l—l—x)% n=3, a=0.

Jumttd |

Solution :
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arctan(z) —z 11 3
Cosin(x) —x 10 +o (@)

In(tan(1/2x 4+ 1/47)) =z + %:U?’ +o(z') e

In(sinz) = In(1/2v2) + z — % - <m - %)2 + ; <x — %)3—1—0 ((m— %>3> o

n(l+z 11 7
.(1+$)%:el(lw+> :6—1/26$+ﬂ6x2—ﬁex3+0(3€3) 3

Exercise N°— 16 — @) (d pad

3688 00 0 158 h(x) = cos (In(1+ 7)) &I sqaseadl pisdh s8]
Find the limited expansion of the function h(x) = cos (ln(l + :c)) at 0 up to the order 3.

Solution : (jemsd!

tc‘a_'s °
f(u) = cos(u) and g(x)=In(1l+ x)
Al g
fog(z)=cos(In(l+z)) and g(0)=0

Wl 3 AT B e gusned| ol LOSS e

2

f(u) =cosu=1-— % +ule; (u)

0 Hle> 2 udai e

bﬁa." °
S
u=g(m)=1n(1+x):x—g—i—?—kxgeg(m)

051> G270 dai (e
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2u2%3 °

2 28 2
u? = (x Y + 3 + 1’362(1')) =1 — 2% + 2ie3(2)
ud
u? = 2% + 2Pey ()
ey ®

u

= 11— g +U361(u)
-z,

= 1- 51 + z°€(x)
1

= 1- §m2 + 23¢(2)

Brahim Brahimi-Jihane Abdelli 133 University of Mohamed Kheidar, Biskra



Real functions &amesd) Jig ) Ezercise series N° 2 y0 ) 93;Wi) &lwlw 9.2

Unwversity of Mohamed Kheidar, Biskra 134 Brahim Brahimi-Jihane Abdelli



|

Part Two

Algebra 1

135






G Sl

Vector Spaces &as- 24} - \e Lina)

k) u pg

138 Algebraic structures & pSd) Gl 1.3
138 o Internal composition dda i) dlaal 1.1.3
139 e Group 3 e 31 2.1.3
142 The ring 4zt 3.1.3
144 . Field Jast! of @] 4.1.3

146 . Vector space (&\24&)) ¢ Losl) 2.3
151 oo oo Product of vector spaces aieLadd! @!;L@.&Ji sl 1.2.3
152 ... ... Calculus in vector spaces ducladd! Slsbiadll 8 Ol 2.2.3
153 ..o Partial vector spaces ad jod! deladldl Olslinall 3.2.3
155 oo Linear combination dudast! 7 et 4.2.3
156 . . Linear correlation and independence Jast JMaiw¥| g ol H¥1 5.2.3
160 ... The base or basis (ulw¥! 9i saelall 6.2.3
S Dimension of a vector space elad slnd das 7.2.3
167 . Direct sum dileed! ¢ gommad! 8.2.3

171 Ezercise series N° 3 w9, o3 ;\i) &lwlw 3.3

s 3ol Jhan 431 3 coladdl ol Oliyad Lgrde s o1 J guadll @l (e s jaudl as e

137



Algebraic structures &y pSd\ ) 1.3 Vector Spaces &as-\u)) e Linal)

o Lem (Ol (LB gaia el (Adaitl GLacIaT e (ausdlin o say ik Lat ulu
Ole gosmad! Golad! w yudd AlesS

This chapter is considered one of the most important sections that form the foundation of
linear algebra theories. It serves as a fundamental part for subsequent concepts like linear

applications, matrices, determinants, and is also a continuation of the previous lesson on sets.

Algebraic structures & waudl il 1.3

Internal composition 4wl ddead! 1.1.3

1.1.3 : Definition - «id yad

J?#®4¢géspxaEJE

Let E be a set such that E # () .
E b owyd 38 hy EXE Jo 5,2 &5 JF Gl s Gules of 1515 —ad 5 ogple oms

We call an internal composition law or internal composition every application defined on

EXE and taking its values in E.
3}:\3_«1:9 ...J_cAc*ZJ%AL_)ég\Q—OJ}apg

We usually symbolize it with the symbols: x, A, L ..., so we write, for example:
EXE —- FE
T
(z,y) = x*y

LGl o 85 1) B b Gl s  Gulasl ogfig

The operation  is Internal composition to E if the following is true:

Vm,yGE:x*yGE‘
E (5 6p8hue x Sals |1 Sulesd) o) Jgis o &

that is, we say that the internal composition % is stable in E

1.1.3 : Example - Jkie
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—

9+8=17¢ E o3 .E o &ulsls bules ) + aing B = {0,1,6,9,8} &S goseal) ol
Let the set E = {0,1,6,9,8} from which + is not an internal composition in E. Because
9+8=17¢ FE

2.1.3 : Example - Jkis

(+) is an internal composition in R. R (o Guls-ts dales (+)

@, b € R yoliall puemt dewddly a3i Hlgla| ) zlisd R G2 Adsls adee oo (+) O OLAY

.Rgéit'aei O}S:'a—i-bp.g.c}o:g.n

et Comd dalae LGt alie ¥ Ae gase OF Sl OF (I gLt (5 3T 5 sl

Mac¥i g AAbUI Mac¥l (w S Jodd Lgild (A it Mie Wl prex Ao game Jiad R O Las

13 Lae el Ghads  yai hds dde die gliio Addsd) slac¥) e (8| e ABLLLN 4

OF iy AL g Al sliae MY drwlal dow o0 dewlintl ola Adbly i of ddbly cols

R 2 sty Zolee Shad oo (+)

To prove that (+) is an internal composition in R, we need to show that for all a,b € R, their
sum a + b is also in R.

In other words, we need to demonstrate that the set of real numbers is closed under addition.

Since R represents the set of all real numbers, it includes both rational and irrational numbers.

Addition of two real numbers results in another real number, regardless of whether they are

rational or irrational. This property is a fundamental characteristic of real numbers, and it

follows that (+) is indeed an internal composition in R.

Group 4 m Ml  2.1.3

O A g b Lgh oSt 3 panell ) (B Aegelly Aewlw¥! &g pndl Ad) Gu] B e J31 pial
Ao g Olslindll g J gaomdl g SLalsIles 16 ;¥ 83 povall A pondl o) Oladiul g pgd Joi
321 O DLl 0is y Gl g clindll LB a8l goldl Zelaiioe dolall oo atual B o 3 4y ylad
£33 e das )11 (938 BLASILl B Jladll Loy ga I Adlis) O ) ol ele B dagedl bl
Ol ot &y, 0ad it Halal 1 guald Lide caiay jolodl Sl gl (B9 Aan 3 y0 ) g Saled!

e 31 Ao 18y dacluwe O 9o
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Groups are considered one of the fundamental and important algebraic structures in abstract
algebra. They are essential for understanding and grasping other abstract algebraic structures,
such as rings, fields, and vector spaces. Group theory is used in classifying sets of regularly
arranged points in space, making it crucial in the field of crystallography. Additionally, it plays
a significant role in exploring the relationship between the molecular structure of matter and
a specific group. Nowadays, it is challenging to envision any advancement in the theoretical

structure of molecules without the assistance of group theory.

2.1.3 : Definition - «aJ yad

62, g ) b 13 * Galsly Sl b3gje ESgase G Lad bpej IS (G,+) o Jehs
X))
We say that (G, %) forms a group, where G is a set equipped with an internal operation x, if

the following four conditions are satisfied:
(%) Internal law S ople (x) (1

Ve,y e G, x*yeQqG.

(x) Associated law S0 ople (x) (2

Ve,y,2 € G, (zxy)xz=x*(y*2).

259 Lol pois iy oplo « (3

(x) A law that accepts a single neutral element
Jdee G, VereG,xxe=x and exxr=uzx,
x Salesl) Sawilly pk5 G oo pois JU (4
FEach element of G has an opposite with respect to the law (%)

VeeG, 3I'ecCG: zxx'=2'xz=e.

7 b o jopg v —dlae owy 7

a' is called the opposite of x and is represented by x~!.

Brahim Brahimi-Jihane Abdelli 140 University of Mohamed Kheidar, Biskra



Vector Spaces &as-\)) Ve Linal) Algebraic structures &y pSdV gal) 1.3

If we add the condition b pil) Lo | 1)
Ve,y e G, x*xy=yx*uz,

we say that (G, ) forms a commutative group Gl ad 60 Js (G, %) o Jons

3.1.3 : Example - Jti

—

The set (R, +) forms a commutative group Gl op0j IS (R, +) &0 gaseal)

To prove that the set (R, +) forms a commutative group, we need to show that it satisfies the
four group axioms: closure, associativity, identity element, and inverse element.

Additionally, for commutativity, we need to demonstrate that the operation (4) is commutative.
Let’s go through each axiom:

Closure: For any two real numbers a and b, their sum a + b is also a real number, so closure
is satisfied.

Associativity: For all real numbers a, b, and ¢, the addition operation is associative, meaning
(a+b)+c=a+ (b+ c). This property holds in R.

Identity Element: There exists an identity element, denoted as 0, such that for any real
number a, a + 0 = 0 + a = a. In this case, the identity element is 0.

Inverse Element: For each real number a, there exists an inverse element, denoted as —a,
such that a + (—a) = (—a) + a = 0. This property holds because every real number has an
additive inverse in R.

Commutativity: The operation of addition is commutative in R, meaning that for any real
numbers ¢ and b, a +b = b + a.

Since all five properties are satisfied, the set (R, +) forms a commutative group.

( &
4.1.3 : Example - J 20

—af ) Gula®s 639 joll Sl o \aphill S gasn Z(E) g E # ) 6 gasead! ol
Let the set E # () and ZL(F) be the set of bijective applications with the composition

operation

EXE = E

O !

(fi9) = fog
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Gl o) 60 I3 (E,0) &6 gassal
The set (E,o) forms a non-commutative group

Let (G, ) be a group. By (Gx) S

3.1.3 : Definition - wid yad

Let H C G be a subgroup of G if: Zo\;\ngméﬁ}}éijCGoTﬂ
ec H ecH o
For every x,y € H then x xy € H. xxy € H ylo x,yEHdﬁ&g\m °
For every x € H then v~ € H. .x’leHoyxEde&Q\M °

The ring ddlad! 3.1.3

OF o (oS Is Gdidee 9 jioliall (4o Ae gome (4o Il @gs § > JSha oo Aalsd)
O (2 maie §Y Gudeal) A OF s Lo (de gonall B G pdlwie (ldeall oin O 4S5
dolos juaie GSLa O 58T O i (Eald 1) ALOYL Ac gamall G2 juaic Lyl oo 4e gamall

e gamall B i JSI LuSe yaie g Oldeall wsd
A rings is an important algebraic structure composed of a set of elements and two internal
operations. These operations must be closed within the set, meaning that the result of ap-
plying these operations to any two elements in the set must also be an element within the
set. Additionally, there should exist a neutral element for one of the operations and an inverse

element for each element in the set.

4.1.3 : Definition - «aJ yad

fl Lo wbss 1) Gl JUaS 151 A g+ oatal$ V) oula®l axgalt (A, A %) of Jgbs
We say that (A, A, %) with the two internal law x and A forms a ring if the following is true:

(A, %) is a commutative group G opej (A, %) (1
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A is associative Guess A (2

Ve,y,z € A (zAy)Az = zA(yAz).

x is distributive on A A Je Gojg + (3

Ve,y,z € Az (yAz) = (x xy)Ax % 2).

If the condition is met b 4l gass 1s)
dee A: Vre A zxAe=elAx =ux,

Soas-lg Gals (A, A %) &alsd) of Jeis
we say that the ring (A, A, %) is a unit ring.
If the condition is met b pal) §oss 1s)

Ve,ye A: xAy=yAx,

aly a3 Gl (4, A, 5) 6 of Iy

we say that the ring (A, A, %) is a commutative ring.

5.1.3 : Example - Jti

sty dabas bals JIGs (R, +,X) 68 gaseal)

The set (R, +,X) forms a unit commutative ring.

To prove that the set (R, 4, X) forms a unit commutative ring, we need to show that it satisfies

all the properties of a unit commutative ring:

1) Closure under addition: For all real numbers a and b, a + b is a real number, which

satisfies closure under addition.

2) Closure under multiplication: For all real numbers a and b, a - b is a real number, which

satisfies closure under multiplication.

3) Associativity of addition and multiplication: Addition and multiplication of real numbers

are both associative operations, so this property holds.
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4) Commutativity of addition and multiplication: Addition and multiplication of real num-

bers are both commutative operations, so this property holds.

5) Existence of additive identity (unit element): The real number 0 serves as the additive

identity since for all real numbers a, we have a + 0 =0+ a = a.

6) Existence of multiplicative identity (unit element): The real number 1 serves as the

multiplicative identity since for all real numbers a, we have a-1=1-a = a.

7) Existence of additive inverses: For every real number a, there exists an additive inverse

—a such that a + (—a) = (—a) +a = 0.

8) Distributive property: The distributive property holds for multiplication over addition in

the set of real numbers, i.e., for all real numbers a, b, and ¢, a- (b+c¢) =a-b+a-c.

Since all these properties are satisfied by the set (R, +, X), it forms a unit commutative ring.

Field Jasd gi muuspd! 4.1.3

(0 A goma (0 95 Jaad) G (pe idal ST ¢ e S 9o Dleoly M) B Jasl
OF coma Oldlaall ol .0 ually aexdl (dusl 3 Oldeall JBY) o (i jad as uoliall
M ¥l Jodd Jgda o dliely do g pidl (po Ao gamne ulig As gasnell Y313 3 pdiue O 9SS
o2 el 1) 93 Cali Ayl JSaloghl o Jliess WanGall slue Wi g oewdd slie ¥ g Ad Gt

polatlg Slusby 31 g 9 52 (o atall
A field in mathematics is a more complex algebraic structure than a ring. It consists of a set
of elements with at least two defined mathematical operations: addition and multiplication.
These operations must be closed within the set and meet a set of conditions. Examples of fields
include real numbers, rational numbers, and complex numbers, among others. These algebraic

structures play a fundamental role in various branches of mathematics and the sciences.

5.1.3 : Definition - «aJ yad

1) A g % ol onlell ssgjel) Jas of s W1 K # ¢ 2as K &egasall o Jgis
:\SL) \Ja Y :
We say that the set K where K # ¢ s a field endowed with the two internal laws x and A if

the following statements is true:
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(K, %, A) is a ring. dals (K, x,A) (1

A Guls- 1) Gulesl) Gl CsbsI) paa) oB {e} zas bpej (Kofoy, A) (2
(K_{e3,A) is a group, where {e} is the neutral element with respect to the internal

operation A
If the condition holds. b pal) gass 1s)

Ve,y e K: zAy=yAxz,

(SHa (K % A) pusd! o Jgts

We say that the structure (K, x, A) is a commutative field.

6.1.3 : Example - Jki

b s JS (Q, +, ) 68 gaseall

The set (Q,+, ) forms a commutative field.

To prove that the set (Q,+, -) forms a commutative field, we need to show two things:
(Q, +) is an abelian group (commutative group) under addition. (Q \ 0,-) is an abelian group
(commutative group) under multiplication, where Q\ 0 is the set of nonzero rational numbers.

Let’s prove these two properties:

1) (Q,+) is an abelian group:

Closure: For any two rational numbers a and b in Q, a + b is also a rational number, so

closure under addition holds.

Associativity: Addition is associative for all rational numbers. That is, for any a, b, c €
Q,(a+b)+c=a+ (b+0c).

Identity Element: The identity element for addition is 0, as a +0 = 0+ a = a for all
a € Q.

Inverse Element: For every a € Q, the additive inverse (negative) of a is —a, and
a+(—a)=(—a)+a=0.

Commutativity: Addition is commutative, meaning a +b = b+ a for all a,b € Q.
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Therefore, (Q, +) is an abelian group.

2) (Q\0,-) is an abelian group:

Closure: For any two nonzero rational numbers a and b, a - b is also a nonzero rational

number, so closure under multiplication holds.

Associativity: Multiplication is associative for all nonzero rational numbers. That is,
for any a,b,c € Q\ 0, (a-b)-c=a-(b-c).

Identity Element: The identity element for multiplication is 1, asa-1=1-a = a for

alla e Q\ 0.
Inverse Element: For every nonzero rational number a, the multiplicative inverse (re-
ciprocal) of a is %, and a - % = % ca=1.

Commutativity: Multiplication is commutative, meaning a-b = b-a for all a,b € Q\ 0.
Therefore, (Q\ 0, -) is an Abelian group.

Since both conditions are satisfied, the set (Q, +, -) forms a commutative field.

Vector space osladdl slaadl 2.3

£ 3ol Jhow 41 3 claddl ol Olyad Lgdde i oM J guadll @l (o s joudl as yian
PRY I P= e IR { u_'\ﬁ}a.ta.d‘ Adast Olacdatll Jio (uudlae (4o outay u.ﬂ.uw Lot u-wl.uY!

B ! Gl g Ole gamall Jund Jie Teslell J guadll o gyt ALeSS way
This part is one of the most important chapters upon which linear algebra theories are built.
It represents the fundamental part for what will follow in terms of concepts, such as linear
applications, matrices, determinants, etc. It also serves as a continuation of the lessons from

previous chapters, such as the chapter on sets and algebraic structures...

6.2.3 : Definition - wad yad

tGbler 6390 wold 13 K (Jhodd) Jasd) o o126 cbod W1 B # 0 e gesall o Jgis
We say that the set E # () is a vector space on the commutative field K if it has the
following:
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foas B gss EXE g0 0,23 i) &1 oulsts Sulas o 8y a5 oplo o
The law of an internal structure or internal operation, i.e. the application defined
from EXE towards E where:

EXE — F
(u,v) = u+wv

t2as B gss KXE go w2 &bl &1 ous 15 Sules of (&) —ad 5 ogl6 @
The law of an external structure or external operation, i.e. the defined application
from KXE towards E where:

KXE — FE
(ANu) — A-u
which fulfills the following conditions: Sl g i) gase K1
Vuve E:u+v=v+u. (1
Yu,v,w € E:u+ (v+w) = (u+v)+w. (2
There is a neutral element Oy € E where <8 0p € F 63\)}- PO A-¢ (3

YVue E:u+ 0 =u.

“as U pBs pose by u € E pase J4 (4

Every element u € E accepts an opposite element u' where

u+u =0g.

we denote the opposite element u' by —u. (—u) jo b v/ pol) jop
YVue E:1 -u=u, (5
VaiueKVYue E: X (p-u)= (M) - . (6
Vu,v € EVAEK N (u+v)=X-u+\-v. (7
Vue EVNA pueK: (A+p) - u=A-u+p-u. (8

M‘%L@":«aju\mu‘;&
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From now on, and until the end of the chapter:
Every field we encounter is a commutative field.

Oleolu (ot Jaomd jolic g dadi (owd s_,.c\.xﬁd! sbadll jolic o
The elements of the vector space are called rays, and the elements of the field are called

scalars.

U952 O (Seedl il (po 4o g 9 pgdaad) ¢ laddl e JB8Y) o Jolda olad slad Jo @
L

-

Every vector space contains at least the zero ray, and it cannot be empty.
(Baiasd) Mue ¥ Jas o) Gads pelad sbad &i B e Jsa3 K=R ol 13) o
If K =R, we say that E is a real vector space (over the field of real numbers).

(At sae ¥ Jas o) Sl pelad sliad 31 E e J a3 K =C Ol 13) o
If K = C, we say that E is an imaginary ray space (over the field of complex numbers).

é :
7.2.3 : Example - J 2

iwg B =R? g K = R @05 1 &1 (R Jasd) o b 20\ o126l - boill R? gl

Let R? be the vector space defined on the field R, that is: we set K :.R and E = R2%. Then
g R 0a pois y g R 0o pois 2o (3,) e P u € £ pois I

Fach element u € E is a pair (z,y) where x is an element of R and y is an element of R,

and we write
R*={(z,y) | z € R,y € R}.

We define on R? the internal law denoted by (+) () S oI R? (Jo 0,25 o
‘oieg R? 9o vy pois (/,7/) g (2,y) ol
Let (z,y) and (2',y') be two elements of R?, then:

(z,9) + (@', y) = (z + 2",y +9).

() ¢35 oWV R o 5,5

We define on R? the external law denoted by ()
:Q&»ng,ﬂ&AgRQMPQ&Q(I,y)@
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Let (x,y) be an element of R? and X\ be an element of R, then:

Pois Jﬁph:d\ poilg .(0,0) pgiall ¢ 121 ¢B 2asd) Guls-1 i) Gulagl) Gumidly b poisd)
—(2,9) jo b byl o) o 16 M (=7, —y) poasd) ¢D (z,y)
The neutral element for the internal additive operation is the null vector (0,0). The opposite

element of each element (x,y) is the element (—x, —y), which we may also denote by —(x,y).

A

\. J

( >
8.2.3 : Example - J 2

g K =R 2o .1 ga pd) (200 510 n ol R Jasdl Jo —o,=all 1) +boal) R oL

' ' E=Rn
Let R™ be the vector space defined on the field R, and let n be a natural number greater than
1. Weset K=R and £ =R".

feilig R 9o polie 21, @2, ..., &y Lo (21, %2,...,7,) RN 13 6B u € E poss J<
FEach element u € E is then the vector (x1,xs, ..., T,) where T1,Ts, ..., x, are elements of R,

and we write:
R™ = {(I’l,l‘g,. ° o wxn) | T; € R,Z = 1,2,}

We define on R™ the internal law (+) () S oWV R (Jo 0,25 o
0y R oo 03 p0iS (21,02} g (1, ) o)
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Let (xq,...,2,) and (2},...,2)) be two elements of R™, then:

(x1, .. xn) + (2], ..., 2)) = (v + 2}, ...,z + 7).

(+) §>.-I\5J\ ol R” Jo L 0,25 e
We define on R™ the external law (-)
‘oieg R go poss A g R" go poss (X1, ..., Tn) U.L\)

Let (xq,...,x,) be an element of R™ and A be an element of R, then:

A (21,0, x0) = (Axq, .., Axy).

JU pbill possilg (0,0, .., 0) pgaall ¢ 1261 ¢ gasd) Guls) ) Gulasl unilly & sbsd) pois!
(@1, wn) b Wl o jop 18 W (—a,. ., —a,) pos) o (24,...,T,) poss

The neutral element for the internal additive process is the null vector (0,0,...,0). The
opposite element of each element (xq,...,x,) is the element (—x1, ..., —x,), which we
may also denote by the symbol —(x1,...,x,).
C oI R Jasdl s €7 ¢ C cbind) +\65) olay Jgial) undtiy
(ln the same way, the space C and C™ can be constructed on the field R or C. D
( 5 )

9.2.3 : Example - Jk

‘R g5 R 9o &0 R0l Jig sl \FQ\R{‘M ¢ Loa)
The vector space of functions defined from R to R .
Gl WS R o2l sboil) Gyins W39 .f 1 R — R Jlgxll 68 gase F(R,R) o)
Let #(R,R) be the set of functions f : R — R. We provide it with the vector space

structure R as follows:

+) S opl) F(R,R) Jo w0, o
We define on Z (R, R) the internal law (+)

G\)\ag__b,&ef+go¢a9.y(R,R)mo“m9—g9fom
Let f and g be elements of F(R,R). Then f + g is defined as follows:

Ve eR, (f+g)(z)= f(z)+g(w).

()e,w\ww\ F(R,R) Jo oo, o
We define on .7 (R,R) the external law(-)
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:&M@&\;;\&J,ﬁaﬁgl@m,)Oi&)\gy(R,R)m&\gfoTﬂ
Let f be a function of #(R,R) and \ an element of R, then we define the product of a

scalar with function as follows:
VreR, (- f)(z) =X f(@).
Or simply write 35 &by JG o
(Af)(z) = Af(z).

t b WS 60,2 Gugaell GBI ol gesd) Sunidhy 3L posll o5 e
We define the neutral element with respect to the addition as the zero function as

follows:
Ve eR, f(x)=0.

Ozer) o W jop o oo
We can denote it as 0.z(g ).
(B WS R GG R oo 60,2 g S © F(R,R) oo f &I plsdl poisd! o
The opposite function of the function f in % (R,R) is the function g defined from R to
R as follows:

Ve eR, g¢g(x)=—f(z).

(=f) o Pb 2ol Gamidly f Bl jo 5
We denote the opposite function of f for addition by (—f).
L J

Product of vector spaces dwsladdl Sisbadll sldy  1.2.3

7.2.3 : Definition - «aJ yad

Jo o K Jasdl o uel®h wlebod By By .. B, oldy Lhas ¥as K ol
(G WS () 9 (1) ol oxaesd) B = EIXEX - XE,
Let K be a commutative field and let Ey, Es, ..., E, be vector spaces on the field K. We
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define by E = E1XEyX .- - XE, the two internal operations (+) and () as follows:

V)\ € Kav(l'lal‘%--'axn)a(ylay27"'7yn) € E:

1) (x17$2>"'7xn)+(y1>y27--'7yn> = (1131+y1,96’2+y2,---751?n+yn)>
)X (x1, 29, ) = (A2, Aoy A Ty,).

2126 oD cbadl) 13D b &>l paish) ogh o)asdl cbind omy (o \R ol imy (B, +, ) 35258
— TGy +bas JU Suslysdt potisl)
Then (E,+, ) represents a vector space called the product space. The neutral element in this

space is the ray of the neutral elements of each space, and we write:

0g = (0g,,08,,...,08,).

Calculus in vector spaces dwsbadd| sl o8 gbuwal! 2.2.3

.

1.2.3 : Proposition - dmsad

Wyxd okeg A €K gu e B oy K Jasd) Jo o126 sbas B gl
Let E be a vector space on the field K. Let u € E and A € K. Then, we have:

0-u=0g (1

A0y =0p (2

(1) -u=—u (3

u=0g where \-u=0 < A=0 (4
Au=0p= (A=0g)V (u=0g) (5

w—v jo b ut(—v) 126l jopg g B ous ut (—v) 8908 (u,0) 2 895 S Galasd) (6
161 oolesd) L ad eg

The operation that attaches to (u,v) the image u+ (—v) is called subtraction, and the
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vector u + (—v) is denoted by uw — v. Then, we have the following properties:

Mu—v)=Au— v and (A — p)u = u — pu.

Partial vector spaces dw sl dusladdl Olgbadtl 3.2.3

K Gbadd) Ja=t e pelad slind (B, A ) B8NS (S

Let the triple (E, A, ) be a vector space on the commutative field K.

@ 8.2.3 : Definition - i-ﬁl)ﬂs\

u\b,ﬁd\@m\gngép\ss-\ﬁx’ixc«\:oymlEu.edeJ\,.\s-”}J\ug—dw
We say that the non-empty part F' of E is a partial vector space of E if the following

conditions are satisfied:

(B, 8) byl 6j0 ) an 655 830 (F,4) (1
(F,A) is a subgroup of the commutative group (E,A).

NVAeK, Ve eF: MNzeF (2
. J

AL Cay paidf Jleatiw! LiSes o

Or we can use the following definition:

@ 9.2.3 : Definition - uﬁl,ﬁ\

E o0 630\ p& Suljs 6Sgase F g K Jasdl Jo (o186 cbod B T
Let E be a vector space over the field K and F a non-empty subset of E..
Lh b 885 13) E e (Sjs (SR s W00 W1 F oo Jgis
We say that F is a subspace of E if the following conditions hold:

Og € F OEEF(l

u—f—vEF\i;)Ju,vEFd!\l»;\m (2
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For every u,v € F we have u+v € F

AMueFlhduec FiggreK Y 3ol o (3
For every A € K and every u € F' we have X\ -u € F.

( )

10.2.3 : Example - Jkis

B os Sj (%6 2100 gy ¢ {05} ol F (o= sbas JF ds oo (1

For every vector space E, {0g} is always a vector subspace of E.

D P, [1] n ol ) J5T N 15 M) Gamndsd) o MolRall ity 3q a8 o piS S gaten (2
| | (K Jo (o\R6 oL
The set of polynomials with real coefficients whose degrees are less than or équal ton,
P, [x] is a vector space on K |

n<mzas P, (7] oo S S\ bad ¢ P, [2] 101 N ge n S U1 oo By

and we have ¥n € N* then: &, [x] is a vector subspace of P, [x] where n < m.

\. .

( _—

. e

1.2.3 : Corollary - 4

E oe Glls pé &l js 6 gase F g K Jasd (o o126 sbins B ol
Let E be a vector space on the field K and F' a non-empty subset of E.

LS B il sy o) G B oe Jjr (1R W00 F ogh I
To have F be a partial subspace of E, it is sufficient for the the following conditions hold:

"v’x,yEF,V)\,uEK:)\x—I—,uyEF.‘
. J

1.2.3 : Remark - ?\Jé?){)
wi o o126 +1as Loyl B s i o o126 cbod g S (o126 cbas IS
Jasd)
Every sub-vector space of a vector space on a commutative field is also a vector space
on the same field.

oSl s o owd go i SR bod byl ¢B o b s o o126 sbas S e

FEvery vector space on some commutative field is also a sub-vector space of itself on the
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tsame field. )

Linear combination dda&dl z Ml  4.2.3

g 10.2.3 : Definition - u,uﬂ\
2\11.\"\\3\m%\%&.Em%\ﬁfuncvl,vg,...,vn olidg oo sae n > 1 o JRES
Let n > 1 be an integer, and let vy, vy, ..., v, , n be a vector from E. Each ray of the form:

U= MU+ AUy + -+ A\,

1,02, .., Uy OREY (B e omy (K J28) ge wlaobw Ap, Ao, A, 2as)
(where A\, Ao, ..., \, are ladders of t}ze field K) It is called linear mizing of rays
V1, V2, ..., Up-
G\&_\\ rag CAAREEN P L2 D SHD VIS SR TP P |

kThe scales A1, Aa, ..., A, are called linear mixing coefficients.

J

4 2.2.3 : Remark - %)@

.Ulpwﬁw&uoe\dgﬁgu:)\lvlOduagcnzlo\;\';!

(Tfn =1, then u = \vy, and we say that u is in a linear relationship with vy . )

g 11.2.3 : Example - J 20 )

03 (1,1,1) 9 (1,1,0) ;s \Ral) (B8 o D (3,3,1) ¢ R? cbaal) (o (1
In the space R3, the ray (3,3,1) is a linear combination of the two rays (1,1,0) and
(1,1,1) because:

(3,3,1) = 2(1,1,0) + (1,1, 1).

Mg Yoo = (1,1) ¢l2a) go bhs b o v = (2,1) ¢l2a)) R? sbadll o (2
(2.1) = (A ) T &3l u = Aoy ogy Gis Sk

In the space R?, the vector u = (2,1) is not linearly related to the vector vy = (1,1)

because there is no real A until u = lambdav, which is equivalent to (2,1) = (A, \).
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—

L Gbler 65520 Mg f3 g fo o1 ofo oy cumasdt Yol ebds B = F(R.R) oly) (3
Let E = Z(R,R) be the space of real functions, and let fo, f1, fo and f3 be functions
defined by:

Vz eR fO(x):17 fl(x):xa fQ(x):$27 fg(iﬁ):.ﬂfg.

2 602 [ &IV cieg
then the function f defined by

VzeR f(z)=2°-22°>—-Tz -4

\)3 f07f17f27f3 \”9)'“ \$b>' t)‘b \Sm

it is a linear combination of the functions fo, fi1, fo, f3 because
f=1F—=2f—-T7fi —4fo.

ogpoel) o) 2 5(R) —\oghoal) cbod o (4
In the matriz space M 3(R) let the matriz

A:<1 1 3>.

0 -1 4

5151 ) Wibglo U b Mool Jo Ceind o logiined oS 3 jo Tl & A GliS gabins
1Mo hoo

We can express matrix A as a linear combination of matrices that contain zeros in all

their components except one, for example:
1 00 010 0 01 000 0 00
A= - +3 — +4 :
000 000 000 010 0 01

Linear correlation and independence glaid| JoaluY g bld ¥ 5.2.3

11.2.3 : Definition - wad yad

—

Ks\o)..u.\\ J.&)J\G\QE\FQMJ\ sbaal) polis go {v, v, v, } GI3le & Yo n € N* gl
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Bosd it €K halud) oo G518 3 U8 g0 018 13) 6% Gles 5] o1 s Glaume 1951
Let n € N* be a natural number. We say that a family {vy,vs, -+ ,v,} of elements in the
vector space E over the field K is linearly independent or a free family if, for every family of

scalars {\i},<, € K, the following condition holds:
AU + Agvg + - - + A\yv, = 0p
where all its coefficients are zero, i.e.: \Ce\ c('xag)&e D5\ \Re e u$.£—o.>-
M =0k A=0, - N\ =0k

5 S K é;)»]\ Jasd) 09 £ \;9-\9.\”\\3\ ¢boal) j0 N3 Ok 9 Op
Og and Og represent the zero of the vector space E and the zero of the commutative field K,

respectively.

( 12.2.3 : Example - J 2

626 R? s o120 o) b pisid

Let us consider in real vector space R3 the rays

1 1 2 2
a1 = 1 , g = 2 , a3 = -1 7b: —2
1 3 1 —1

\_u).‘ 9 {&1,@2,(13} Mi\” \Fh} t).s @ b %\2\”\\.“ LGiDQ

Hence, the ray b is a linear mizture of the rays {ai, as,as} and we have:

2 1 1 2
b = -2 |1=111-12||+] -1
—1 1 3 1
= a1 — as + as.
L J

3.2.3 : Remark - 2\1&?){4\

s Gl po 1051 ybs Sliime o o o) (oo 126 baill polis ga GBS Sol oo Jois o

We say of any family of vector space elements, if they are not linearly independent,
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that they are linearly dependent.

S \26 2 bao & o LS Sl Sy G gaseall @

\The empty set is linearly independent in any vector space.

J

2 13.2.3 : Example - J 24

The polynomials 398! ._,\,:3.;
P(X)=1-X,P(X)=5+3X —2X? and P(X)=1+3X — X2

103 [ X591 o\ i oo b G o Gulas Glas JTS
form a linearly dependent set in the polynomial space Z,|X] because:
3120 o1 B Mimd (031D 38} ) pid o YolRe Wuass 1)

If we examine the coefficients of these polynomials, we can observe that the equation

&g&d\ommmc\,mowgg\miﬁ409cbca._f,._)\93;9>.-96'x23\.u\094\29,§§-d>-\m
.\,.iuo {9\.\\\)
has a non-trivial solution, which means there exist constants a, b, and c, not all equal to

zero, that make this equation equal to zero.
3P (X) — P(X) + 2P5(X) = 0.
3928) o psf cbod b b Gk po 398 o pif ol il

LT herefore, the polynomials are linearly dependent in the polynomial space.

J

[ 14.2.3 : Example - J 2

Slaie Glasd) 03 of D pil {cos, sin} dlesd! iy Sumas) Jlg) sbod F (R, R) ol
Let Z (R, R) be the space of real functions, and let the statement be {cos,sin}. To prove that

this set is linearly independent: We assume that

Acos+pusin =0

Brahim Brahimi-Jihane Abdelli 158 University of Mohamed Kheidar, Biskra



Vector Spaces &as-\u)) Ve Linal) Vector space &\ <bodl .2.3

—

That equivalent to o &b
VzeR Acos(z)+ psin(z) = 0.

A =050 o gluoll 03® 2 = 0 I8 oo
For x = 0 these equations give us: A = 0.
Ahs Slatwe {cos,sin} &lesh o) &T =0 s v =T 38§ g
For x = % it gives us = 0. That is, the set {cos,sin} is linearly independent.

;S Sulial) GoNRN Ly s o5 s & pe {cos?, sin? 1} Slasdt ¢ & 51 Gus b oo
On the other hand, the set {cos,sin? 1} is linearly related because we have the following

trigonometric relationship:
Ve € R: cos(x)® +sin(z)? — 1 =0.

o) 2as Gegare p B ) ¢l Jelge L

Here, all the linear combination factors are non-zero because we have:

M=1,d=1M\=—1.
- J

e )

* e

2 2.2.3 : Corollary - 4

K Ll Jasd) Jo B o126 sbodll polis o {0105, ,v,} 61518 o8 Jois n € N* T
1% (120 GogaRe WIS ol (A}, € K o bioludl oo S1e = avg 15) hhs S po 95

Let n € N* we say about the family {vy,ve, - ,v,} of vector space elements E on The

commutative field K is linearly dependent if there exists a family of scalers {)‘i}ign € K that

are not all null together, check:

=1

. J

( &
15.2.3 : Example - J 20 )
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From the previous ezample notice that the vectors et o B Y ol YKl oo
1 1 2 2
a; = 1 , 2 = 2 , A3 = -1 7b: =2
1 3 1 —1
linearly dependent Lbs &S pe

al—a2+a3—b:OR3.

S0 \;\

El/\l = 1,/\2 = —1,)\3 = ]_,/\4 =—1: /\1&1 -+ )\2@2 + /\3@3 -+ )\4[) = ORS.

LNOt all are zero together. \Ro GwgiRe QIS Mmb

The base or basis wkw¥!| ¢f 3dsldll 6.2.3

St O 5S0 beie B peso Aedi g Olacdal Lgt g lasdl ot (2 puwlul p ggan oo Suclall
(W gguu g Logd sl IS sLadll 108 LB juoliall mgd o Juied SoiSen (oeladdl sladll sucld
W ggun OOolaatl Clus g Adaddl OO gt Jie Aalisee Gldec sl ya) Loasi SoiSen

Bueldl sl aluSTwls
A basis is a fundamental concept in linear algebra and holds significant applications and im-
portance. When you have a basis for a vector space, you can represent and understand the
elements in that space more comprehensively and easily. You can also perform various oper-

ations, such as linear transformations and coefficient calculations, with ease using this basis.

12.2.3 : Definition - wid yad

590 alas W1 {v1, -+, 0.} Blasd) oo Jois B (SRl sbodl) oo 6R&1 w1, v, o
By vr,- 0, 626 o B e Wb Jo 3L F o 2126 JF o 1) F o 1%6d - gl
Let vy, - -+ , v, be rays from the vector space E, we say of the set {vy,--- ,v,} that it is a

generating set for the vector space E if every ray of E can be expressed as a linear
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combination of the rays vy, --- ,v,. We write:
Yoe B, d\,... . MeK: v= v+ -+ A\,

S SR cLaal) peany dls e LB ol sxdge {vr, L0, ) Glasdt o Ly JeBs
t oW 13) koog 13} gl
We also say that the set {vy,--- ,v,} generates the space E. This is also associated with the

concept of the span generator if and only if:

E =Vect(vy, - ,v,).

2 16.2.3 : Example - JL’]’.D
Take, for example, the following rays S 3y a6 Y4 Jow o \Is

vlz<é>,v2:<g> and v3:<§> of E=R3.

R om0 — (1) gl I RO Jbalge {un, ) Gas

The set {vy,v2,v3} is generating R3 because each ray v = (g) from R® writes

(#)=={g)+u{d)+=(1)-

Here the factors are D Jolg! LD
Al =T, A =Y, A3 = 2.
L J
r A

17.2.3 : Example - J

Let the following rays be SN &2h \;J:!
v = (i) , Uy = (é) of F = R3.

S sbadl) oY v = (1) eleadl W RO oidge les JIES Y {ur,vn) 6209
Vect(vy,ve)

The rays {vi,vo} do not form a generative set for R3. For example, the vector v = (g) does
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not belong to the vector space Vect(vy, vy).
by | o Ly 0 = Ayvp + Agvy Las A, Ay € R 189 —boud b ol 1316
If it is true, we will find A\, Ay € R where v = A\jv1 + Aava. Who also writes:

(3) =2 (1) +2()

it gives us the following linear equations: Sl Gulasdt Glesd) sy
/\1 —|— /\2 - 0
A 2N =
A1 +3 = 0
which has no solution. A B gnd
. iy,
r A

18.2.3 : Example - J

las deg Suinas) o Yo\Rall Vs Gabyasd) < 1 b a0 g0 39asl ot pif bid 22, [X] ol
P,1X] \oal) 630 Slas JLas {1, X, X2+ X7} sqasdl o pid
Let 2,[X] be the real vector space of polynomials of degree < n with real coefficients. Then,

Ghe polynomial set {1, X, X?-.. X"} forms a generating set for the space P,[X]. )

.

2.2.3 : Proposition - dugad

U PICAPXS \Jo;\ DI = {v},vh,- - ,v;} oing .E 3 oMdee &les F = {v1, 02, ,0p} JS:S

T lasdl b B8 tje 0l O T g o126 S 52 1) bibg 13) IS
Let F = {v1,vq, - ,0,} be a ge;zerc;tive set of E. Hence &' = {v’l,vé, e ,vé} is also a
generative set of E if and only if every vector of F' is written as a linear mixture in the set
F.

13.2.3 : Definition - «ad yad

) B sbodl) wle) 3 B g B = (01, 0n, ..., v,) dlasd! of Jgis K Jo 0\R6 sbiod B oLy

. o\
Let E be a vector space on K. We say that the set B = (v1,vs,...,v,) of E forms a basis for
the space E if:
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B is a generating set for E. E Jodee et B (1
B is a linear independent set. L Slolwe &des- B (2
J
r

1.2.3 : Theorem - :\g.).hp

—

B 12 sboal) wlel B = (v1,v2, ..., v,) ol
Let B = (v1,vs,...,v,) be a basis of the vector.space E.
<ol s 1B b gosall polis (o (B8 g jof b9 0ol I o v € B glns of
S foas b Ao A €K
Fach vector v € E is written as a single linear combination in the elements of the set B.

That s, there are single scalers Ay, ..., \, € K where:

v = A0 + AUg + -+ ApUp.
L J

4.2.3 : Remark - 7\1&?)&\

B oW o v eloih) o Whas) ond (Ary..o, A) (1

(A, ..., An) are called the coordinates of v in the basis B.
The application of form JT.\”\J\ oe bl (2
b K* — E

<)\1;)\2;---7>\n) — /\1’01 —|—)\2’02 =+ .. +)\nvn

B (o \2a) il g8 K o201 s1aill go Jlis B

Jt s a bijection from the vector space K™ to the vector space E.

Dimension of a vector space g&lad sbad “ay 7.2.3

liaall s Lgie O 6550 L1 Aue ,all (slas¥l i) Oleladd) sue I) yodes Zad ¥ sLadll L3 dad)
Cludls 3 a3 8 Lay (OlBLaadl (1o 42 5300 A8 gams o2 Lags Lo sgin daddl O sSs O (ySau
el jatl g
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The dimension in vector space refers to the number of subspaces (or dimensions) that compose
this space. Dimension can be an important concept in various contexts, including mathematics

and physics.

I (B ¥ 51) a1 (10 Ao garme plasiuly @eladll sLiadll el (S udla 11 Glead! b
Ao 3 cwla™) A a¥ sue I o Bleadl i o bu.m slaall 10 o2 dadd (7 Jubied
Omelad cdlaly (2D) ALE sladll (Jled) Jaiw Ao o b IS sladll b Aadd G Juield

Arwlul Aadi O cdlay (3D) AN slindll Laden (Aol Jdetd (porwlud
In a mathematical context, a vector space can be represented using a set of basis vectors (or
rays) that allows unique representation of any point in that space. Dimension in this context
indicates the number of fundamental rays required to uniquely represent any point in the space.
For example, a two-dimensional space (2D) requires two basis rays to represent a point, while

a three-dimensional space (3D) requires three basis rays.

Gl Aalinall SLALIY duie 3] pedn oeladd! sliadll o3 dadl dudigll p gle g sl juall 2
o2 &y alaa¥W) A slaal B 3, (Jlied) o Lo (an £ Led &y O (Sa

Alasi WM Lgaad (LU 9 (Aalidne Clalsd) &S
In physics and engineering, dimension in vector space refers to the number of different directions
in which a particular object can move. For example, a ball in three-dimensional space can move

in three different directions, and thus, it has three dimensions.

Ae 5o Ao game B I gLl g pailainll mgd g Sl Lewlud (0950 Loladll sLiadll L3 dad
Acelall g Aol 3 OELet (o
The dimension in vector space is fundamental for analyzing and understanding properties and

behaviors in various mathematical and scientific contexts.

14.2.3 : Definition - w24 yad

).R)ggEcg—\Rnd\;\JQﬂ\u\plao\xﬂ‘wnmaﬂgan\m\Eé\R‘mﬂﬁ Loall u\;‘g\
.,.dbgosm

If the vector space E has a basis B with a finite number of elements n, then the vector space
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E has a finite dimension, and we write:

dim(E) = Card(B) = n.

5.2.3 : Remark - %){D

-dim({0}) = 0 & pg120 12 93 {0} pgaell ¢ Ll

The zero space {0} has a zero dimension, i.e. dim({0}) = 0. )
2 19.2.3 : Example - J 30 )
The canonical basis for the space R? is: D R? ¢Laoall @93\91\ sl i (1
1 0
o) 0]
Hence the dimension of space R? is 2. 2 o R? cLod\ a2 e Y
The vectors &6 Y (2

(00)

polil sae wis Jo Coisy ool 5T R? I il & g R? sboal) win Loyt Jlis
It also forms the basis of the space R?, and any other basis of the space R? contains

the same number of elements.

POis 1 Leva (1,69, ,€,) A ol J< US! n A 93 K" c\Laal) Gele dway (3
In general, the space K™ has n dimensions because each basis (e, e, -+ ,e,) contains

n elements.

n+1 Lo A (1, X, X2 - X" o® 2,[X] cbod) winl ¥ (dim 2,[X] = n+1) (4
pois
(dim £, [X] = n + 1) because the basis of the space P,[X] is (1, X, X?,--- , X™) which

Gontazns n+ 1 elements. y
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2 2.2.3 : Theorem - 'Z\Q.)Jan
oM 1 cdial) A 93 S\ s bos (o
In a vector space with finite dimension n, we have:
FEach linearly independent set has a mazximum of n elements,
coolul (B pose 7 oo Gogle LhS Glkiue Slos IS
Every linearly independent set consisting of n elements is a basis,
WoY) o pois n ge Gigle B 6490 Slos IS @
Every generative set is composed of at least n elements,
wm‘@&,wnwmgboﬂ%wd; °
FEvery generated set consisting of n elements is a basis.
\. J

( 15.2.3 : Definition - t.ﬁl).\'.a

oNg il SR bidl) 12 6= dlot S o

\We call the range of a set of rays, the dimension of the vector space they generate. )

4 6.2.3 : Remark - 7\1&?){»\

The following observations are easy consequences of the previous theorem:

n g8 Jo o126 n e Gigle 6201 Glas &5, e
The range of a set consisting of n rays, at most is n.
s Slime Gletd) 03® 31 13) bitog 13} 1 (B 2126 1 oo Gigle 6261 Gles Gu5;
The range of a ray system consisting of n rays is n if and only if this system is linearly

independent.

boal) Wole§ JT&S Slesd) 1B w51 13) Lidg 13) 1 (B 126 n ue dige 6261 Slas &, o
oalg ) o\l

The range of a ray system consisting of n rays is n if and only if this system forms the
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Lbasis of the vector space it generates. J

Direct sum yiled! ¢ gomed!  8.2.3

A Arlaadl 1) 35LAM Glaidl puadly Slusls 21 oB i mllaas 32 >dliell ¢ gemmell
Oebgicn (slind ot Olss 18] Legion 3140 O 90 (aline (e 93 (o (uobind (o pead
§ amadl (ol yual dnluce sLidY Las Logaues SoiSan (e o uebiad (Jlied! Jiew e)

«ilcad)
The direct sum is a term used in mathematics and linear algebra to refer to the operation that
combines two distinct types of spaces without any overlap between them. If you have two finite
spaces (for example, two subspaces), you can merge them together to create a larger space

known as the direct sum.

Al Jla (90 Cu Oludly g Gladdl juodl 2 liae (950 rdbeadl ¢ goamal! alusiw
Alas¥ w60 9T Aalie e 99 Ol luce ot
The use of the direct sum is valuable in linear algebra and mathematics when there is a need

to combine different types of spaces or to expand dimensions.

16.2.3 : Definition - «ad yad

Let F and G be two sub-vector spaces of E. L e on3 j pus R gasbod G g F \;L/x.\

o 1) 05008l ggate ans G oo poiS v g F oo pois U o> ut v polid) gaes S gatee
HIQMQF—FGIAA\:OJPpg G g F ond j5)

The set of all elements u 4+ v where u is an element of F' and v is an element of G s called

the sum of the vector subspaces F' and G. We denote it with F + G. Then we write:
F+G={u+v|ueF,veG}.

G

F+G
/ F
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.

3.2.3 : Proposition - dugad

oo B oo 01 i o0 R 023106 G g F oy
Let F' and G be two sub-vector spaces of E. Then:

F + G is a sub-vector space of E. Eoe Spr S boo [+ G (1

G g F wbgl wi b Lo i SR bod 51 ¢ F+ G (2

F + G is the minimal sub-vector space that simultaneously contains F and G.

17.2.3 : Definition - wad yad

Bl o jap B b pibia go 3 G g F o} g B oo opij ono 128 035100 G g F o)

. . W FOG=E
Let F' and G be two sub-vector spaces of EI. We say that F' and G are in direct sum in E,
which we denote by F & G = E if:

FﬂG:{OE} L4
F+G=FE o
.E(:,é-QM.A\SLGQL*&)’:’QE@MQ!;L@AGﬁFQ?J}.&JJ_&Q@w&GQFQ\é|5!

If F' and G are in direct sum, we say that F' and G are two complementary sub-vector spaces
in K.

4.2.3 : Proposition - degad

Fun,mﬁﬁowgéb,h:.—dbl?uoim&d;u\g\;!bbgbgEcou}}.a\\l:oGgFug\dgb
G ge poisq
We say that F' and G are complementary in E if and only if each element of E is written in

as a unique way for an element of F' and an element of G.
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( 7.2.3 : Remark - 'Z\.Té?)l.aoN

w=u+v 01 G2 G o poisg F g posisd oxy>g 6958 Ja o 3L F g w ol Jgis (1
\ai.>ai}bv/Gch'eF.:.%}w:u’+v’Jr£J\m\C,S-G\é;\ifgveGgueF.:,d}}
v=v qu=u
We say that w of E is written as a single writing of an element of F' and an element
of G, which means that w = u + v where u € F, v € G, and another writing From the

form w = + v where u' € F, v € G it is inevitable that w = u' and v ="',

il sbaal) Jola B 5jsd) (o il sbadll of Jgis Wl F @G = E Wy ol 1) (2

o) g G épd\
If we have FF & G = E. We say that the sub-vector space F is complementary to the

sub-vector space G and vice versa.

BSafie 5121 s By %6 o tebob b Bk g GleTial! Sus j31 Gus 12 1o Lol sqg (3
The presence of complimentary sup-vector spaces occurs only in finite-dimensional

vector spaces.
e have F® G = E. Then Qp.F@G:E\l}}SU\;‘SE (4

dim(E) = dim(F) + dim(G).

. J

g 20.2.3 : Example - J 20

Let o (1
F={(z,00eR*|z€R} and G={(0,y) eR*|y R}

Prove that o) ._af\

FoG =R

&p ot e o) F 4G =R gl (2,9) = (£,0) + (0,) o} Wag FNG = {(0,0)} tys
s3a5g (1,7) = (2,0) + (0, ) G &8I o &gy
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We have F NG = {(0,0)} and since (z,y) = (z,0) + (0,y) then F + G =R%. Or we
can easily see that the following writing (x,y) = (z,0) + (0,y) is unique.

Lol byl 1) 6Ty @ = {(2,7) € R? |z € R} gidsg F as b (2
We take F and G' = {(z,z) € R? |z € R}. We can also prove that:

FoG =R
we prove that ol —al (A
FNG ={0,0)}.

oo (z,y) € & \Ja;\ 9y =0 {9\ (r,y) € F 68 uo oiwg (z,y) € FNG ol i3

(5,) = (0,0) Jilog o = y
If (z,y) € FNG' then, from one side (z,y) € F i.e. y =0 and also (z,y) € G’
then x = y. Therefore (z,y) = (0,0).

we prove that ol o (B
F+G =R~

ol o u=v+w 2a> w € G quEF & L8 .u:(x,y)ERz\';riﬁ
-732993140.&‘5}-5E2:y2Olbw:(fl?27y2)EG/Ug‘\ﬂé?yl:OO}bU:(fBbyl)EF
Let uw = (z,y) € R2. We look for v € F and w € G' where u = v + w. Since

v = (x1,y1) € F then y; = 0 and since w = (x2,y2) € G’ then x5 = yo. So we find

x1 and x5 where

(z,y) = (21,0) + (22, 22).
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Ty =Y QT =T —Y LS Y=2=Ty qT =1 + Ty \F!\S.S\;g.(:r,y):(a:l%—mg,xg) Qieg

PUS)
Then (z,y) = (21 + x2,x2). Hence x = x1 + x5 and y = xo where x1 = v —y and
xe =1y. We find

(z,y) = (z —v,0) + (v,9),
.G’mmﬂgmeﬂgw@RQW&;mp&mgg\gg\;‘@\u

Which proves that any element of R? is the sum of an element of F and an

element of G'.

Ezercise series N° 3 a8y i jbaid| dds 3.3

Exercise N°— 1 — @) (d w2

\7\) P01 _.Q'RA“* \FLS-‘)J\ _.g.;,i“ U?\Q’RG\QW‘ 9P (1

We provide the set R with the internal composition law % defined as follows:

‘v’x,yGR:w*y:xy+(a:2—1) (y2—1)

st posl) ¢8 1 oy (Raess omly s K o )

Prove that % 1s commutative, not additive, and that 1 is the neutral element.

(ol af o pRal) S SN af ) ol RY G gqeseall 59 (2

We provide the set R with the internal composition law % defined as follows:

Vr,y € R} ooy = /22 + ¢?
gbw\M\@oﬂg\;&mgc\:m*u? ...439\ (A

Prove that % is commutative and additive and that 0 is the neutral element.
e Salal) Ganidh pbs poie LTRE o s e¥ ool wash (B
Prove that there is no element in R that is an opposite with respect to the

operation ¥ .
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Solution : (e

Of das s (1
adey =ay+ (2° =1 — 1) =yz+ (¥ — 1)(=° — 1) = yk=z

s K (s gILAT die g

e 2 9 Y 9T e ) ghall oS hiaead ued O 93LAN T CLSY

ke (ykz) # (25ky)kz

l‘).m\.l.al‘)l:d:'-jgé1L\:’-BYQ?ﬁA&.~3%§AL~¢:~J|M|3&1&?0\3:36).254\-0&
z2=3 9y=2:2=0 Jle Jrw e 231 .2 9y o

ok (ykz) = 0%k (2%3)
= 0% (2%3+ (22 - 1)(3* - 1))
= 0% (6 + 3X8)
= 0%30
= 0%30+ (02 —1)(30* — 1) = —899

(z%y)kz = (0%2)%3
= (0X2+(0*—1)(2* - 1))%3
= (—3)%3
= —3X3+((=3)*=1)(3*—1)
= —9+82
= 55

Lacand ued K O galal

Ikr=1-2+(1*-1)2*-1) ==z
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O LS O alal OY ST Aals YL
%l = 1%z

Skl yoiall ga 1kl = 1dkr =z Lous

Lot (A (2

zdy = /22 +y2 = \/y? + 2% = yka

(s ke O galal

(cky)kz = P+ oz =\ (VP ) + 2 = PP 1 2

: "\"."'.' (yv Z,«T) - (xaya Z) )—,&f—*j é:’)-’é O oMef L—?Lu:c_" SALCLA.

(yh2) ke = \/y? + 22 + 22

.M*Q}JL&‘EMﬁt&u\.‘J*QE

(ykz)kr = xk(yhz)(zky)kz =k (ykz)

Skl juaiall 98 0 Ol LLiad K O 2k (yk2) 8 il Clasmd! LilSels ol

Okz = V02 + 22 = |z| ==z, o¥ >0
Oz = %0

Ovr=2%0==x

Y pudad Juds x O g2 2l (B

thy=0c a2+ yl=0c2’+y =0c2=y=0

O gt T gl >0 ds ol o Juomis ThY =0 s gy >0 92 >0 Hu B
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Exercise N°— 2 — @) i w2

toh W G b 5,2l op\all K g G = R*XR gl
Let G = R*XR and % be the law defined in G as follows:

(z,y) % (', y) = (z2’, 2y +y)

Salyad and 6p0j (G, %) o) =31 (1

Prove that (G, %) is a non-commutative group.

(G K) 00 698 80 (10, +00[ XR, k) 0f ) (2
Prove that (]0, +00[ XR, %) is a sub-group of (G, %).

Solution : (e

' £0 b a’ £0 g1 #0 oles 13) (A-1
(z,y) %k (2',y) = (z2’, 2y +y) € R* - R.
N NPT PPN EIPVS gupTIFi]

S/ /o0

(@, y) k() (2",9") = (w,9)  (@2", 2y" + o)

/i /1

= (za'2", x(z"y" + ) +y)

/.1

= (za'2", x2'y" + 2y’ +y)

(@, )k (2", y) K (2", y") = (x2’ 2y +y)* (2",y")
= (a2'2" zay" +zy +y)
(rend O gILAY Ale g
Hr,y) € RXR Js= Jari (o cees (a,0) oS8 (B -1
(a,b)%k(z,y) = (z,y) = (z,y)%k(a,b)
) WIS O gluadl oia

p— :1
(ax,ay +b) = (z,y) = (ra,xb+vy) & = & “
ay+b=y b=0

Skl juaiall g2 (1,0) aia 9
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o (,y) o Comsi (2,y) € RXR oSt (O — 1

(z,y)k (2, y) = (1,0) = (z/, 9 )k (2, y)

) A1 Ol glewadl oiia

zr' =1 =1
(e 2y +y) = (1,0) = @zay+y) &3 T eq "
vy +y =0 Yy ==

B ey JSaS (RPXR, %) aie g (5, 72) 98 (2,9) 3 ,daidl puaiall

Cod B pa 30 Of fam il gl ed (2,0)%(1,2) = (2,4) 9 (1,2)%(2,0) = (2,2) of Lea (D —1
el

sy

(1,0) €]0, +00[XR ga (R*XR, ) 3 Gabemt! jiaiall (2
aia g .(2,y') €]0,+00[XR g (z,y) €]0, +00[XR (<

1 —y x —q/ r —yr+ay
(z,y)% (;>7> = (;Jﬁ( 7 ty| = o

e &by 3,0 (€]0,+00[XR, %) aie g (%W) €10, +00[XR olad = > 0 o Lew
(R*XR, %)

Exercise N°— 3 — @) (d w2

' W a0 Rl piplalh A = RXR & gasal) 395
We provide the set A = RXR with the two laws defined as follows:

() + ()= (x+2",y+v)

and 9

Prove that (A, +) is a commutative group.

Prove that ol st (2
The law * is commutative. \Shas x pplal) (A
The law * is associative. Swss o+ gelel) (B
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Find the neutral element with respect to the law *.

by s Gals JIGS (4, +, %) of st (D

Prove that (A, +, %) forms a commutative ring.

Solution : (e

(z,y)+ (@ y) =(x+2",y+y) €A
(A1 O LAt die
(z,y) + [ y) + @"y")] = (z,9) + @ +2"y +")
= (z+ @ +2"),y+ (Y +y"))
(z+2)+2" (y+y) +y")
[(z,y) + (=", 9)] + (2", y")

.M+Q33Lﬁ| dia 9
(z,y)+ (@ y) = @+ ,y+y)=0G"+2,9 +vy)
= (2",y) + (z,y)
(S O gIlal de g

e g1l paiall g (a,5) = (0,0) OF gl 31 ¢ra «(2,y) + (0,0) = (2,) o (a,b) oSt
TR |

e (Sl,’/,y/) OS'J"
(z,y) + (2,y) = (0,0)

A 1

+al =0 I
(x+x’,y+y’):(0,0)<:>{x v <:>{x !

y+y =0 Yy =-y
Ao B ey (A +) O it (=2, —y) 92 (2,Y) pdaidl juaiall die g
(A—2
(z,y) * (2, y) = (z2’, 2y + 2'y) = (22, 2"y + 2y) = (2", 9) * (z,)

(D Al g
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(B -2

1/

[(z,y) * (2", )] * (2",9") = (w2’ 2y +2'y) * (27, 3")
— (xxlwll,xx/y”—i_SE”(I‘y/—‘FI‘/y))

— (l’l‘/l’//,l’.ﬁ?/y”—l-x//l’y/—l—l’”l‘/y)

/4 /.1 ", 1

(z,y) = (2", y) * (2", ¢")] = (z,y)* (22", 2"y" + 2"y)

/i /.1 /) /s

= (2’2" x(2'y" + 2"y") + 2'2"y)

— (SL’JJISL’”,xxly”—l-xl‘”y/—l—l’/l’”y)

ae g
[(z,y) * (', y")] * (2", y") = (z,y) * [(2, ) * (2", )]

(2,9) € A I I o i (e, ) oSt (€ —2
(2,9) * (e, f) = (,y)

Tre =2x e—=1
=
of +ye=y f=0

F O 9lal At A 3 gald! paiatt (1,0) € A

:d.a_ﬁsfje

ol e slaandt Aan 55 (D — 2
(@,y) = [(@",y) + (@" +y")] = (z,9) =@ +2"y +y")
:U(a:/_i_x//)’x(y/ +y//> + (a:/—i_x//)y)

JZI’—}-fo’”,ZEy/ _’_.Ty”“f‘l‘/y“f‘l‘”y

/"

)
IZE/—FIZ‘H,[Ey/ +x/y+xy//+x//y>
' xy + 2'y) + (e, xy” + 2"y)

z,y) * (2, y) + (z,y) * (2", ")

Al Bl (A, 4, %) ;¥ b
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Exercise N°— 4 — @ d w2

1ol 620 Y Glanle W) w5 I Gus1Ril) e bl e Ys\0 a5g

Find the equations of the victor spaces created by the following rays:
u = (1,2,3) e
u; = (1,2,3) and ug = (—1,0,1) e

u; = (1,2,0) cug = (2,1,0) and ug = (1,0,1) e

Solution : jemsd!

ais g Uy g laddly A gedl 3 sl peladd) slaall F auad

r = a a =z
(2,y,2) €EF <= JaeR, { y = 20 <= FacR, S y—-2x = 0
= 3a z2—3x = 0
—9r =
<~ Y v
z2—3x =

e g Ug 9 U Z\.a.cbs’\.t A gadl (At eladd! clndll Gbm.‘F_Y OY¥alae Jaally Lias o wat

xr = a—>
(r,9,2) €EG <= F(a,b) eR* { y = 2
= 3a+0b
a = y/2

< J(a,b) eR* ¢ b = z—3y/2
0 = 2—-2y+=z
— rv—-2y+2=0.
g g Up Uy AadNL o3 godt 5 pmdl eladdl sladtl H piad .G Walas 0 5 5> ¥ Walaot ola
tde g
r = a+2b+c
(z,y,2) € H <= F(a,b,c) ER®>, ¢ y = 2a+b

= C
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a+2b+c = =z
<= 3(a,b,c) € R, —3b—2c = y—2x

C =

H =R Sl 9.2 9y & mud SOl Loga M Jual dlasntl

Exercise N°— 5 — @d gﬁ)ﬂsw

R g W) ud ) o febioal) 6 adgelt 626 YN s3-q
Find the generated rays of the following subspaces of R3:

F={(z,y,2) €R’ +2y—2=0} o

G={(z,y,2) ER% 2 —y+2=0 and 20 —y—2=0} e

. J
Solution : (e
Lod o
T =-2y+z
(x,y,2) € F <<= r=-2y+2 < y €R
z€eR

— (‘T7y’z):(_2y+zay7'z)ay€sz€Ra
= y(_27170)+2(17071)7y€R;ZER

. .

= vect(uy, uz) amd ade g up = (1,0,1) g up = (=2,1,0) auaad

r—y+z = 0 . {x—y+z =0

r,y,2) € G —
(,9,2) { y—3z — 0

2 —y—2z =
= (1,9y,2) =2(2,3,1)

u=(2,3,1) cus G = vect(u) a=d din g

Exercise N°— 6 — @) (d w2
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Let be in R* the vectors &6 R <° Jl:!
v1 =(1,2,3,4) and vy = (1,-2,3,—4).

¢ (z,1,y,1) € Vect{vy, v2} La> y 9 7 s1%0) pahiws JB o
Can we find x and y where (z,1,y,1) € Vect{vy,vs}?

¢ (z,1,1,y) € Vect{vy, v2} <a> y 9 7 s1%) pahiws JB o
Can we find x and y where (z,1,1,y) € Vect{vy,vs}?

Solution : (e

(z,1,9,1) € Vect{vi,va}
= IpeR (2, 1y,1) = N1,2,3,4) + u(1,—2,3, —4)
< INpeR  (x,1,y,1) = (N2 3N 4N) + (1, —2p, 3, —4p)
<~ INpeR  (z,1,y,1) = (A4 1, 2X — 20, 3N + 3, 4\ — 4p)

= I\NpeR 1=2A—u) 9 1=4\—p)
1

1

2,y Fie Ao giall LiSes ¥ I (2, Y Ol Li) Jusdius 309
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Vector Spaces &as-\u)) e Linal)

(z,1,1,y) € Vect{

U1, U2}

I URIRY 2 e

iff I peR  (x,1,1,y) = (AN+ p, 22 — 2, 3N + 3, 4\ — 4p)

.
x
1

<~ d\pueR
1

<~ 3\ pueR

\y

=A+pu

=2\ —2u
=32+ 3u
=4\ —4u

(3,1,1,2) cewlio @1 (2,1, 1,y) dum ol ¢ Ladiht ola 13
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Linear applications &alsd) w\enidl 1./ Linear applications &asd) o \anhsl)

Definitions wid jlad  1.1.4

‘,.\.QE)S.&ﬂoL\Ap.e.a.'td}uf2RP%R"M‘93&$J|M1?WL@M%‘3M
Adeladdl Olslinall =
We have previously encountered the concept of a linear application in the application f : RP —»

R"™ We will generalize this idea to all vector spaces.

1.1.4 : Definition - «aJ yad

5] GBS ol B F g5 E ua [ &nbill o) Jgis K Jasd) S one\Rb ofbas F g B ol
Fond WY oab 461 iy o\
Let E and F be two vector spaces over the field K. We say that the mapping f from E to F

is a linear application if it satisfies the following two conditions:

\;;Au,veEJ!Jﬂm(l

For all u,v € E we have
flutv) = f(u) + flv).

W deKque B3 38 oo (2
For allu € E and \ € K we have

fv-u) = A f(u).

i 1.1.4 : Example - J 24

Application f defined as —5 0! [ ki)

f: R} — R?
(ZL’,y7Z> = (—2$,y+32)

518 X g B 9o oaposs v = (2,y, ) g u = (2,1,2) iy Uy 51 olay s ks ¢®

It is a linear application. It can be proven that we have u = (x,y, z) and v = (2, y, 2") two
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elements of R® and \ is a real numbers where:

flu+v) = flea+2,y+y,2+7)
= (—2(z+2),y+y +3(z+ 7))
(—2x,y + 32) + (=22, ¢y + 32)
= flu)+ f(v)

and 9

FOew) = fOdyA2)
= (=2Xz,\y +3A2)
A (—2z,y + 32)
= A flu)
\. J

Properties yal &

.

1.1.4 : Proposition - duad

o F g3 7 g 05 &b f ol 1) K Jasd) i J& one R0 gasbios F g B oLy}
Let E and F' be vector spaces on the same field K. If f is a linear application from E
to F', then:

f(Op) =0r e

Vue E: f(—u)=—f(u) e

lasi AL ol gandf Lond

We also have the following properties:

2.1.4 : Proposition - dugad

Let E and F' be two vector spaces on the same field K and f the application from E to F
then:

cKmug)\\Fah\J;d}e\mgEmvgu\gd}g\mg\;\ﬁwg\ﬂ&f&}@\
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The application f is linear if and only if for every uw and v of E and for every scalars A\ and

wof K,

S+ po) = Af(u) + pf(v).

K Jasdl gudd ole (oclad ublad F g B (Sa
Let E and F' be vector spaces on the same field K

2.1.4 : Definition - «aJ yad

badl) b 909091 o1 pja5,909]) byl 05 Fgss B oo b all s sl o) Jois o
sty
We say that the defined linear application of E to F' is also an isomorphism or

omomorphism of the vector space.

LIEF) oo W jop I (0 E oo Gulasd) Naphill 68 g00 @
The set of linear applications of E in F' is denoted by L(E, F).

oy il) 68 gaten (15 JHUS ) 930,90 9151 B 935 B oo —by2ell BSIH Sabid) oms @
' .E(E),’a,ﬁ\;\m}aﬁFéEmé;bSJ\

We call the linear application defined from E to E an endomorphism. :The set of

linear applications defined from E to E is denoted by the symbol L(F).

Linear application range la¥ Gedad 4oy 2.1.4

o0 pr2 g sl fg K Gbaddt Jasdl e 1o dad) Lgids (reelad (ndlad F g B (S
ookl {v1, 09,0} OlE BB Im(f) 3l day oo f st Gudaid) A8, Ol F g3 B
Ay 0SS g (Gl 10a B9 W5 B = {f(v1),f(v2), ., [ ()} O E eladdl sliaall

TSS9 [ de gamadl e Ldad WETaed) 2283 sde ST <0 o Gudad

Let E and F' be vector spaces with finite dimension n defined on a commutative field K and f
is an homeomorphism from E to F', then the range of the linear application f is the dimension
of Im(f). If {vq,vq,...,v,} is a basis for the vector space E, then 8 = {f (v1), f (va), ..., f (vn)}

generates the image of this application, and the range of the application is m < n is the largest
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number of linearly independent rays from the set 3, and we write:

rang (f) = dim (Im () = m

(hlas Last Gudatd Gl @5 (4e 9yl 45190 vy (L8 1 T A glus Gudat WS ) CAls 1)

If the range of the application is equal to n, then its kernel dimension is zero, and therefore

the linear application is bijective.

Image and kernel 3/ g9 3 ygadl 3.1.4

degame A (ST F 950 B (e Gudad f 9 K Jasdl udd e (oelad (dlad F1 g F (S
Let E and F be vector spaces on the same field K and f an application from F to F. Let A
be a subset of F.

AL LY e 0 A de gameld B piles 5y g0 (2 A A gomell jolial [ ilaul gy ) suadl pax

PA yaodl FT (pe A 3 Ae gee 09 .f(A)
All images by f of the elements of the set A are direct images of the set A which we denote by
f(A). Tt is a subset of F. defined as:

f(A) = {f(:c) |z € A}.
AL LY e 0y sl Grdall 3o el f(E) OB s Gudal f 1 B Folss 1))
Im(f)
If f:E — F is a linear application, then f(F) is called the linear application image and we
denote it with: Im(f).

3.1.4 : Proposition - dugad

F oo S S\ cbod (B f(E) ol E oo i SR ebaod B =5 1s) (1
If E' is a vector subspace of E then f(E') is a vector subspace of F.
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F oo Jis \59\2;”“ ¢\:&1'9§51m(f) Guols- Gy (2

In particular Im(f) is a sub-vector space of F'.

( 1.1.4 : Remark - Zua;)u\

Im(f) = F 1) bivg 13) pol& f ogh ¢ F(E) 6 pdlad) 60 —ay ;25 J¥& oo i s
We have from definition of the direct image f(E): the function f is surjective if and only
if Im(f) = F. )

4 3.1.4 : Definition - q)ﬁ\

F g5 B g 0S5 b [ g K Jasd) s J& o0 126 os8bd F g B oly)
Let E and F' be vector spaces on the same field K and f a linear application from E to F.

H0p 0e )90 G E s polid) 6 gate Ker(f) jo b [ ophi) olgd jo s
We denote the application kernel of f by Ker(f): the set of elements of E whose images

are represented by Op:

Ker(f)={z € E| f(z) =0F}

[Jpogh) hadl & el ¢ 126l bl 690l B sl « 5T e

In other words, the kernel is the inverse image of the zero ray of the arrival space:

Ker(f) = f~'{0r}.
\ J

.

4.1.4 : Proposition - dugad

f enbi 8lgs ol F 985 B oo oS oaali [ g K Jasd) i o oo 128 gasbios F g B o)
Let E and F' be vector spaces on the same field K and f a linear appliéation }Crom E to F
Then the kernel of application f is a sub-vector space of E.

2.1.4 : Example - Jiio
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f: R} — R?
(.’L’,y,Z) = (—2I,y+32)

(z,y,2) € Ker(f) <= f(z,y,2)=(0,0)
(—2z,y + 32) = (0 0)

<~
—2r =
=
{y—i—?)z =
— (z,y,2) = (0, 3,22) z€eR

then

Ker(f) = {(0,-3z2,2) | z € R} = Vect{(0,-3,1)}.

(@' y) = f(,y,2) = (2z,y+32) = (¢,¢)

Conclusion:
/ / x / / /
v(2',y') €R2;‘f(—§,y,0) = (2',y)
o8 f enbil o) adhle 130 ¢ Im(f)

Then Im(f) = R?, which proves that the application f is surjective.
L

Let f be the linear application defined by —o %)) s okl f \;1:!

Calculating the kernel Ker(f): Let J.\/.\S Ker(f) 8 gid! wlisd> o

(0,-3,1) oRys ¢ o126 yubiue Js Ker(f) « 51 62uo

In other words, Ker(f) it forms a straight line whose direction is (0,—3,1).

Calculating the image of f. We take (2',y) € R? FC T YW >

We can take an example J e )&-9\ @_b.u\u

1600 NN

= R? cieg

Unwversity of Mohamed Kheidar, Biskra 189 Brahim Brahimi-Jihane Abdelli



Linear applications &alsd) w\enidl 1./ Linear applications &asd) o \anhsl)

g 3.1.4 : Example - J 20

fodeg f(X) = AX b Wf oy=all £ RP — R™ s gnbid) olidg A € M, ,(R) ol
Let A € M, ,(R) and let the linear application f : RP — R" defined as f(X) = AX. Then:

Ker(f) ={X e R’ | AX =0}

AX =0 bl Salasd) Slasl) Jolsd) o gatn (B X € RP oo Iy
kThus X € RP is the set of solutions of the homogeneous linear system AX = 0.

J

A 4b gancll susel (yo M gall eladdl slndll Lo Im(f) OF palall jgmeldl B (§ 0 B gw

We will see in the next chapter that Im(f) is the vector space generated from the columns of
the matrix A.

5.1.4 : Proposition - dugad

f@hﬂ\ungpuEun\Yh}Mfgu\xg-\ﬂfnuh\nngEuu
Let E and F' be two vector spaces and f a linear application from E to F. The application

fas:
Surjective if and only if Im(f) = F, dm(f)=F ol I3 boog 15) 101s @

Ker(f) = {0} o\ 13) boog 13 Lolie e
Injective if and only if Ker(f) = {0}.

- 1.1.4 : Corollary - 4 o)

* e

FWEM&Mfgmxﬁ:gguw\ﬁfnu\;\ongEulﬂ
Let E and F be finite-dimensional vector spaces and f be a linear application defined
from E to F.
If f is surjective then oo pele f ol 3] o

dim(E) > dim(F).

Brahim Brahimi-Jihane Abdelli 190 University of Mohamed Kheidar, Biskra



Linear applications &asd) w\anhsl) Matriz form (oq00a!) Jﬁ\d\ 2.4

If f is injective then olo wlie f o 13) o
dim(F) < dim(F).
If [ is bijective then ol Jbles f ol 3] o

dim(E) = dim(F).

. J

ubj.ad”.\.b'i\:vjj\.mf!\.g&a:"@.M‘Qw‘wuhgﬁbﬁﬁm‘up@muj
.S,Jm‘p.’dh_,.l.c

Thus dimension is a strong requirement on the nature of linear applications. We can also see

this condition as follows.

2 1.1.4 : Theorem - %).hp

F 95 F go 05 b [ g odie 12 95 0bS 126 olebias F g B o)

Let E and F be finite-dimensional vector spaces and f be a linear application of E to F.

dim(Im(f)) + dim(Ker(f)) = dim(E) .

Matriz form o8 saaed| JS&II - 2.4

9 B e cladd wan p (S 9 K Jasd) Lle cdlbcadt dadl Ol 9d aelad dlnd [7 9 B SO
QS.:.Y 9 JF u.uLu.ri B = (f17-~-7fn> 9 F claaan = T QS.:.Y I u.uLwi B = (61,62,...,€p)
Let E and F be finite-dimensional vector spaces on the field K and let p be the dimension of

the space of E and B = (ey, es,...,€,) is a basis for E. Let n be the dimension of the space F
and B' = (f1,..., fn) be the basis of F. Let f : E — F be a linear application.

b e ,Ei0 O dugiie sladl O Guilad o ddasdl Olicdadll ailad L g
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The properties of linear applications between two spaces of finite dimensions allow us to state

the following:

Aawlgs @3 e ¢ B ula¥) 3000 IS (pe o b JSho f dddaddl Godalll dodsd el @

S(er), flea), ..., flep) ana¥
The linear application f is uniquely determined by the basis image of E, and hence by
the rays f(e1), f(e2), ..., f(ep).

plad g et b JSis LgiSe F e plad 5o f(6) o € {L....p} J&e dai oo o
B o8 Oleoledl (yo 7 e v g3 i g F po B = (f1, fo, o, fr) oula¥) daai B
:«i«.ﬂ&# (alj,agj,. .. ,Clnj Lc‘ae‘ Lé.' }ﬁ):ﬁ ..\53) a17j,a27j,. .. ,an,j

Foreachj € {1,...,p}, f(e;) is a vector from F' uniquely written as a linear mixture in the
basis rays B' = (f1, fa, ..., fn) from F. Then, there are n single scalers a; j, a2, ..., an;
(which may also be denoted as ayj, asj, . .., a,;) where:

Q1;

agj

flej) =aifi +agifo+ -+ anifn=

anj 5

..........

So it is natural to give the following definition:

4.2.4 : Definition - «aJ yad

o 2as (a;;) € My, (K) Sbspaal) B B g B wlwdl dansdly f ubsdl il Sbgias
PB = (fi foree oo o) oI (b f(e)) @R8I o \5118) 0o 5902
The matriz of the linear application f with respect to the basis B and B’ is the matrix

(a;;) € M, ,(K) where the column j consists primarily of the coordinates of the ray f(e;) in
the basic B' = (f1, foy -y [n) :
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fler) o fley) oo flep)
fi 11 ay; ce Q1p
fa 21 a9 ce Q2p
fn, Qn1 Q5 e Qpyp

oulal 2aaY f 3 50 o Lgineel S 22 ghmsll oo Lhas Godad 4B sacae tdann] Of jla
AL Aol digl je B Jgo gl slnd ului 2edi B Lgie | yae « B sadl slind

Matg s (f)
In simpler terms: a linear application matrix is a matrix whose columns are an image f of the

basis rays of the start space B, expressed in basis rays of the arrival space B’. We denote this

matrix by Mat&B/ (f) .

( 2.2.4 : Remark - :\Jé#){n

The range of the matriz Matg g (f) relates only to the dimension of space E and the

dimension of space F.
0o B @I Mg E oo B wlI i) Jo sogana) = YolRe 1012 « &y 6usb oo o
F

On the other hand, the matrix coefficients depend on the choice of basis B from E and
. /
Go basis B' from F. y

4.2.4 : Example - J 2

t b W R? o RY o 5 p2elle sl doaabid) £ o)
Let f be the linear application of R in R? defined as follows:
f: R — R?
(x1,T2,23) — (1 —x9 — 223, T1 + 229 + 323)

SuI) olier st oes JWhg bres Y amily u Y 6261 10155 pusiaall oo
It is desirable to specify line rays and column rays, and thus f can be considered as the

application
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a1
T, — Lo — 2$3
fifaa] =
T1 + 225 + 323
I3

P VR S Sl wld B = (f1, f2) 9 R® I g wlw ¥ B = (e, €5, e5) ok
Let B = (ey, €9, €3) be the canonical basis for R® and B' = (f1, f2) the canonical basis for R%.

So :
1 0 0
1 0
e = 0 o €y = 1 ; €3 — 0 and f1 = (O) : fg = (1> .
0 0 1

BB oW o f sd) gnbill Gogias stal (1

Finding the linear application matriz f in the basis B and B’
We have Loy (A
fler) = £(1,0,0) = (1, 1) = f1 + f2,

It is the first column in the matric ~ Matg g (f) Sogmaal) (0 390 \399\ 99g
and 9 (B

f(eQ) = f(ov 170) = (_172) = _fl + 2f2a
the second column in the matrix Matgz p(f) Sogonll (0 sg0s (S
And finally \,.\>-9\ 9 (C

f(@g) = f(0a07 ]-) = (_2a3) = _2f1 + 3f2
the third and last column in the matric Matgp (f) Gogtoal) (o yq0 pig =34

therefore: (JWL g
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s oboal) oo JU s wlel Jgpogt cbis s g Tad) cbos wlnl i oY peim (2
fob

We will now change the basis of the start space and the basis of the arrival space with

a new basis for each of the two spaces, according to the following:

1 1 0
1 0 1 o) ! ¢ !
€1 = 5 €y = 5 €Eq — 5 = . =
1 2 3 1 0 2 1
0 1 1

9 R 0o By = (1,62, 63) wn I b & onu8d) Jhsd) oubid) Goginae —luso oI pods
R? uo By = (41, 62)

Now, we calculate the matriz of the new linear transformation with basis

By = (€1, €, €3) From R3 and B} = (¢1, ¢o) from R?

f(el) = f(17 170) = (073) = _3¢27
f(EQ) = f(1707 1) = (_174) = —¢1 — 5¢2,
f(€3) = f(()? 1, 1) = (_37 5) = —3¢1 + 202,

then Qe

0 -1 -3
Matg, g (f) = .
()

bW st o o sai B enbil) Gogae of Gisds wog JRel) 13D
This example illustrates the fact that the linear application matriz actually depends on

the choice of basis.

\. .

~\

i 5.2.4 : Example - Jti

Let the application defined from R? to R3: tR? ¢80 R? go R0} i) UT;J

B 626 03 8,90 .((1,0), (0, 1)) ¢ R? I Selah) gulw Y
The canonical basis of R? is ((1,0),(0,1)). The image of this z-ray is:
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f((1,0)) = (1,2,1) and £((0,1)) = (1,3, —1).

Hence the application matriz of f is D f Subil) Goetoe Ging
1 1
2 3
1 -1

a2a Y R3S I wlal g cal sl go ((1,1),(1,—1)) &6 R? cbasl) 7 wiwl
D s 1) cbod wln 620 6,90 cing Jpogll sbas xie ((1,0,0), (1,1,0),(1,1,1))

Let’s consider another basis for the space R?: rays ((1,1),(1,—1)) from the starting space

and a basis for R3: rays ((1),0,0), (1,1,0),(1,1,1)) from the destination space. The image of

the basis rays in the starting space 1is.

f((1,1) = (2,5,0) =—-3(1,0,0) + 5(1,1,0) +0(1,1,1)
f((1,-1)) = (0,-1,2) =1(1,0,0) — 3(1,1,0) +2(1,1,1)

then the matriz 1s: ) Sogt0al) Gieg
-3 1
5 —3
0 2
\_ _J
( 3.2.4 : Remark - Z\JA;)D

o B85 (pjabje09 8] 08 8)be Eubil)) Wuis B e sl sbodg Jpogh cbab ooy lanie
208 g oI sie wis o Bius SIS Sbgias 555 Jpog g el e win )
6210 ) Sl 601 sall SogRoal oelig
When the destination space and the starting space are thé same (the transformation is an
endomorphism), we choose the same basis for both the start and the destination. The

resulting matriz of the self-mapping then has the same number of rows and columns, making

the matriz of the linear transformation square. y

.
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Change of basis yuud| yedd 3.4

T €FE J5= Jai o B 3 pulud B = (61,62, .,6p) (S g diis day 9D elad slind F (S0
e K e 3o 9 (71, 22, ..., 7)) ddeling—p i 4o

Let E be a finite-dimensional vector space and let B = (e, e, ...,¢e,) be the basis of E. For

every x € E there exists a unique p-multiple (z1, 2o, ..., z,) of K where:

T = 2T1€1 + To€gy + -+ + Tpep.

AL A je s dgee plad 9o T OLSIAs) A2 gans

The coordinate matrix x is a column vector, denoted by:

=
Matg(x) of () :
Zp B

docad! JSAI 128 lo pladd) COSid L5 glal ulu¥) o B Olss 13 R 4e gasall 2

In the set R?, if B is the canonical basis, then we write the vector in this simple form

T1
2
Tp

without showing the basis. ok Hlglsl (o 9a
OS5 ek Garkad [ E 5 F oS0 9 K Jamdl e iad) Lighin pelad (uiliad F g F (S

F 3 gulwi B g F 3 wlwi B
Let E and F' be finite-dimensional vector spaces, on the field K Let f : £ — F be a linear
application. Let B be the basis of F and B’ be the basis of F.

Y

6.3.4 : Proposition - duad

Let A = Matg s (f). A= Matsp(f) o e
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For every x € E we set @o;xEE\l;d.s-‘M °

1
X = Matg(z) = ( > .
zp /B

For every y € ' we set @myEFdf\bf\w °

02
Y = MatB/ (y) = : 0
n /B

Hence, if we have y = f(x), it can be written &olid \;l/m oslo y = f(z) W ol 13) cieg
Y = AX

In other words: D& Gy

Matgl (f(:L')) = Matgﬁz(f)XMatB(x)

2 6.3.4 : Example - JL’ZD

Bl oLy E I wlal B = (e1, e, e5) g R Jasd) S 3 odial) 1241 g3 (126 bbb E oL}
‘D B olw Y O OU9g0n Las E e f (p,}b,g&;g}ia\) B
Let E be a vector space with finite dimension 3, on the field R and B = (e1, e, e3) is a basis

for E. Let the endomorphism f of E, where its matriz in basis B is:

A= MatB(f) =

— N
W N
S = =

(e1,€2,€5) 3 GBS gjo B E v v polid) 3F o) s .f 6909 619 2155 Yol ¢ s
We first propose to define a kernel and an image f. We know that all elements x of E are

linear miztures of (eq, ez, €3)

T = T1€] + To€ + T3€3
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we have Loy .

0
x € Ker(f) += f(z)=0p <= Mats(f(x)) = |0
0

0 Ty 0
<— AX=|0| <= A|lxz| =10
0 T3 0
r7 + 29 + x23 = 0
<= 201 + 3x2 + x3 = 0
T, + 29 =0
After solving the system we find: SUSRAPCS LI TPT-3

Ker(f) = {xlel + X969 + w363 € E | 1 + 229+ 23 =0 and x9 + x3 = O}
t 1
={ (%) Iver) = veet((1),)
010126 3ol 155 2 ¢ Im(f) 12 155 &,pallg slgd) 69,85 Jlaimb g .1 a2l 1B gl ol Uy
Therefore the kernel has dimension 1. Using kernel and image theory, we find that the

dimension of Im(f) is 2. We take the first two vectors in the matriz A to be linearly

independent to generate the space Im(f):

Transit matrix ygad| 42 gdae  1.3.4

g#E;h&.&J‘QL‘uL‘uiniM@.ﬁuh@.ﬂ@%jlwhfb;hbﬁE‘ﬁub}ﬂ
.JAA-’LC n "-LC
Let E be a vector space with finite dimension n. According to the above, we know that all

basis of the space E contain n elements.
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5.3.4 : Definition - «ad yad

EJ sl oWwiB g F D wwiB i
Let B be the basis of E and B' be another basis for E.
Vs &% pol) Gogr0all Passs i jofb B jopg B wlad) J) B wbI oo o0 dogron ans
B ol Gl B ol j ¢ 126 oo Sie j 3902 2as nXn G )
We call the transit matriz from the basis B to the basis B' denoted by Passgp The square

matriz of rank nXn where the column j formed by the vector j of the basis B', with respect
to the basis B.

Matp(B') e 3L Passgp 49 gamaell Lilesi 3o 0 a8 o

We may sometimes denote the matrix Passp 5 by Matg(B').

2 7.3.4 : Example - J 20

Let the real vector space R? and let \';l;\g R? oot o \kid) ¢ Lbasal) ‘;L/x.\

() () () --0)

B = (e1,0) oW g B=(c1,e) wWwdl piss

We consider the basis B = (e1,e2) and the basis B’ = (€1, €3).

B ol 3B ol oo ;00 dogans s\

Finding the transit matrixz from basis B to basis B'.
SLS) .(61,62) &y)& €2 9 €1 S )1.5?.\ 0¢‘ _—&Q

We must express €; and €3 in terms of (e1, es). We find:

—1l 1
61:—€1+2€2: 62:€1+462:
Z 4
B B
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The transit matriz is then: : 05! <D 19.32\\ Sog00
p -1 1
assgp =
o5 2 4
\ _J
Q@ paedl Ip colowed! lasd) Gudaidt 4280 jedl 42 gaiael) Lgdl (Ao ) guall A8 gain0 jcad O (S
'E w

We can regard the transit matrix as the associate matrix of the neutral linear application Ig
defined on F.

.

7.3.4 : Proposition - Auad

b)) gubil) Gao) ol ogonl! (B B el J) B ww oo Passsp 9 Gogas
ol Y sgjall Jgogh cbos F g 5wl b 390 Taaell sbod (B E 2as I : (B, B)) — (E, B)

' B
Transit matric Passg g from basis B to basis B' is the associate matriz of a natural linear
application I : (E,B') — (E,B) where E is the starting space provided by the basis B', and
E s the destination space provided by the basis B:

PG,SS&B/ = M(LtB/,B(IE)

Lile a8 g Slulu ¥l Lk g Luuse ot (SO

-

8.3.4 : Proposition - dugad

o oo ;02! Gogbas ¢ Wrglaeg Swgle B ww I ) B wlw Il o ;02 dogtoe (1
(B wWwI J) B
Transit matrix from basis B to basis B' its invertible and its inverse is the transit

matriz from the basis B’ to the basis B:

Passp g = (Passp ) !

If B, B and B" are three basis, then ulo i 25 B” 9B B ol ) (2

Passp g = Passpg g XPassp pr
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8.3.4 : Example - J 20

_.'0152139 B @9;\95\ un\.\\la\) s B = R? UT)J
Let E = R3 be provided with the canonical basis B and we define

1 0 3 1 0 0
B, = 1, l=11.,1 2 and By = -1, 5
0 0 —1 0 0 —1

By I N By wln Y go ;912 Goghon sl

Finding the transit matriz from basis By to basis Bs.

We have: o s
1 0 3 1 0 0
Passgp, =1 -1 2 and Passgp,=|—-1 1 0
0 0 -1 0 0 -1

The previous proposition is equivalent to: 0 @‘\E Eoylu) Gl

Passp p, = Passgp, XPassg, s,
then we find PUSI-AVY '

_ -1
Passp, 5, = Passg 5, XPassg s,

After calculating the inverse of Passg s we find: D489 Passgly ——glaad) s 1%
il
1 0 3 1 0 0
Passg, g, =1 —1 2 X|-11 0
0 0 -1 0 0 -1
1 0 3 1 0 0 1 0 =3
=11 -1 1 [X|-11 0]=]|2 -1 -1
0 0 -1 0 0 -1 0 0 1
. v,

Aaa¥W Ol pe e ¥l e 5S U Al jus O sdiw
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We will now study the effect of changing bases on ray compounds

B geladd) sladl yuadd Guwled B = (e),6),...,¢,) 9 B = (e, ey,

en) oS e

Let B = (e1,ea,...,¢e,) and B = (€),¢€,,..., e/ ) be two basis of the same vector space F.
1) %2 n

B il M B ulw¥ e ) guall 4 gaine Passgp St @
Let Passp g be the transit matrix from the basis B to the basis B'.

B pola¥t Gd x = 1" mie; JSAN e Adad Alemss dnliss (S DB T € F Yol Hyo o

Y

For x € F it can be written as a linear system of the form z = Z?:l x;e; in the base B

and we write:
1
T2
X = Matp(z) = ( : )
$.n B

wui'tgsxzzg‘zlx;e;J&mtwwwéu@i@\:éo&fxeE,.a.u..m,.m o

Poass g B
The same element « € E can also be written as a linear system of the form z = )" | zle]
in the base B’ and we write:

.

9.3.4 : Proposition - dusad

X = PCLSSB’B/ : X/
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Base change formula glu¥| wmudd ddwe 2.3.4
C).ﬁ)’.faﬁ‘.i\ﬁ}&.mP:PaSSB7B/3EJWM‘B/38.QJQ$MfIE—>EOS.:J.
B pulw¥ A1 B ulu

Let f : E — E be a linear application. B and B’ are two basis of E' and P = Passgp

the transit matrix from the basis B to the base B'.

W gawme B =Maty(f) 9 B juluw¥! o2 [ ot Gdail) Ad gawme A = Matp(f) (S8 o
B pula¥ o [ last Gdaid
Let A = Matp(f) be the matrix of the linear application f in the basis B and B =
Matg (f) the matrix of f in the basis 5’

) (NP CE PRV REUIEL I PRU-X

The basis change theory is as follows:

2 2.3.4 : Theorem - 2.1,.19
B=P AP
in general for every n > 1 n>1d4 381 oe Gwls daos 9
|B" = p~lA"P|
J
2 9.3.4 : Example - J G
Let given the following bases of R3: P R? ge oW olwlu Y \,Tﬂ
1 0 3 1 0
B, = 1.1, 2 and By = =1{, 1]
0 0 —1 0 0 —1
P oD Br wln ) (b clbgron cas s Eubil) £ RS - R3 5T g
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Let f : R3 — R3? be the linear application whose matriz in the base By is:

1 0 —6
A= M(J,tgl (f) =|1-2 2 -7
0 0 3

:B = Matg,(f) B> wwI o f Gog0s 315
Finding a matriz of f in the basis Ba, B = Matg,(f):

baseo By wln I I By ool Y oo Wl a8} Goginne —lusey @

By previously calculating the transit matriz from the basis By to the basis Bs, we find

1 0 -3
P = Passg p,=|2 -1 -1
0O 0 1
we calculate —_—ndo e
1 0 3
P'=12 -15
0 0 1

D185 Gl o0 e eI 1R SRuo s e

Applying the basis change formula from the previous theorem we find:

1 0 3 1 0 —6 1 0 -3 1 00
B=P''AP =12 -1 5|X|-2 2 —7[X|2 -1 —1]=1]0 2 0
0 0 1 0 0 3 0 0 1 00 3

\.

J

4B gaina) dawsi Ad gaae ) Let 3int @l OF Olulu¥ 58 Ol o) dmdias e O sSa e LILE
B 42 gainst 598 Llus Jgadl o L Jliel Jiw oo (Bdlau oi Zogle Ailio oi A ,dad

Lgis AF sy
It is often in the interest of changes in foundations to be reduced to a simpler matrix (an upper

or lower diagonal or triangular matrix). For example here, it is easy to calculate the power of
the matrix B* to deduce A* from it.
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Ezercise series N° 4 ady O jbeld| dds 4.4

Exercise N°— 1 — gdy id w2

Y ol Gubs ek oo 6,4 S o lanhil) 518 1) sas
Determine whether the following applications are linear applications or not:
[R5 R (z,y)— (x+y, z—2y,0) (1
[R5 R (n,y)— (x+y, z—2y1) (2
[ R2 SR, (z,y) —~ 22 —¢? (3

Solution : (e

dog AER g R Lav=(2,y) gu=(1,y) 830 .Jas Godai f o< (1

flutv) = ((@+a)+y+y) (@ +2) =2y +y),0)
= (x+y,x—2y,0)+(m'+y',x'—2y',0)
= flu)+ f(v).

N =)
fOw) = (A + Ay, Az — 2Xy,0)
= ANz +y,z—2y,0)
= M(w).
£((0,0)) #(0,0,0) ¥ las Gudad Cewd & f (2
OY Glad Gudad Cewd f (3
(L) =1, f((-1,0)) =1 5 f((0,0)) =0# f((1,0)) + f((~1,0)).

Exercise N°— 2 — gy id w2

Let the linear application f : R? — R? be defined ol f:R* — R sd) gl ‘;L/x.\

¢pols Coylike oB UB 90390 g of ) &) bl ag
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Find the kernel of the linear application f, and its image. And is it injective? surjective?

Solution : (e

] et Gedatdl 5193 sl (1
Ker(f) = {(z,y) € R*: f(z,y) = (0,0,0)}.

1also 1

r+y = 0
r+y 0
r—y = 0 <=
{ 2 = 0
Ker(f) =1(0,0) O gccwd
alie [ Ol Bt cews Ker(f) = (0,0) o Loy (2

Ao gama (o (U, 0, W) OF J9a3 R (e g lad (u,0,0) S .f Glasd! Godatll 3 ) g sl (3
Ol 13) dadd g 13) f Glasd) Gl jgw

u = r+y
Az, y) €R?, (w,0,w) = f(z,y) <= (z,9) R’ ¢ v = z—y
w = r+y
u = xr+vy

< I(z,y) € R?, u+v = 2

w—u = 0

’U,EU _ y

< J(z,y) € R?, o T

w—u = 0

OF s

Im(f) = {(u,v,w) € R* u—w = 0}.

peld ud f die g dm(f) .E\.CWJ‘;AI%Y(LLO) (Aol Loy
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Exercise N°— 3 — @) (d w2

Let the linear application f : R® — R* be defined ol f: R* — R* (Jasd) gl UT»J

flz,y,2)=(x+2, y—=z, 2z+y, x+y-+22).

Find a basis for Im(f). Im(f) 2 bl ).>.-9¢\ (1

Find a basis for Ker(f). Ker(f) 2 bl ).>,-9¢\ (2

Is f injective? Surjective? Bijective? f b8 ¢ le Coolie £ 4B (3
Solution : jemsd!

s f lasdl Gudatd) cay pal Jeatwd (1
f(61) = (17_17()’1)

f(e2) = (0,1,1,1)
fles) = (1,0,1,2)

101 das M O (San

f(es) = f(er) + fle2)
fler), fle2), fles) aaa¥) O plad Less bdas alad ;o {f(e1), flea), fles)} aaa¥ O (i
et bl 0S5 o2 9 {f(€1), fle2)} (o B3 g0 Im(f) a9 Im(f) =3 53 90

Lot (2
r+z = 0 z+z = 0
—x + 0 +z 0
(,y,2) € ker(f) — Y — {7
y+z 0 y+z 0
r+y+2z = 0 y+z = 0
r = —z
— Y —Zz
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Ezercise series N° 4 w9 o3\ &lwlw 4.4 Linear applications &asd) o \anhsl)

s g Ker(f) (ulwi 9gd (p gans jul adY LJ.Ya.a Ker(f) &g (=1, —1,1) ¢ Ladd) i gisdewsd

dim(Ker(f)) = 1.

Ao (s B 1 aa ) O B O jeld el [ Gedatdl OL8 By guall g B o) Ay s s (3
Q;Y?)&gij:aTXIm(f)

Im(f) = Vect{f(e1), f(e2)} = dim(Im(f)) = 2.

Exercise N°— 4 — gdy id w2

ZY\o‘\%h}fi@hﬂ\o\;\bgbgb

Determine whether the application f; is linear or not:

fi:RE=R? fi(z,y) = 2x+y,x—1y)
fo R =R fo(z,y,2) = (zy,2,9)
f3 R =R fa(x,y,2)=x+y+2,y—2z2+Yy)
fi:R2 =5 RY fy(x,y) = (y,0,2 — Ty,x +y)
Js(

fs : Rs[X] = R* f5(P) = (P(-1),P(0), P(1))

Solution : (e

D@ y) €R? g (2,y) € R? (S0 pas Gudal fy (1

fillz,y) + (2,y) = fi(z + 2",y +y)
= Q2@ +2)++y), (z+2) —(y+y))
=2z +y+20+y, s —y+a' —y)
= (2e 4y, —y)+ (22" + ¢, 2" — )
= filz,y) + [1(2Y)

PAER 5 (2,y) ER? S

SiA- () = Az, dy) = Az + My, Az —dy) =X 2z +y, 2 —y) = X fi(w,y).

'f2(27270> = 4 glus Cewd f2(17170) +f2(1a 170) Jld! Joiww (Ao ‘;‘Y‘i‘ Gudad ued f2 (2
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Ezercise series N° 4 w9 o3\ &l 4.4 Linear applications &asd) o \anhsl)

Of (2,9, 2) 9 (2,9, 2) dal (e G0 T Glad Guda fs (3
fs((w,y,2) + (2,9, 2) = falz,y,2) + fo(a', ', 2)
Ss(N - (2,9,2)) = X fa(a,y,2) Lot A g (2,1, 2) Jal o Laay .
Of (2,9) 9 (2,y) dai (e G0 Glas Gudas fy (4
fil(a,y) + (2, y) = falw,y) + fal@,y).
JiO - (@,9) =X falw,y) Lot X g (2,y) J2T (o9 aa

Ola PP € Ry[X] oS3 ¢ las Gedad f5 (5

fs(P+P') = ((P+P)(=1),(P+ P)(0), (P + F')(1))
= (P(-1) + P'(-1), P(0) + P'(0), P(1) + P'(1))
= (P(- 0), P(1)) + (P'(=1), P'(0), P'(1))
= [5(P) +f5( )

Z)\GRjPGRg,[X]Q\élb!j

Exercise N°— 5 — @y 3 w2

(o el £ RY 5 RY s gl ol
Let the linear application be f : R® — R? defined as:

flz,y,2) =(-3x—y+2, 8r+3y—2z, —4dz—y+2z2).

912 s Ty £ Enni) olgd wlni ssqh (1

Find a basis for the kernel of application f and calculate its dimension.
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Linear applications &asd) - \anhsl) Ezercise series N° 4 w9, o3\ &b /.4

Is the application f injective? foolie f ol JB (2
Find the range of f. Is the application f surjective? ¢o\& f ki) I® .f &3, ).>.-9¢\ (3

Find a basis for Im(f). Im(f) 23 ol ).>,-9¢\ (4

Solution : (e

DOl 13) dadd g 13) (7,7, 2) € ker(f) Lot (z,y,2) € R? (s (1

-3z — y + 2z =0 z =y — 3r =
8z + 3y — 2z = 0 - -2z + 3y + 8r =
—4dr — y + 22 =0 2z — y — 4dx =

faamd (Sl Mg e ) AL ) J oW et Cands (15 e A1) Adloals ¢ @5
z —y — 3z = 0
z —r =
y + 22 = 0 = {
y +2r =
y + 2z =
i1 Alext oia o (7,Y,2) Ol 13) dasdd o3 (7,y, 2) € ker(f) LSLILy
(x,y,2) = (v, —2z,z) = z(1,—2,1).
Ay paie (o 09800 wle¥! g1 (1,-2,1) gladdl f Gdaill 3190 ululs 25Dl aie
dim(ker(f)) =1 han
Oaldos pud [ aie g {0} p giacdl slindll pe Gallail ¥ 51 gat) (2
g 25 3 g 500 s (3
rg(f) =3 —dim(ker(f)) =3—-1=2.
ygm‘d}my‘;h’aé&cﬂéﬁng@SJ}mﬂ;m..\.1;[_;;}’3).oLéu.u:df@,‘g‘da:d‘
3 ..\.a;.ﬂ 93 R3
:L‘e..\} f M J}m.n cliad A\_‘.’qf! (4

Im(f) = {x(-3,8,—4) +y(—-1,3,-1)+2(1,-2,2) : z,y,z € R}

= wvect(uy,uz, uz),
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Ezercise series N° 4 w9 o3\ &l 4.4 Linear applications &asd) \anhil)

A5y Ol Gkt I3t e uz = (1,-2,2) gup = (—1,3,—1) auy = (3,8, —4) auad Co>
Im(f) 3 Gelawi a3 e bdas 25T (U1, ug) et & 51 Ags> (pe 2 o2 [ Gl

Exercise N°— 6 — @) (d w2

LG WS 6612 (1, €2, 03) S wln Y 5 oibghos Las R oo f 11 JHN oL

Let the ondomorphism f of R® whose matriz in the canonical basis (e, ez, e3) is defined as

follows:
15 —11 5
A= 20 —-15 8
8§ =7 6
Prove that the vectors a2 oF s

6/1 :2€1+3€2—|—63, 6/2 :3€1+4€2+63, Bg :€1+262+263

o IR Sausdly f Sogoe 1590 w5 R? sbadl) wlnf JI&S

form a basis for the space R®, then find the matriz f with respect to this basis.

Solution : (e

b game P SO B = (€], ey, 65) = codadt ulwd g @l wlud B = (61,62, 63) = e 53

Aol ol Aadi Ol po (1o el (o il it daa ¥l Slss o o Lgideci (Sd1 ) gl
it B ot pula¥ ¥y B

2
P=13
1

— o

1
2
2
sty (A Z\AL@:X\.)“_,‘L“?MB’Q?_\?JL@.;M Cluon 9 (dw 9Se P O @amd

—6 5 =2 1 00
P'=]14 -3 1| ccwssB=P'"AP=|0 2 0
1 -1 1 00 3

B pulw¥ 2 f Godal) 4d gane o B

Brahim Brahimi-Jihane Abdelli 212 University of Mohamed Kheidar, Biskra



Ezercise series N° 4 w9 o3\ &lwlw 4.4 Linear applications &asd) \anhil)

Exercise N°— 7 — @) (d w2

cibgion 2as R” oo f S Sl oI

Let the ondomorphism f of R? where its matriz

2
A=
_5 _
2
-2 -2
e1 = and ey = )
3 5

Mat (f) bogaoa) 1591 5 R sboal) wln B = (e1,¢5) o =31 (1
Prove that B' = (e, e3) is a basis for the space R?* and then find the matriz Matg (f).
.nEN&‘mA”..‘—d\\};\ (2

wiN
(S]]

on the canonical basis, so let

Calculate A™ for n € N.
19083 () Gumasd) = Wial) 6o gaso sa- (3

Determine the set of real sequences that satisfy:

Tp4+1 = 2xn I ~Yn

Yn+1 = _él‘n - gyn

Solution : (e

B = (e1,63) pukaw¥) g3 B = ((1,0),(0,1)) 5 $3Lad ula¥1 (o guall 42 gans P auad (1
Dy g€ Biee¥!) Aadi e W 9Se
-2 =2
P =

.u.uLwiB/‘:,Jijjles.cPA.LnjdetP:—él%O
gAB/uustf‘g&fM}a.ms\.'«.nj

B:P‘IAP:—l 5 2 2 § -2 -2 _ 10
4\-3 —2)\-2 -2 3 5 0
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Linear applications &asd) - \anhsl) Ezercise series N° 4 w9 o3\ &lwlw 4.4

DAyl A5 ghnn 598 Clus lus Jgwd! e (2

(o )

PA" Waas it A= PBP Ui Les

6 4
ar—(pBp Y —pprpi= L[ 07w e
4\-154+4 -6+ 32

Tn

IS Gle CaST OLILed! s Gasd Gl O¥aleedl die Xn—< > L g 13) (3

Z‘:,J:' (P== ‘:,_"5.4444.”
Xn+1 - AXn

T
(O it 9 . X, = A" X 1okd X = ( 0) € R? LSl do ,adl Liais g 13
Yo i

va = 5(00= a0+ (4= )

(=15 + 28)ag + (=6 + ;—S)y()).

N TN

Yn =
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