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Preface Tþþ�dq�

­C�Ew�� �rV �� �dqm�� �hnm�� ��¤ ­ Am�� �wl� �sq� Y�¤±� Tns�� 
®W� TOO�� x¤Cd�� £@¡

�yyF�dF Yl� �yy¶z� Y�� �sq� xAyqm�� �@¡ .¨RA§C �yl��¤ rb� �� Y�¤±� Tnsl� �AyRA§r�� xAyqm�

�AyRA§C xAyq� ¨�A��� ¨F�ds�� ¨�¤ 1 �AyRA§C xAyq� �¤±� ¨F�ds�� ¨� TblW�� xCd§ �y� �yyF�C 

¢�A¡ �d`� 	st�§ .6 dy}C¤ 3 ��A`� Ah� ¨t�� TyFAF±� ­d�wl� T`�A� TyFAF� ­ A� ­ Am�� £@¡ d`�¤ ,2

.¨F�dF �� ¨� x¤r�m��  A�t�¯� TWq� �� 67% ¤ Tyhy�wt�� �Am�±� TWq� �� 33% �wm�m� ­ Am��

These lessons are intended for first-year students in the Material Sciences department, following

the curriculum provided by the ministry for the Mathematics course in the first year of Algebra

and Mathematical Analysis. This course is divided into two parts over two semesters, where

students study Mathematics 1 in the first semester and Mathematics 2 in the second semester.

This subject is a fundamental course belonging to the core unit, which has a coefficient of 3

and a credit of 6. The grade for this subject is calculated as 33% based on the total score of

the coursework and 67% based on the score of the final exam for each semester.

�� d§zm� T§�db�� TWq�  wk�¤ Ty�A��� Tnsl� T§dyhm�¤ Y�¤±� Tnsl� TysyF�� x¤Cd�� ­@¡  wk�  � �km§

Tq§rW� x¤Cd�� £@¡ T�At� 
m� .TylRAft�� �¯ A`m�� ��¤ �A�wfOm��¤ �®�Akt�� 
As� ¨� 	§Cdt��

¨� ,¨RA§r�� �yl�t��¤ rb�l� TyFAF±� �y¡Afm��¤ ¹ Abm�� �l`� Yl� 
®W�� zyf�t� TWys�¤ T�R�¤

�}¤ 	lWt§ ©@�� ,TylRAft�� �¯ A`m��¤ ��Akt��¤ �RAft�� �rW� ��rysft��¤ �§CA`t�� Xysbt� T�¤A��

¤� ,�A\�®m�� ¤� ,r¡�w\�� £@¡ �w� Tny`� ºAyJ� T�r`�¤ A¡ry� ¤� Ty¶Aymyk�� ¤� Ty¶A§zyf�� ­r¡A\��

.�Any`��
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These lessons can be foundational for the first year and preparatory for the second year, serving

as a starting point for further training in calculus, matrices, and solving differential equations.

The lessons are written in a clear and simple manner to encourage students to learn the basic

principles and concepts of algebra and mathematical analysis, in an attempt to simplify the

definitions and explanations for differentiation, integration, and differential equations, which

require describing physical, chemical, or other phenomena and knowing specific things about

these phenomena, observations, or samples.

¨� d��wt�  � �km§ �§CAmt�� {`�¤ .T§An`� Aht��A`� 
m� �§CAm�¤ Tl��� ��d� Anm� ,x¤Cd�� £@¡ ¨�

PO�� Ah�¤� ,�yy¶z� Y�� �m`�� �@¡ �sqn§¤ ,Ty�r`�� T�l� Ahtm�r�¤ Ahy� �y�dt�� �� Tflt�m�� ���wm��

�§CAmt�� �� Tlsls� �O� �� r�� ¨� �rWt� �y� ,¨F�C ¨F�dF �� ¨� ¨RA§r�� �yl�tl� ¨�A���¤ rb�l�

.�y¡Afm�� �yFr�¤ �ym`� ¨� d�As� ¨t�� T�wl�m��

In these lessons, we have carefully integrated examples and exercises. Some of the exercises

can be found on various websites, which we have reviewed and translated into Arabic. This

work is divided into two parts, the first of which is dedicated to algebra and the second to

mathematical analysis in each semester. At the end of each chapter, we address a series of

solved exercises that help to deepen and consolidate the concepts.
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Sets �A�wm�m�� 1.1

Definitions �§CA`� 1.1.1

A¾A`§rF �KtknF¤ .�aÌy`u� �A�� Yl� zy�rt��  ¤ ,�A�wm�m�� P¶AO� �AKktF� �¤A�nF

�whf� Y�� �@¡ An� © ¥yF¤ ,Ahsf� �A�wm�m�� �� Tym¡� �q� ¯ �A�wm�m�� �y� �A�®`��  �

.�yt�wm�� �y� (T��d�� ¤�) �ybWt��

We will try to explore the properties of sets without focusing on a specific example. We

will quickly discover that the relationships between sets are no less important than the sets

themselves, and this will lead us to the concept of a mapping (or function) between two sets.

1.1.1 : Definition - �§r`�

A� ÀTy}A� ¨� �rtK� ¨t��¤ �wRw� ­ d�m�� (�An¶Ak�� ¤�) r}An`�� �� �uÌm�� ¨¡ T�wm�m��

A set is a collection of well-defined objects (or elements) that share a common property.

1.1.1 : Example - �A��

{0, 1}; {�CE� blue,rm�� red}; N = {0, 1, 2, 3, . . .}

Brahim Brahimi-Jihane Abdelli 10 University of Mohamed Kheidar, Biskra



Sets theories �A�wm�m�� �A§r\� Sets �A�wm�m�� .1.1

Notations �Ayms�

.rOn� ©� Yl� ©wt�� ¯ T�wm�� �� ∅ z�r�A� Ah� z�r� Ty�A� T�wm�� ¨ms� (1

We call an empty set denoted by ∅, every set does not contain any element.

¨mtn§ ¯ x rOn`��  � TySq�� £@¡ ¨f� , x ∈ E 	tk� ¤ E T�wm�m�� �� rOn� x  � �wq� (2

x /∈ E. 	tk� ¤ E T�wm�ml�

We say that x is an element of the set E and we write x ∈ E, the negation of this case

that the element x does not belong to the set E and we write x /∈ E.

.­zym� Ty}A� �hW�r� Tny`� r}An� �ym�� ¨¡ ¤ ,T�wm�� �§wkt� «r�� �rV �An¡ (3

There are other ways to form a set, which is to group certain elements that have a

distinctive feature.

2.1.1 : Example - �A��

{x ∈ R, |x− 2| < 3} ,{
z ∈ C, z2 = 1

}
,

{x ∈ R, − 1 ≤ x ≤ 2} = [−1, 2].

Distinguishing feature of set T�wm�ml� ­zymm�� Ty}A��� 2.1.1

2.1.1 : Definition - �§r`�

ry�  wk� d� Am� Tyhtn�  wk� d�¤ A¡r}An� ¨� C�rk� d�w§ ¯ ©� Tflt�� T�wm�m�� r}An�  wk�

.Tyhtn�

The elements of the set are different, that is, there is no repetition in its elements, and it

may be finite or infinite.
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3.1.1 : Example - �A��

The set of level points ©wtsm�� ªAq� T�wm�� (1

The set of natural numbers N N Ty`ybW��  �d�±� T�wm�� (2

The set E defined as follows ¨l§ Am� T�r`m�� E T�wm�m�� (3

E = {e ∈ N, 0 ≤ e ≤ 20} .

Subset Ty¶z��� T�wm�m�� 3.1.1

3.1.1 : Definition - �§r`�

AS§� w¡ A �� rOn� ��  A� �Ð� E �� Ty¶z� T�wm�� ¨¡ A  � �wq� , E ¤ A �yt�wm�m� Tbsn�A�

.x ∈ A �k� x ∈ E An§d�  A� �Ð� A ⊆ E z�r�A� Ah� z�r�¤ .E rOn�

For two sets A and E we say that A is a subset of E if each element of A is also an element

of E. In formal notation A ⊆ E if for all x ∈ A we have x ∈ E.

we write 	tk�¤

A ⊆ E ⇔ ∀x ∈ A ⇒ x ∈ E.

Ty�At�� Q�w��� An� �q�t� �y�

Where the following properties are achieved

ϕ ⊂ E. (1

E ⊂ E. (2

Ty¶z��� �A�wm�m�� �ym� ¨¡ A¡r}An� ­d§d� T�wm�� �§wk� �yWts� E T�wm�m�� �� A�®W��

.P (E) z�r�A� Ah� z�r�¤ T�wm�ml�

Starting from the set E, we can create a new set whose elements are all the subsets of the

set E and denote it by P (E).
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4.1.1 : Example - �A��

Let the set T�wm�m�� �kt�

E = {1, 2, 3},

¨¡ T�wm�m�� £@¡ º�z�� T�wm��  ��

The set of parts of this set is

P (E) = {ϕ,E, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}.

Complementary set T�wm�� Tþmmt� 4.1.1

4.1.1 : Definition - �§r`�

E T�wm�m�� ¨� A T�wm�m�� Tmmt� ¨ms� ,E T�wm�m�� �� Ty¶z� T�wm�� A T�wm�m�� �kt�

	tk�¤ ∁EA ¤� E \ A z�r�A� Ah� z�r� ¨t��

Let the set A be a subset of the set E, we call the complement of the set A in the set E which

we denote by E \ A, A or ∁EA and write

∁EA =
{
x ∈ E | x /∈ A

}
.

A ∁EAE

5.1.1 : Example - �A��

�y� A ¤ E T�wm�m�� �kt�
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Let the sets E and A where

E = {1, 2, 3, 4, 5}, A = {2, 3},

¨¡ E T�wm�m�� ¨� A T�wm�m�� Tmmt� ¢n�¤

then the complement of the set A in the set E is given

A = {1, 4, 5}.

Difference of sets �A�wm�m�� �r� 5.1.1

5.1.1 : Definition - �§r`�

©@�� B ¤ A �yt�wm�m�� �r� �r`� ,E T�wm�m�� ��  Aty¶z�  At�wm�� B ¤ A T�wm�m�� �kt�

	tk�¤ A−B ¤� A⧸B z�r�A� ¢� z�r�

Let the sets A and B two subsets of the set E, we know the difference of the two sets A and

B which we denote by A⧸B or A−B and write

A⧸B = A−B = {x ∈ A and x /∈ B}.

6.1.1 : Example - �A��

�y� A ¤ E T�wm�m�� �kt�

Let the set E and A where

E = {1, 2, 3, 4, 5}, A = {1, 2, 3}, B = {3, 4, 5}

then ¢n�¤

A−B = {x ∈ A ¤ x /∈ B},

= {1, 2}
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and ¤

B − A = {x ∈ B and x /∈ A},

= {4, 5}

¨l§db� Hy� �A�wm�m�� �y� �rf��  � ^�®�

We note that the difference between the sets is not commutative.

6.1.1 : Definition - �§r`�

©@�� .Xq� ­d��¤ T�wm�� ¨� ­ w�wm�� r}An`�� T�wm�� w¡ B ¤ A �yt�wm�� �y� ©rZAnt�� �rf��

	tk�¤ .A∆B z�r�A� ¢� z�r�

The symmetric difference of two sets A and B is the set of objects that are in one and only

one of the sets. The symmetric difference is written A∆B.

A∆B = (A−B) ∪ (B − A).

7.1.1 : Example - �A��

¢n�¤ ��As�� �A�m�� �� A ¤ E T�wm�m�� �kt�

Let the sets E and A from the previous example, then

A∆B = (A−B) ∪ (B − A)

= {1, 2} ∪ {4, 5}

= {1, 2, 4, 5}

.¨l§db� �A�wm�m�� �y� ©rZAnt�� �rf��  � ^�®�

We note that the symmetric difference between the sets is commutative.

1.1.1 : Theorem - T§r\�

AS§� ¢�As� �km§ ©rZAnt�� �rf��  �� ,E T�wm�m�� ��  Aty¶z�  At�wm�� B ¤ A T�wm�m�� �kt�

:Ty�At�� T�®`�A�

Let A and B be subsets of the set E, the symmetric difference can also be calculated with the
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following relation:

A∆B = (A ∪B)− (B ∩ A) .

Operations on sets �A�wm�m�� Yl� �Aylm`�� 6.1.1

Union and intersection �VAqt�� ¤  A��³�

7.1.1 : Definition - �§r`�

Let E and F be two sets . At�wm�� F ¤ E T�wm�m�� �kt�

	tk�¤ E ∪ F z�r�A� F ¤ E �yt�wm�m��  A��³ z�r� (1

We denote the union of the two sets E and F by E ∪ F and write

E ∪ F = {x : x ∈ E ∨ x ∈ F} .

.(¤�) �rq§ ¤ ¨qWnm�� �Of�A� ∨ z�r�� Yms§

The symbol ∨ is called the logical separator and reads (or).

	tk�¤ E ∩ F z�r�A� F ¤ E �yt�wm�m�� �VAqt� z�r� (2

We denote the intersection of the two sets E and F as E ∩ F and write

E ∩ F = {x : x ∈ E ∧ x ∈ F} .

.(¤) �rq§ ¤ ¨qWnm�� �}w�A� ∧ z�r�� Yms§

The symbol ∧ is called a logical join and reads (and).

�� Tlm�  A��� ¤ �VAqt� z�r� ¤ �yt�wm�� �� r��� T�A� ¨�  Af§r`t��  �@¡ �ym`� �km§ (3

.	y�rt�� Yl�
n⋂

i=1

Ei ¤
n⋃

i=1

Ei z�r�A� Ei �A�wm�m��

These two definitions can be generalized in the case of more than two sets, and we

denote the intersection and union of a set of sets Ei by
n⋃

i=1

Ei and
n⋂

i=1

Ei, respectively.
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Properties Q�wþþþ�

.Ty�At�� Q�w��� An§d� ,E T�wm�m�� �� Ty¶z� �A�wm�� �®� C ¤ B , A �kt�

Let A, B and C three subsets of the set E, we have the following properties.

Commutative property Tyl§dbt�� Ty}A��� (1

A ∩B = B ∩ A ◦

A ∪B = B ∪ A ◦

Associative property Ty`ym�t�� Ty}A��� (2

A ∩ (B ∩ C) = (A ∩B) ∩ (A ∩ C) ◦

A ∪ (B ∪ C) = (A ∪B) ∪ (A ∪ C) ◦

Distributive property Ty`§Ewt�� Ty}A��� (3

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C) ◦

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C) ◦

Complement property �mtm�� Ty}A� (4

∁ (A ∩B) = ∁A ∪ ∁B ◦

∁ (A ∪B) = ∁A ∩ ∁B ◦

∁
(
∁A
)
= A ◦

∁A ∩ A = ϕ ◦

∁A ∪ A = E ◦

Cartesian product ¨�CAk§d�� º�d���

8.1.1 : Definition - �§r`�

,F✕E z�r�A� ¢� z�r§¤ ,F ¤ E �yt�wm�� º�d�� �AyRA§r�� ¨� �lW§ �F� w¡ ¨�CAk§d�� º�d���

Y�� ¨�A��� A¡rOn� ¨mtn§¤ E T�wm�m�� Y�� �¤±� A¡rOn� ¨mtn§ ¨t�� Tb�rm�� ��¤E±� T�wm�� ©�

�@¡ AqlW� Tylyl�t�� TFdnh�� HyF�t� �A� ©@�� �CAk§ ¢yn§C Y�� Tbs� ��@� ¨mF .F T�wm�m��

	tk� ¤ �A�wm�m�� º�d� �� �whfm��

The Cartesian product is the mathematical term for the product of two sets E and F ,
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denoted by E✕F , which is the set of ordered pairs whose first element belongs to E and

second element belongs to F . It is named after René Descartes who established the

foundations of analytical geometry, introducing this concept of product of sets.

We can write it as

E✕F = {(x, y) | x ∈ E ∧ y ∈ F} .

1.1.1 : Remark - T\�®�

z�r�A� A¡dn� ¢� z�r� �A�wm�m�� �� Tlm�� ¤� �yt�wm�� �� r��± ¨�CAk§d�� º�d��� �ym`� �km§

	tk� ¤

n∏
i=1

Ei

The Cartesian product can be generalized to more than two sets or to a collection of sets

denoted by
n∏

i=1

Ei, which is the set of ordered n-tuples whose i-th element belongs to the set

Ei. We can write it as:

n∏
i=1

Ei = {(x1, x2, ..., xn) | xi ∈ Ei, i = 1, ..., n} .

8.1.1 : Example - �A��

We have the following examples Ty�At�� Tl��±� An§d�

R2 = R✕R =
{
(x, y) | x, y ∈ R

}
the plane ©wtsm�� (1

[0, 1]✕R =
{
(x, y) | 0 ≤ x ≤ 1, y ∈ R

}
(2

[0, 1]✕[0, 1]✕[0, 1] =
{
(x, y, z) | 0 ≤ x, y, z ≤ 1

}
(3

x

y

0 1

x

y

z

0 1

1
1
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Properties Q�wþþþ�

.Ty�At�� Q�w��� An§d� ,E T�wm�m�� �� Ty¶z� �A�wm�� �®� C ¤ B ¤ A T�wm�m�� �kt�

Let the set A, B, and C three subsets of the set E, we have the following properties.

(A ∪B)✕C = (A✕C) ∪ (B✕C) (1

(A ∩B)✕C = (A✕C) ∩ (B✕C) (2

Set fragmentation T�wm�� T¶z�� 7.1.1

9.1.1 : Definition - �§r`�

E1, ..., En  � �wq� E �� Ty¶z� �A�wm�� E1, ..., En �kt� ¤ Ty�A� ry� Tyfy� T�wm�� E �kt�

Ty�At�� ª¤rK�� 
qq�� �Ð� Xq�¤ �Ð� E T�wm�ml� T¶z�� �kK�

Let E be a non-empty set and let E1, ..., En be subsets of E We say that E1, ..., En form

a fragmentation of the set E if and only if the following conditions are met

∀i ∈ {1, ..., n} : Ei ̸= ϕ (1

∀i ̸= j : Ei ∩ Ej = ϕ (2

n⋃
i=1

Ei = E (3

Finished set Tyhtn� T�wm�� 8.1.1

10.1.1 : Definition - �§r`�

	tk� ¤ E T�wm�m�� ¨l}�� n  d`�� ¨ms� .n ∈ N A¡r}An�  d� Tyhtn� T�wm�� E 
�A� �Ð�

If E is a finite set whose number of elements is n ∈ N. We call the number n by the order
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or cardinal number of a set E and write

Card(E) = n

9.1.1 : Example - �A��

Let the set T�wm�m�� �kt�

E = {1, 2, 3, 6, 9, 11},

then, the cardinal number of the set E is w¡ E T�wm�m�� ¨l}�  ��

Card(E) = 6.

2.1.1 : Remark - T\�®�

ry� ©�) r}An`�� ��  ¤d�� ry�  d� Yl� ©wt�� 
�A� �Ð� Tyhtn� ry� Ah�� T�wm�� �� �wq�

.(­ ¤d`�

We say that a set is infinite if it contains an unlimited number of elements.

Properties Q�wþþþ�

Card(ϕ) = 0. (1

Card(A ∪B) = Card(A) + Card(B)− Card(A ∩B) (2

2.1.1 : Theorem - T§r\�

Ah¶�z�� T�wm�� r}An�  d�  �� n ∈ N A¡r}An�  d� Tyhtn� T�wm�� E T�wm�m�� 
�A� �Ð�

: w¡ P (E)

If the set E is a finite set whose number of elements is n ∈ N, then the number of elements
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of the set of its parts P (E) is:

Card(P (E)) = 2Card(E) = 2n.

10.1.1 : Example - �A��

Let the set T�wm�m�� �kt�

E = {1, 2, 3},

then: :  ��

P (E) = {ϕ,E, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3.

we remark that: :  � ^�®�

Card(P (E)) = 2Card(E) = 23 = 8.

.Tb�rm�� Ty¶An��� £@¡  �r�� ¤� ��¤E±� �y� T�®`�� �� ryb`t�� : Ty¶An��� T�®`�� ¨ms�

We call the binary relationship: the expression of the relationship between pairs or members of

this ordered pair.

Definition of relationship T�®`�� �§r`� 9.1.1

11.1.1 : Definition - �§r`�

T�wm�� Ah��� B T�wm�m�� Y�� A T�wm�m�� �� Ty¶An��� T�®`�� �r`� ,�yt�wm�� B ¤ A �kt�

: 	tk� (x, y) Ty¶An� �� ��� �� ,(R) z�r�A� Ab�A� Ah� z�r� ¤ B ¤ A þ� ¨�CAk§d�� º�d��� �� Ty¶z�

Let A and B be sets, we define the binary relation from set A to set B as a subset of the

Cartesian product of A and B and often denoted by (R), for each binary (x, y) we write:

(xRy), if x is in relation to y. . y �� T�®� Yl� x  A� �Ð� (xRy) (1)

(x⧸Ry), if x is not related to y. . y �� T�®� Yl� Hy� x  A� �Ð� (x⧸Ry) (2)
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Relationship on set T�wm�� Yl� T�®`��

12.1.1 : Definition - �§r`�

¨ms� An��� B T�wm�m�� Y�� A T�wm�m�� �� T�®� (R) 
�A� �Ð� ,�yt�wm�� B ¤ A �kt�

T�®`�� �q�� ¨t�� �Ay¶An��� T�wm�� ¨ms�¤ ,T�®`l� T§�db�� ¤� �®W�¯� T�wm�m� A T�wm��

.B ¤ A þ� ¨�CAk§d�� º�d��� �� ºz� ¨¡¤ ,T�®`l� T§Ahn�� ¤� �w}w�� T�wm�m� T�®`�� «dm�

Let A and B be two sets. If R is a relation from the set A to the set B, then we call the set

A the domain or the starting set of the relation, and we call the set of ordered pairs that

satisfy the relation the range or the end set of the relation, which is a subset of the Cartesian

product of A and B.

Inverse relationship Tysk`�� T�®`��

13.1.1 : Definition - �§r`�

T�®`�� ¤� (R) xwk`� �r`� An��� B T�wm�m��w�� A T�wm�m�� �� T�r`m�� T�®`�� (R) �kt�

.A T�wm�m��w�� B T�wm�m�� �� T�®� Ah�� Yl� �r`�¤ (R−1) z�r�A� Ah� z�r�¤ Tysk`��

Let (R) be a relation defined from set A to set B. We define the inverse (R−1) of R as a

relation from set B to set A.

11.1.1 : Example - �A��

Find the inverse of the relationship T�®`�� xwk`� d�¤�

R = {(1, y), (1, z), (3, x)}

¨¡ TFwk`�� T�®`�� .{x, y, z} = B T�wm�m�� w�� {1, 2, 3} = A T�wm�m�� ��

From the set {1, 2, 3} = A towards the set {x, y, z} = B. The inverse relationship is

R−1 : B −→ A

= {(y, 1) , (z, 1) , (x, 3)}
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Relationship properties �A�®`�� Q�w� 10.1.1

Reflexive property TyFAk`�³� Ty}A���

T�®� (R) T�®`�� �kt�¤ ,y ∈ E ¤ x ∈ E :�y� (x, y) Ty¶An��� �kt� ¤ Tyfy� T�wm�� E �kt�

:Ty�At�� Q�w��� �r`� .E T�wm�m�� ¨� T�r`�

Let E be a qualitative set and let the binary (x, y) where: x ∈ E and y ∈ E, and let (R) be a

relation defined in the set E . We define the following properties:

14.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� TyFAk`�� T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is a reflexive relation if the condition is met

∀x ∈ E : xRx.

Symmetric property T§rZAnt�� Ty}A���

15.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� T§rZAn� T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is a symmetric relation if the condition is met

∀(x, y) ∈ E✕E : xRy =⇒ yRx.

Antisymmetric property T§rZAnt�� dR Ty}A���

16.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� T§rZAn� dR T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is an antisymmetric relation if the condition is met

∀(x, y) ∈ E✕E : (xRy ∧ yRx) =⇒ x = y.
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Transitive property T§d`tm�� Ty}A���

17.1.1 : Definition - �§r`�

ªrK�� �q�� �Ð� T§d`t� T�®� Ah�� (R) T�®`�� �� �wq� ¤

We say about the relation (R) that it is a transitive relation if the condition is met

∀(x, y, z) ∈ E✕E✕E : (xRy ∨ yRz) =⇒ xRz.

Equivalence relationship ¥�Akt�� T�®� 11.1.1

	y�rt�� T�®�¤ ¥�Akt�� T�®� Am¡ �ytyFAF� �yt�®�  µ� �r`�

We define now two basic relationships, the equivalence and the order relationship

18.1.1 : Definition - �§r`�

¨l§ A� �q�� �Ð� ¥�Aþþk� T�®� Ah�� (R) T�®`�� �� �wq�

We say about the relation (R) that it is an equivalence relation if the following is true

(R) is a reflexive relation. .TyFAk`�� T�®� (R) (1)

(R) is a symmetric relation. .T§rZAn� T�®� (R) (2)

(R) is a transitive relation. .T§d`t� T�®� (R) (3)

12.1.1 : Example - �A��

.¥�Ak� T�®� ¨¡ T�wm�� ©� Yl� (=) T�®� (1)

The (=) relation on any set is an equivalence relation.

.¥�Ak� T�®� ¨¡ �Amyqtsm�� T�wm�� Yl� ©E�wt�� T�®� (2)

The relation of parallelism on the set of straight lines is an equivalence relation.
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.¥�Ak� T�®� 
sy� ¨¡ �Amyqtsm�� T�wm�� Yl� d�A`t�� T�®� (3)

The relation perpendicular to the set of straight lines is not an equivalence relation.

.A� �kK� Th�AKtm�� r}An`�� �nO� Ah�� ¥�Akt�� T�®� º�C¤ T�A`�� ­rkf��

The general idea behind the equivalence relation is that it classifies elements that are similar

in some way.

3.1.1 : Remark - T\�®�

¾T�wm�� Ahn� ÀT·� ��  wk� �y� ,¥�Akt�� �A·� Y�� T�wm�m�� ¥�Akt�� T�®� �iÌsqu� ,�AyRA§r�� ¨�

�l� 	�wm� {`b�� AhS`� �� T·�Aktm�� r}An`�� �ym� �� ���t� Tyl}±� T�wm�m�� �� ¾Ty¶z�

A¾Ìy�¤E TlOfn�¤ ,T�CA� ry� Ah�� ©� ,Tyl}±� T�wm�ml� T¶z�� £@¡ ¥�Akt�� �A·� �ÌkK�¤ .T�®`��

.Ahlm��� Tyl}±� T�wm�m�� A¡ A��� �iÌkKu§¤ ,(Ahn� �yn�� ©� �VAqt§ ¯ ©�)

In

mathematics, an equivalence relation partitions a set into equivalence classes, where each

equivalence class is a subset of the original set consisting of all elements that are equivalent

to each other under the relation. These equivalence classes form a partition of the original

set, meaning that they are non-empty, pairwise disjoint (i.e., any two distinct

classes are disjoint), and their union is the entire original set.

Equivalence class ¥�Akt�� �n}

19.1.1 : Definition - �§r`�

.a ∈ E �ky� ¤ E T�wm�m�� ¨� ¥�Ak� T�®� (R) �kt�

Let (R) be an equivalence relation in the set E and let a ∈ E.

¨l§ Am� ȧz�r�A� ¢� z�r� ©@�� a rOn`�� ¥�Ak� �n} �r`�

We define the equivalence class of the element a denoted by ȧ as follows

ȧ = {x ∈ E : xRa}
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13.1.1 : Example - �A��

The following relationship: : Ty�At�� T�®`��

∀x, y : xRy ⇔ x2 − y2 = x− y

It is an equivalence relationship. .¥�Ak� T�®� ¨¡

.xRy �y� R �� y r}An`�� �� ��b� .x ∈ R �ky�

Let x ∈ R. We are looking for the y an elements of R where xRy.

:�kK�� Yl� Aht�At� �km§ �y� . (y) ¨� x2 − y2 = x− y T� A`m�� �wl� d��  � 	�§

We have to find the solutions to the equation x2 − y2 = x− y in (y). Where it can be written

in the form:

(x− y)(x+ y)− (x− y) = 0 ⇔ (x− y)(x+ y − 1) = 0.

Its solutions are y = x and y = 1− x. .y = 1− x ¤ y = x ¨¡ Ah�wl�

¨� .x = 1− x ⇔ x = 1/2 �k§ �� A� , �§rOn� ��  wkt§ {x, 1− x}. w¡ x rOn`�� ¥�Ak� �n} ¢n�¤

.{1/2} T�wm�m�� w¡ ¥�Akt�� �n} T�A��� £@¡

Hence the class of element valence x is {x, 1− x}. consisting of two elements, unless

x = 1− x ⇔ x = 1/2. In this case the class of equivalence is the set {1/2}.

Ranking relationship 	y�rt�� T�®� 12.1.1

�A�®`�� �� Tflt�m�� ��w�±� TF�Cd� �th§ ©@�� �AyRA§r�� �¤r� �� �r� ¨¡ 	y�rt�� T§r\�

�bs§ ¤� �� ��� rOn� ©�  wk§ Yt� Ah�®� �� �wq�� �km§ Tyby�r� Tyn� ¨W`� ¨t�� Ty¶An���

.r�µ� rOn`��

Order theory is a branch of mathematics that focuses on studying the various types of binary

relations that give rise to a structural ordering, which can be used to determine when any given

element is less than or precedes another element.

20.1.1 : Definition - �§r`�

¨l§ A� �q�� �Ð� E T�wm�m�� ¨� 	y�r� T�®� (R) T�®`��  � �wq�

We say that the relation (R) is a ordering relation on the set E if the following is satisfied:
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(R) is a reflexive relation. .TyFAk`�� T�®� (R) (1)

(R) is an asymmetric relation. .T§rZAn� dR T�®� (R) (2)

(R) is a transitive relation. .T§d`t� T�®� (R) (3)

Tyhtn� 
�A� �Ð� Tyhtn� Tb�r� T�wm�m��  � �wqn� .	y�r� T�®`� T�wm�m�� d§¤z� T�A� ¨�

 At`m�� ¨�Ayb�� �y�mt�� C�r� Yl� ,Hasse xA¡ ¨WyW�� �FC �kJ ¨� Ay�Ay� Ahly�m� �km§ Ð� dn�

�km§ ¢��� Tyhtn� ry� T�wm�m�� 
�A� �Ð� A�� .Ahyl� T�whs� �m`�� �� �km§ A� ,�Cw�� Yl�

.Xq� Ahn� ºz� �y�m�

In the case of equipping a set with an ordering relation, we say that the set is a finite partially

ordered set if it is finite and can be represented graphically in the form of a Hasse diagram,

similar to the usual graphical representation on paper, which makes it easy to work with.

However, if the set is infinite, only a part of it can be represented.

14.1.1 : Example - �A��

: 	y�r� T�®� ¨¡ R ¤ Q ,Z ,N ¨�≪ ©¤As§ ¤� �� r�}�≫ T�¤r`m�� T�®`��

The relation ”less than or equal to” in N, Z, Q, and R is an ordering relation.

Reflexive TyFAk`�� •

∀x : x ≤ x,

Asymmetric T§rZAn� dR •

∀x, y : x ≤ y ¤ y ≤ x =⇒ x = y,

Transitive T§d`t� •

∀x, y, z : x ≤ y ¤ y ≤ z =⇒ x ≤ z.

15.1.1 : Example - �A��

T�wm�� P(E) T�wm�m�� ¨� 	y�r� T�®� ¨¡ ⊂ º�wt�³� T�®�  �� ,�A�wm�m�� T§r\� ¨�

: E T�wm�m�� º�z��
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In set theory, the inclusion relation ⊂ is a order relation on the set P(E), the set of all

subsets of E.

Reflexive TyFAk`�� •

∀A ⊂ P (E) : A ⊂ A,

Asymmetric T§rZAn� dR •

∀A,B ⊂ P (E) : A ⊂ B and B ⊂ A =⇒ A = B,

Transitive T§d`t� •

∀A,B,C ⊂ P (E) : A ⊂ B and B ⊂ C =⇒ A ⊂ C.

Total order relation ¨lk�� 	y�rt�� T�®� 13.1.1

.E T�wm�m�� ¨� 	y�r� T�®� (R) �kt�

Let (R) be a relation of order on the set E.

21.1.1 : Definition - �§r`�

¨l§ A� �q�� �Ð� E T�wm�m�� ¨� ¨l� 	y�r� T�®� (R) T�®`��  � �wq�

We say that the relation (R) is a total order relation in the set E if the following conditions

are satisfied:

∀(x, y) ∈ E✕E : (xRy ∨ yRx).

16.1.1 : Example - �A��

.P (E) Yl� ¨l� 	y�r� T�®� 
sy� E T�wm�ml� Ty¶z��� �A�wm�m�� �y� ⊂ º�wt�³� T�®�

�ybF Yl� .Y�¤±� ¨� Ty�A��� º�wt�� ¯¤ , Ty�A��� ¨� �¤±� º�wt�� �t§ ¯ �y�� �A�wm�� �An¡

�A�m��

The inclusion relation ⊂ between the subsets of the set E is not a total order relation on
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P(E), as there exist pairs of subsets that are neither contained in each other. For example,

A+ [1, 3] ̸⊂ B = [0, 2] and [0, 2] ̸⊂ [1, 3].

�ymSt�� T�®�  � ¨n`§ Am� , A �� Ty¶z� T�wm�� B ��m§ ¯¤ , B �� Ty¶z� T�wm�� A ��m§ ¯

.¨�Am�� 	y�r� T�®� 
sy� B ¤ A �y�

Neither A is a subset of B, nor is B a subset of A, which means that the inclusion relation

between A and B is not a total order relation.

17.1.1 : Example - �A��

:T�r`m�� ≺ T�®`�A� R2  ¤z�

We provide R2 with the relation ≺ defined as:

(x, y) ≺ (x′, y′) ⇐⇒ x ≤ x′ and y ≤ y′.

¤ (0, 1) �y�  CAq�  � �km§ ¯ Ah�± ¨l� Hy� 	y�rt�� �@¡ �k� .R2 Yl� 	y�r� T�®�  d�� ≺ T�®`��

.(1, 0)

The relation ≺ defines a partial order on R2. However, this order is not total because we

cannot compare between (0, 1) and (1, 0).

Mappings �AqybWt�� 2.1

Definitions �þþ§CA`� 1.2.1

Definition of mapping �ybWt�� �þþ§r`�

22.2.1 : Definition - �§r`�

X�r� T�®� An�r� �Ð� B w�� A �� f AqybW� An�r� An�� �wq� . �yt�CA� ry� �yt�wm�� B ¤ A �kt�

:	tk�¤ .B �� y dy�¤ rOn`� A �� x rOn� ��

Let A and B be two non-empty sets. We say that we have defined a mapping f from A to

B if we have established a relationship that connects each element x from A to a unique
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element y from B. We write this as:

f : A → B

x 7→ y = f(x)

or ¤�

f(Mapping, �ybW�) ⇐⇒ (∀x ∈ A)(∃!y ∈ B) : y = f(x)

y is called the image of x under the mapping f . .f �ybWt�A� x ­Cw} Ymsu§ y •

x is called the preimage of y under the mapping f . .f �ybWt�A� y ��AF Ymsu§ x •

The set A is called the domain of the mapping. .�®W�³� T�wm�� Ymsu� A T�wm�m�� •

.���rm�� «dm�� ¤� �w}w�� T�wm�� Ymsu� B T�wm�m�� •
The set B is called the codomain of the mapping.

4.2.1 : Remark - T\�®�

. B ¨� ­dy�¤ ­Cw} ¢� A �� x rOn� �� ⇐⇒ B w�� A �� �ybW� f  wk§ (1)

f is a mapping from A to B if and only if every element x in A has a unique image in

B.

.A ¨� Tq�AF �� r��� B �� y rOn`l�  wk§  � �kmu§ ¢��� B w�� A �� �ybW� f  A� �Ð� (2)

If f is a mapping from A to B, then an element y in B may have more than one

preimage in A.

ºAS� Y�� ¨mtn� ¨¡¤ ,�k� �ybWt�� ��m� f Amny� ,f(x) ∈ B An§d� : f ¤ f(x) �y� �§rft�� 	�§ (3)

. B w�� A �� T�r`m�� �AqybWt��

It is important to distinguish between f(x) and f . We have that f(x) ∈ B, while f

represents the mapping as a whole, which belongs to the set of all mappings from A to

B.

18.2.1 : Example - �A��
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We have An§d�

A = {1, 2, 3} and B = {7, 9, 13}.

x = 1
2

3

f(x) = 7

9

13

A B

f

then ¢n� ¤ •

f(1) = 7; f(2) = 9; f(3) = 9.

.B ¨� ­dy�¤ ­Cw} ¢� A �� x rOn� �� B w�� A �� �ybW� f •
f is a mapping from A to B such that every element x in A has a unique image in B.

. f �ybWt�� ��¤ Tq�AF Ah� Hy� 13 rOn`�� T�A��� £@¡ ¨� •
In this case, the element 13 in B does not have a preimage in A under the mapping f .

.3 ¤ 2 :  Atq�AF Ah� 9 rOn`�� T�A��� £@¡ ¨� •
In this case, the element 9 in B has two preimages in A: 2 and 3.

Direct and inverse image Tysk`�� ¤ ­rJAbm�� ­CwO��

23.2.1 : Definition - �§r`�

.�ybW� f : A → B �ky�¤ ,A �� Ty¶z� T�wm�� E �kt�¤ .�yt�CA� ry� �yt�wm�� B ¤ A �kt�

Let A and B be two non-empty sets. Let E be a subset of A, and let f : A → B be a

function.

:T�wm�m�� f �ybWt�� TWF�w� E T�wm�ml� ­rJAbm�� ­CwO�� �r`�

We define the direct image (or forward image) of the set E under the function f as follows:

f(E) =
{
f(x) | x ∈ E

}
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A B

E f(E)

f

x

y

E

f(E)

24.2.1 : Definition - �§r`�

.�ybW� f : A → B �ky�¤ ,B �� Ty¶z� T�wm�� F �kt�¤ .�yt�CA� ry� �yt�wm�� B ¤ A �kt�

:T�wm�m�� f �ybWt�� TWF�w� F T�wm�ml� Tysk`�� ­CwO�� �r`�

Let A and B be non-empty sets. Let F be a subset of B, and let f : A → B be a function.

We define the inverse image, or preimage, of F under the function f to be the set:

f−1(F ) =
{
x ∈ A | f(x) ∈ F

}
.f T��d�� ��¤ F ¨� rOn`� Xb�r� ¨t�� A ¨� r}An`�� �� T�wm�� ¨¡ f−1(F ) , r�� Yn`m�

In other words, f−1(F ) is the set of all elements in A that map to an element in F under

the function f .

A B

f−1(F )

F

f

x

y

F

f−1(F )

5.2.1 : Remark - T\�®�

We have the following concepts Ty�At�� �y¡Afm�� An§d�

.A �wm�m�� �� Ty¶z� T�wm�� f−1(F ) , B T�wm�m�� �� Ty¶z� T�wm�� f(E) T�wm�m�� •
The set f(E) is a subset of the set B, and f−1(F ) is a subset of the set A.

�� .d��¤ rOn� ©wt�� ­ rf� T�wm�� ­Cw} ¨¡ f({x}) =
{
f(x)

}
rOn`l� ­rJAbm�� ­CwO�� •

,­ rf� T�wm��  wk�  � �km§ .f Yl� dmt`� f−1
(
{y}
)
þ� Tysk`�� ­CwO��  �� , «r�� Ty�A�
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f �� ­Cw} �An¡ �k� �� �Ð�) T�CAf�� T�wm�m�� Yt� ¤� r}An� ­d� �� T�wk� T�wm�� ¤�

.(y ©¤As�

The direct image of the element f({x}) = {f(x)} is a singleton set containing a single

element. On the other hand, the inverse image of f−1
(
{y}
)
depends on the function f .

It can be a singleton set, a set consisting of several elements, or even the empty set (if

there is no preimage of y under f).

Surjective function r�A��� �ybWt�� 2.2.1

25.2.1 : Definition - �§r`�

:	tk� ¤ .A ¨� ��±� Yl� Tq�AF ¢� B �� y rOn� ��  A� �Ð� Xq�¤ �Ð� r�A� �ybW� f  � �wq�

We say that f is a surjective function if and only if every element y in B has at least one

pre-image in A. We can write this as:

f(Surjective function, r�A� �ybW�) ⇐⇒ (∀y ∈ B, ∃x ∈ A) : y = f(x).

19.2.1 : Example - �A��

We have An§d�

A = {1, 2, 3, 4} and B = {x, y, z}.

1

3

4

2 x
y

z

A B

f

We have An§d� •

f(1) = x; f(3) = y; f(4) = {y, z}.
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.B ¨� ­dy�¤ ­Cw} ¢� A �� rOn� �� B w�� A �� �ybW� f •
f is a function from A to B if and only if every element of A has a unique image in B.

.A ¨� ��±� Yl� Tq�AF ¢� B �� rOn� ��  ± B w�� A �� r�A� �ybW� f •
f is a surjective function from A to B because every element of B has at least one

pre-image in A.

Injective function �§Abtm�� �ybWt�� 3.2.1

26.2.1 : Definition - �§r`�

A ¨� r��±� Yl� ­d��¤ Tq�AF ¢� B �� y rOn� ��  A� �Ð� Xq�¤ �Ð� �§Abt� f �ybWt��  � �wq�

:	tk�¤

We say that the function f is injective if and only if every element y in B has at most one

pre-image in A, and we write:

f(Injective function, �§Abt� �ybW�) ⇐⇒ ∀(x, y) ∈ A2 : (f(x) = f(y) ⇒ x = y).

20.2.1 : Example - �A��

��C Am¶� Amh§d� Amt�  Aflt��  AO�K� :¨�Amt�¯�  AmS�� ��C w¡ �§Abtm�� �ybWt�� Yl� �A�� ry�

�ybW� w¡ ¢� QA��� ¨�Amt�¯�  AmS�� ��r� P�K�� X�r§ ©@�� �ybWt�� ... �lt�� ¨�Amt��  AmR

.1978 xCA� rhJ �� 31 ¨� ®�� �¤d�¤ �§@�� QA�J±� �� d§d`�� �An¡ , «r�� Ty�A� �� ,�§Abt�

.�§Abt� Hy� £ ®y� �§CAt� P�K�� X�r§ ©@�� �ybWt�� �@h�

A good example of an application that uses unique identification is the Social Security

number. Two different individuals will always have different Social Security numbers.

The application that links a person to their specific Social Security number is a unique

identification application. On the other hand, there are many individuals who were born,

for example, on March 31, 1978. For this application that links a person to their date

of birth, it is not a unique identification application.
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1

3

2 x
y

z

f

1

3

2 x
y

z

f

�§Abt� �ybW� �§Abt� Hy� �ybW�

Injective function Not injective function.

Properties Q�w�

�ybW� d�w§ ¤� Ty�A��� T�wm�m�� X  A� �Ð� Xq�¤ �Ð� �§Abt� f : X → Y �ybWt�� •
.X Yl� d§A�m�� �ybWt�� ©¤As§ g ◦ f �y� g : Y → X

The application f : X → Y is injective if and only if X is the empty set, or if there exists

an application g : Y → X such that g ◦ f is equal to the identity application on X.

.A`� r�A�¤ �§Abt�  A� �Ð� Xq�¤ �Ð� ¨l�Aq� f �ybWt��  wk§ •

The function f is bijective if and only if it is both injective and surjective.

.�§Abt� f  �� �§Abt� g ◦ f �ybWt��  A� �Ð� •

If the composite function g ◦ f is injective, then f is injective.

.�§Abt� g ◦ f 	y�rt��  ��  An§Abt�  AqybW� g ¤ f  A� �Ð� •

If f and g are injective functions, then the composite function g ◦ f is injective.

 A� �Ð� ,g, h : W → X �AqybWt�� �� ��� ��  A� �Ð� Xq�¤ �Ð� �§Abt� f : X → Y •
.g = h  �� f ◦ g = f ◦ h

The function f : X → Y is injective if and only if, for all functions g, h : W → X, if

f ◦ g = f ◦ h, then g = h.
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A ¨�At�A�¤ .f−1(f(A)) = A  �� X �� Ty¶z� T�wm�� A ¤ �§Abt� f : X → Y  A� �Ð� •
.f(A) þ� Tysk`�� ­CwO�� �Am`tFA� A¡ A�§� �km§

If f : X → Y is a surjective function and A is a subset of X, then f−1(f(A)) = A.

Therefore, A can be found using the inverse image of f(A).

.f(A∩B) = f(A)∩ f(B)  �� X �� Ty¶z� �A�wm�� B ¤ A ¤ �§Abt� f : X → Y  A� �Ð� •

If f : X → Y is injective and A and B are subsets of X, then f(A ∩B) = f(A) ∩ f(B).

.r�A� g ¤ �§Abt� f ��� �� h = f ◦ g �kK�� Yl� 	tk§  � �km§ h : W → Y �ybW� �� •

Every function h : W → Y can be written in the form h = f ◦ g for a injective function

f and a surjective function g.

��Am� ��±� Yl� r}An`�� ��  d� Yl� ©wt�§ Y  �� �§Abt� �ybW� f : X → Y  A� �Ð� •
.X r}An�  d`�

If f : X → Y is a surjective function, then Y has at least as many elements as X.

Bijective function ¨l�Aqt�� �ybWt�� 4.2.1

27.2.1 : Definition - �§r`�

Tq�AF B �� y rOn� �k�  A� �Ð� ©� ,A`� �r�A� ¤ An§Abt�  A� �Ð� Xq�¤ �Ð� ¨l�Aq� �ybW� f  � �wq�

:	tk�¤ .A ¨� ­dy�¤

We say that f is a bijective function if and only if it is both injective and surjective, that is,

if each element y in B has a unique predecessor in A. We write:

f
(
Bijective, ¨l�Aq�

)
⇐⇒ (∀y ∈ B), (∃!x ∈ A) : y = f(x).
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21.2.1 : Example - �A��

¨qyq�  d� ©� ��� ��  ± ,¨l�Aq� �ybWt�� �@¡ .f(x) = 2x+ 1 �r`m�� f : R → R �ybWt�� �ky�

.x = (y − 1)/2 w¡¤ x ry�tml� y = 2x+ 1 T� A`ml� d��¤ ¨qyq� ��  A�§� Annkm§ ,y

Let the function f : R → R be defined by f(x) = 2x+ 1. This function is bijective because

for any real number y, we can find a unique real solution to the equation y = 2x+ 1 for the

variable x, which is x = (y − 1)/2.

Composite applications �AqybWt�� 	y�r� 5.2.1

We consider two applications: : �yqybWt�� rbt`�

f : A → B

x 7→ f(x)
;

g : G → H

x 7→ g(x)

: ¨l§ Am� f ◦ g �ybWt�� �r`� g(G) ⊂ A  A� �Ð�

If g(G) ⊂ A we define the application f ◦ g as follows:

f ◦ g : G → B

x 7→ f(g(x))

6.2.1 : Remark - T\�®�

rbt`§ g(G) ⊂ A ªrK��  �� �@h� ,g(x) ∈ A  wk§ Yt� f(g(x)) �� �lkt�  � Annkm§ ¯ ¢�� ^�®�

.Yn`� f ◦ g �ybWtl�  wk§ Yt� AyFAF�

We note that we cannot speak about f(g(x)) until g(x) ∈ A, so the condition g(G) ⊂ A is

essential for the composition f ◦ g to have a meaning.

Inverse application ¨sk`�� �ybWt�� 6.2.1

28.2.1 : Definition - �§r`�
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Let f be a bijective mapping from A to B B w�� A �� Ayl�Aq� AqybW� f �ky�

f : A → B

x 7→ f(x)

We define the inverse application of f as follows: : ¨l§ Am� f þ� ¨sk`�� �ybWt�� �r`�

f−1 : B → A

y 7→ f−1(y)

: An§d� ,y = f(x) : �y�� A �� dy�¤ x d�w§ ¢��� B w�� A �� ��Aq� f  � Am� ,y ∈ B �ky�

Let y ∈ B. Since f is a bijection from A to B, there exists a unique x ∈ A such that

y = f(x). Therefore, we have:

f(x) = y ⇐⇒ x = f−1(y).

7.2.1 : Remark - T\�®�

:An§d�¤ A w�� B �� ��Aq� f−1  �� B w�� A �� ��Aq� f  A� �Ð�

If f is a bijection from A to B, then f−1 is a bijection from B to A, and we have:

∀x ∈ A, f−1 (f(x)) = x,

∀y ∈ B, f
(
f−1(y)

)
= y.

22.2.1 : Example - �A��

��Aq� ¨�At�� �ybWt�� An§d� Aq�AF Any� Am�

As we previously mentioned, we have the following bijection:

f : [0,+∞[ → [0,+∞[

x 7→ x2
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and its inverse application is as follows: : ¨�At�� w¡ ¨sk`�� ¢qybW� ¤

f−1 : [0,+∞[ → [0,+∞[

x 7→
√
x

8.2.1 : Remark - T\�®�

.B w�� A �� ®�Aq� f �ybWt��  wk§ Yt� f−1(y) �� �lkt�� Annkm§ ¯ .y ∈ B �ky�

 A� �Ð� Amny� Let y ∈ B. We cannot talk about f−1(y) unless f is a bijection from A to B.

. ®�Aq� �ybWt�� �k§ ��  � ¤ Yt� f−1(K) �� �lkt�� Am¶� Annkm§ K ⊂ B

If K ⊂ B, we can always talk about f−1(K) even if the function f is not invertible.

Equals two applications �yqybW� ©¤As� 7.2.1

Let the two applications: :�yqybWt�� �ky�

f : A → B

x 7→ y = f(x)
,

g : E → F

x 7→ y = g(x)

We say that f = g if and only if  A� �Ð� Xq�¤ �Ð� f = g  � �wq�

f = g ⇐⇒

{
A = E, B = F

∀x ∈ A : f(x) = g(x)

23.2.1 : Example - �A��

Let the two applications �yqybWt�� �ky�

f : R → R
x 7→ cos (x)

and ¤

g : R → R
x 7→ 2 cos2

(x
2

)
− 1
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.f = g :  � d�� Ty�l�m�� �A�®`�� ��

From the trigonometric relations we find that: f = g.

Retreating evidence ���rt�A�  A¡rb�� 3.1

�� Yl� � Amt�� T�y�} , P (n) TySq��  � �Ab�� �kmm�� �� �`�§ ���rt�A�  A¡rb�� �db�  �

:��wW� �®�� ���rt�A�  A¡rb�� Tq§rV rm� ¤ .n ∈ N

The principle of proof by induction makes it possible to prove that the statement P (n) is true

for every n ∈ N. The proof by induction proceeds in three steps: retreating evidence, base

case, and inductive step.

.P (0) 
b�� ,Y�¤±� ­wW���

First step, we set P (0).

¨� P (n) TySq��  � 
b�� �� T�y�} P (n) þ� ­AW`m�� n ≥ 0 |rtf� ,Ty�A��� ­wW�l� Tbsn�A�

.T�y�} Ahyl� ¨t�� Tb�rm��

For the second step, we assume that the given statement P (n) is true for some n ≥ 0 and then

prove that the statement P (n+ 1) is also true.

.n ∈ N �� ��� �� T�y�} P (n) TySq��  � ���rt�A� An¡r� d�  wk� ry�±� ¨�

In the end, we have proven by induction that the statement P (n) is true for all n ∈ N.

24.3.1 : Example - �A��

Let’s prove that: : � 
b�n�

∀n ∈ N : 2n > n.

For n ≥ 0 we set P (n) the following case: : Ty�At�� TySq�� P (n) �S� n ≥ 0 ��� ��

∀n ∈ N : P (n) ≡ 2n > n.

.n ≥ 0 �� ��� �� T�y�} P (n) TySq��  � ���rt�A� 
b�� �wF

We will prove backwards that the case P (n) is true for all n ≥ 0.
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First step Y�¤±� ­wW���

.Tqq�� P (0) ¢n�¤ .20 = 1 > 0 An§d� n = 0 ��� ��

for n = 0 we have 20 = 1 > 0. From which P (0) is realized.

Second step Ty�A��� ­wW���

.Tqq�� P (n+ 1)  � 
b�n�¤ Tqq�� P (n)  � |rf� .n ≥ 0 �ky�

Let n ≥ be0. Let’s say that P (n) is true and let’s prove that P (n+ 1) is true.

2n+1 = 2n + 2n > n+ 2n > n+ 1 and P (n) =⇒ 2n > n.

From which P (n+ 1) is realized. .Tqq�� P (n+ 1) ¢n�¤

:©� n ≥ 0 �� ��� �� T�y�} P (n) TySq��  � ���rt�A� Antb��

We have proven by induction that the statement P (n) is true for all n ≥ 0, i.e.

∀n ∈ N : P (n) ≡ 2n > n.

Exercise series N° 1 ��C �§CAmt�� TlslF 4.1

Exercise N°− 1 − ��C �§rm�

:Ty�At�� �A�wm�m�� (r}An� �� ºAW��� ©�) �yOft�A� 	t��

Write in detail (i.e., by providing all elements) the following sets:

A = {integers between 2π ¤
√
2 �y� T�y�}  �d��}. (1

B =
{
x ∈ Q; ∃(n, p) ∈ N✕N, x = p

n
and 1 ≤ p ≤ 2n ≤ 7

}
. (2

Solution : �þþ���

An§d�

A = {2, 3, 4, 5, 6} .

 � ^�®� , B T�Atk�

1/2 ≤ n ≤ 7/2 ⇒ n = 1, 2 ¤� 3.
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:Yl� �O��¤ , p þ� Tlmt�m�� �yq�� 	tk� , n þ� Tlmt�� Tmy� �k�

B =

{
1, 2,

1

2
,
3

2
,
1

3
,
2

3
,
4

3
,
5

3

}
.

,2 ��r� ­d� ¯¤ , 3/3 ¤ 2/2 þ� AS§� Ahyl� �wO��� �� ¨t��¤ , 1 ��r� ­d� 	tk� �� ¢�� ^�®�

.6/3 ¤ 4/2 ¤ 2/1 þ� Ahyl� AnlO� ¨t��¤

Exercise N°− 2 − ��C �§rm�

? C ⊂ B ¤� C ⊂ A  ± : �h� C ⊂ A ∪B An§d�  A� �Ð�

If we have C ⊂ A ∪B does that mean C ⊂ A or C ⊂ B ?

Solution : �þþ���

.C = {2, 3} ¤ B = {3, 4} ,A = {1, 2} ®�� @��� !¯

Exercise N°− 3 − ��C �§rm�

�� A,B,C Ty¶z� �A�wm�� T�®� Yl� ©wt�§ ©@�� , ¨�At�� �y� XW�� CAbt�¯� ¨� @���

.E �� a, b, c, d, e, f, g, h r}An`�� ¤ E T�wm�m��

We consider the following Venn diagram, which contains three partial sets A, B, and C of

the set E, and the elements a, b, c, d, e, f, g, h from E.
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E

A

B

C

h

c

g

f

a e

d

b

:T·VA� �� T�y�} Ty�At�� ��CAb`�� 
�A� �Ð� A�  d�

Determine whether the following statements are true or false:

1) g ∈ A ∩ B̄ 2) g ∈ Ā ∩ B̄. 3) g ∈ Ā ∪ B̄.

4) f ∈ Ā. 5) e ∈ Ā ∩ B̄ ∩ C̄. 6) {h, b} ⊂ Ā ∩ B̄.

7) {a, f} ⊂ A ∪ C.

Solution : �þþ���

.g /∈ B ¨�At�A�¤ g ∈ B  ± �W� (1

.	bs�� Hfn� �W� (2

.g ∈ A  ± �y�} (3

.f ∈ A  ± �W� (4

.e ∈ A  ± �W� (5

.�W� �@¡ ¤ : b ∈ A ∩B ¤ h /∈ A ∩B  � �Ab�� Y�� �@¡ ��r§ (6

.�y�} �@¡ ¤ :f ∈ A ∪ C ¤ a ∈ A ∪ C  � �Ab�� Y�� �@¡ ��r§ (7
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Exercise N°− 4 − ��C �§rm�

.A ∪B = B ∩ C �y� �A�wm�� �®� C ¤ B,A �kt�

Let B,A and C be three sets where A ∪B = B ∩ C.

.A ⊂ B ⊂ C  � 
b��

Prove that A ⊂ B ⊂ C.

Solution : �þþ���

.A ⊂ B ¨�At�A�¤ , x ∈ B , � ©� ,x ∈ B ∩ C ¨�At�A�¤ , x ∈ A ∪B ¢n�¤ .x ∈ A �ky�

.B ⊂ C ¨�At�A�¤ , x ∈ C ,  � ©� ,x ∈ B ∩ C ¨�At�A�¤ , x ∈ A ∪B ¢n�¤ .x ∈ B @���  µ�

Exercise N°− 5 − ��C �§rm�

Y�� Xc z�r�A� z�r� , X ⊂ E ��� �� .E T�wm�m�� �� Ty¶z� �A�wm�� T�®� C ¤ B,A �kt�

.E ¨� X Tmmt�

Let B,A and C be three subsets of the set E. For X ⊂ E, we denote by Xc the complement

of X in E.

Prove the following Morgan’s laws: :Ty�At��  A�Cw� �y��w� 
b��

1. (A ∩B) ∪ C = (A ∪ C) ∩ (B ∪ C) 2. (Ac)c = A

3. (A ∩B)c = Ac ∪Bc 4. (A ∪B)c = Ac ∩Bc.

Solution : �þþ���

.�¤ zm�� º�wt�³A� �¡rbnF ­r� �� ¨�

 �� , x ∈ B ¤ x ∈ A  A� �Ð� .x ∈ C ¤� x ∈ B ¤ x ∈ A ¢n�¤ ,x ∈ (A ∩ B) ∪ C �ky� (1

£@¡ ¨�¤ , Xq� x ∈ C  wk§ , ��Ð �®�� .º�wt�³� �Ab�� �t§¤ , x ∈ B ∪ C ¤ x ∈ A ∪ C

.x ∈ B ∪ C ¤ x ∈ A ∪ C AS§� An§d� T�A���

, x ∈ C  A� �Ð� :�yt�A� �y� zym� An��� , x ∈ B ∪ C ¤ x ∈ A ∪ C  A� �Ð� , ��Aqm�A�

Am� , �k�¤ .x /∈ C , ��Ð �®� .x ∈ (A ∩ B) ∪ C ¨�At�A�¤ x ∈ C ¤� x ∈ (A ∩ B) ¢n�¤

 � 
b�§ �@¡ .x ∈ B  �� ,x ∈ B ∪ C  � Am� ,��m�A�¤ .x ∈ A An§d� �bO§ ,x ∈ A ∪ C  �

.x ∈ (A ∩B) ∪ C ¨�At�A�¤ x ∈ A ∩B

x /∈ Ac
 �� , x ∈ A  A� �Ð� , ��Aqm�A� .x ∈ A ¨�At�A�¤ , x /∈ Ac

¢n�¤ .x ∈ (Ac)c �ky� (2

.x ∈ (Ac)c ¨�At�A�¤
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.x ∈ Bc
¤� x ∈ Ac

 � ©� , x /∈ B ¤� x /∈ A An§d�  Ð� .x /∈ A ∩ B �� .x ∈ (A ∩ B)c �ky� (3

x /∈ A ,  � ©� , x ∈ Bc
¤� x ∈ Ac

 Ð� .x ∈ Ac ∪Bc
�ky� , ��Aqm�A� .x ∈ Ac ∪Bc

 � �tnts�

.x ∈ (A ∩B)c ¨�At�A�¤ x /∈ A ∩B , QwO��� ¢�¤ Yl� .x /∈ B ¤�

¥�Akt�� �Ðwm� ¨� ��As�� �Wnm�� �§dq� A¾AS§� Annkm§ (4

x ∈ (A ∪B)c ⇐⇒ x /∈ A ∪B

⇐⇒ x /∈ A ¤ x /∈ B

⇐⇒ x ∈ Ac
¤ x ∈ Bc

⇐⇒ x ∈ Ac ∩Bc.

Exercise N°− 6 − ��C �§rm�

: � 
b�� .P(E) �� r}An� T�®� C ¤ B , A ,T�wm�� E �kt�

Let E be a set, A , B and C three elements of P(E). Prove that:

If A ∩B = A ∪B , then A = B . .A = B  �� , A ∩B = A ∪B  A� �Ð� (1

?�yVrK�� d�� ¨fk§ �¡ .B = C  �� , A ∪B = A ∪ C ¤ A ∩B = A ∩ C  A� �Ð� (2

If A ∩B = A ∩ C and A ∪B = A ∪ C , then B = C . Is one of the two conditions

sufficient?

Solution : �þþ���

.A ⊂ B  � �Ab�� ¨fk§ ,B ¤ A ¨� TySq�� rZAn� �®� �� (1

 �� ¨�At�A�¤ x /∈ A ∩ B �k�¤ x ∈ A ∪ B  �� ¢n�¤ .x /∈ B  � |rf�¤ x ∈ A �ky�

.x ∈ B  �� ��@� .{�An� �@¡¤ ,  Atflt�� A ∪B ¤ A ∩B �yt�wm�m��

.B ⊂ C  � �Ab�� ¨fk§ , C ¤ B ¨� TySq�� rZAn� �®� �� (2

:�yt�A� An¡ zym� .x ∈ B �ky�

.x ∈ C ¨�At�A�¤ , x ∈ A ∩B = A ∩ C , T�A��� £@¡ ¨� ,x ∈ A A�� (A

An�± A¾r\� .x ∈ C ¤� x ∈ A ¨�At�A�¤ x ∈ A ∪ B = A ∪ C , T�A��� £@¡ ¨� ,x /∈ A ¤� (B

.x ∈ C  � �tnts� An��� , x /∈ A T�A��� ¨�
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.¨�A� ry� d��¤ ªrJ .B ⊂ C ¨�At�A�¤ , x ∈ C Antb�� , �¯A��� �ym� ¨�

­C¤rR �¡rb� ¨k� ¨�At�� �A�m�� @���  � Xq� Anyl� , A∪B ⊂ A∪C  � Xq� AnRrt�� �Ð�

.A`� �yVrK��

.C = {2} ¤ B = {1} , A = {1, 2} �ky�

.B ⊂ C An§d� Hy� �k� , A ∪B ⊂ A ∪ C An§d�

B = {1, 2}. ¤ A = C = {1} �A�m� Xq� @���  � Anyl� , A∩B ⊂ A∩C  � Xq� AnRrt�� �Ð�

Exercise N°− 7 − ��C �§rm�

Find the set of parts of the set T�wm�m�� º�z�� T�wm�� d�¤�

E = {a, b, c, d} .

Solution : �þþ���

Tnkmm�� Ty¶z��� �A�w�m�� �ym� Yl� ©wt�� E = a, b, c, d T�wm�� º�z�± P (E) T�wm�m��

�A�wm�m�� �ym� �y�� .Ahsf� T�wm�m��¤ Ty�A��� T�wm�m�� ��Ð ¨� Am� ,E T�wm�ml�

:Ty¶z���

The set P (E) of parts of the set E = {a, b, c, d} includes all possible subsets of E, including

the empty set and the set itself. Here are all the subsets:

P (E) = {ϕ,

{a}, {b}, {c}, {d},

{a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {c, d},

{a, b, c}, {a, b, d}, {a, c, d}, {b, c, d},

E}

Exercise N°− 8 − ��C �§rm�

. F �� �yty¶z� �yt�wm�� D, B ¤ E �� �yty¶z� �yt�wm�� C ¤ A �kt� ¤ �yt�wm�� F ¤ E �kt�

Let E and F be two sets, and let A and C be two subsets of E and B , D be two subsets of
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F .

Prove that  � 
b��

(A✕B) ∩ (C✕D) = (A ∩ C)✕(B ∩D).

Solution : �þþ���

.�¤ zm�� º�wt�³� �¡rbnF

.y ∈ B , x ∈ A ¨�At�A�¤ (x, y) ∈ A✕B ¢n�¤ (x, y) ∈ (A✕B) ∩ (C✕D). �kt�

.y ∈ B ∩D ¤ x ∈ A ∩ C , �@� .y ∈ D ¤ x ∈ C ¨�At�A�¤ ,(x, y) ∈ (C✕D) AS§� An§d�

.(x, y) ∈ (A ∩ C)✕(B ∩D)  � 
b�§ �@¡

.x ∈ C ¤ x ∈ A ¨�At�A�¤ x ∈ A ∩ C  � ¨n`§ (x, y) ∈ (A ∩ C)✕(B ∩D) �kt� , ��Aqm�A�

.(x, y) ∈ C✕D ¤ (x, y) ∈ A✕B ,  Ð� .y ∈ D ¤ y ∈ B �@� , y ∈ B ∩D ,��m�A�¤

.(x, y) ∈ (A✕B) ∩ (C✕D)  � �tnts�

Exercise N°− 9 − ��C �§rm�

.E �� �yty¶z� �yt�wm�� B ¤ A ¤ T�wm�� E �kt�

Let E be a set, and A and B be two subsets of E.

.A = ∅ 
�A� �Ð� Xq�¤ �Ð� (©rZAnt�� �rf��) A∆B = B  � 
b��

Prove that A∆B = B (symmetric difference) if and only if A = ∅.

Solution : �þþ���

�kK�� Yl� AS§� ¢t�At� �km§ ©rZAnt�� �rf��  � ¯¤� r�@�

A∆B = (A ∩ B̄) ∪
(
Ā ∩B

)
.E ¨� A T�wm�m�� �mt� ��m� Ā �y�

:�hF º�wt�� �An¡

.Ā ∩B = B ¤ A = ϕ  ± ¤ A ∩B = B An§d� ,©rZAnt�� �rf�� �§r`� dn`� , A = ϕ  A� �Ð�

.A = ϕ  � 
b��  � 	�§ , A ∩B = B  A� �Ð� , ��Aqm�A�

:�yms� Y�� �Ab�³� �sqnF

.A ∩B = ϕ  � 
b�� :¯¤�

.x ∈ Ā ∩B ¤� x ∈ A ∩ B̄  � Amt� ¨n`§ ¤ , x ∈ A ∩B QwO��� ¢�¤ Yl� ¤ ,x ∈ B �ky�

.x ∈ Ā ∩ B �y�O�� w¡ ¨�A��� �Amt�³� An§d� ¨�At�A�¤ (x ∈ B  ±) �y�ts� �¤±� �Amt�¯�
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.A ∩B = ϕ ¨�At�A�¤ , Ā ¨� AS§�  w�w� B T�wm�m�� �� r}An� �� rOn� ��  �� , ¨�At�A�¤

.A ∩ B̄ = ϕ  � AS§� 
b�nF

, A ∩B = B ¨� AS§� rOn`�� �@¡  wkyF .A ∩ B̄ ¨� rOn�  A�§� Annkm§ ¢�� |rfn� , ���w�� ¨�

.B̄ ¤ B ¨� ¢sf� 
�w�� ¨�  wkyF ¢�± �y�ts� r�� w¡¤

.A = ϕ  � ¨n`§ �ytq�As�� �yty}A��� �y� Th��wm�� ,ry�±� ¨�

Exercise N°− 10 − ��C �§rm�

:T§d`t� ¤� T§rZAn� dR , T§rZAn� , TyFAk`�� Ty�At�� �A�®`�� 
�A� �Ð� A�  d�

Determine whether the following relations are reflexive, symmetric, anti-symmetric, or

transitive:

E = Z and xRy ⇐⇒ x = −y (1)

E = R and xRy ⇐⇒ cos2 x+ sin2 y = 1 (2)

E = N and xRy ⇐⇒ ∃p, q ≥ 1, y = pxq (3)

where p and q are natural numbers. .Ty`ybV  �d�� q ¤ p �y�

Solution : �þþ���

.1 ̸= −1 , ���w�� ¨� .Ahsfn� T�®� Ah� Hy� 1  ± , TyFAk`�� 
sy� T�®`�� (1)

.x = −y ⇐⇒ y = −x  ± , T§rZAn� T�®`��

1 ̸= −1. Amny� , (−1)R1 ¤ 1R(−1)  ± , T§rZAn� dR 
sy� T�®`��

­rZAnt�  wktF Ah��� ¯�¤ , T§d`t� 
sy� T�®`��

.	y�r� T�®� ¯¤ , ¥�Ak� T�®� 
sy� T�®`�� £@¡ ¢n�¤

Exercise N°− 11 − ��C �§rm�

In R2 we define the relationship R as follows: :¨l§ Am� R T�®`�� R2 ¨� �r`�

(x, y)R(x′, y′) ⇐⇒ x = x′.
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Prove that R is an equivalence relation. .¥�Ak� T�®� R  � 
b�� (1)

.(x0, y0) ∈ R2 rOn`�� ¥�Ak� �n} d�¤� (2)

Find the equivalence class of the element (x0, y0) ∈ R2.

Solution : �þþ���

:Ah�± ¥�Ak� T�®� ¨¡ R T�®`��

(x, y)R(x, y) ¢n�¤ x �k§ Amh� x = x  ± TyFAk`�� (1)

¸�Ak§ ©@�� x′ = x AS§� ¢t�At� �km§ ©@�� x = x′
 �� (x, y)R(x′, y′)  A� �Ð� :T§rZAn� (2)

.(x′, y′)R(x, y)

Th� �� x′ = x′′
¤ Th� �� x = x′

 �� (x′, y′)R(x′′, y′′) ¤ (x, y)R(x′, y′)  A� �Ð� :T§d`t� (3)

.(x, y)R(x′′, y′′) An� �tn§ ©@�� x = x′′
¨n`§ ,«r��

.(x, y)R(x0, y0) �q�� ¨t�� (x, y) �Ay¶An��� d§d�� ©� (x0, y0) rOn`�� ¥�Ak� �n} ��  µ� ��b�

An§d�

(x, y)R(x0, y0) =⇒ x = x0.

.Tmy� ©�  wk§ y A�� x0 ©¤As§  � 	�§ x  � AS§� �wq�  � �yWts�¤

T�wm�m�� w¡ (x0, y0) rOn`�� ¥�Ak� �n}  � �tnts�

{(x0, y); y ∈ R}.

Exercise N°− 12 − ��C �§rm�

We define the following relation on the set R Ty�At�� T�®`�� R T�wm�m�� Yl� �r`�

xRy ⇐⇒ x2 − y2 = x− y.

Prove that R is an equivalence relation. .¥þþ�Ak� T�®� R  � 
b�� (1)

Find the equivalence class of the element x of R. .R �� x rOn`�� ¥þþ�Ak� �n} d�¤� (2)

How many elements are there in this category? ?T·f�� £@¡ ¨� rOn� �� d�w§ �� (3)
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Solution : �þþ���

 � ^�®� (1)

xRy ⇐⇒ x2 − x = y2 − y ⇐⇒ f(x) = f(y)

T�®� ¨¡ R  � �ybWt�� �@¡ �®� �� �q�t�� ��Ð d`� �hs�� �� , f : x 7→ x2 − x �y�

.T§d`t�¤ T§rZAn�¤ TyFAk`�� Ah�� ©� , ¥�Ak�

.xRy �y� R �� y r}An`�� �� ��b� .x ∈ R �ky� (2)

(y ¨�) T� A`m�� �� Anyl� 	�§ ��@�

x2 − y2 = x− y.

�Am`tFA�

(x− y)(x+ y)− (x− y) = 0 ⇐⇒ (x− y)(x+ y − 1) = 0.

.{x, 1− x} T�wm�m�� w¡ x ¥�Ak� �n}  �� ¨�At�A�¤ .y = 1− x ¤ y = x ¨¡ T� A`m�� �wl� (3)

.�§rOn� �� T�wk� ¨¡¤

T�wm�m�� w¡ x rOn`�� ¥�Ak� �n} , T�A��� £@¡ ¨� x = 1 − x =⇒ x = 1/2.  A� �Ð�

.{1/2}

Let’s prove each of these properties:

(a) Reflexivity: For any x ∈ R, we have:

x2 − x = x− x (Subtracting x from both sides) x2 − x = 0.

This shows that xRx since x2 − x = 0.

(b) Symmetry: Let x, y ∈ R such that xRy. This means:

x2 − y2 = x− y.

We can rearrange this equation by adding y to both sides:

x2 − y2 + y = x− y + y

x2 − y2 + y = x.

Now, we have shown that xRy implies x = x2 − y2 + y. Similarly, if we start with yRx,

we will arrive at the same conclusion: y = x2 − y2 + y. Therefore, R is symmetric.
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(c) Transitivity: Let x, y, z ∈ R such that xRy and yRz. This means:

x2 − y2 = x− y and y2 − z2 = y − z.

We can add these two equations together:

(x2 − y2) + (y2 − z2) = (x− y) + (y − z).

Now, we can simplify each side of the equation:

x2 − y2 + y2 − z2 = x− y + y − z x2 − z2 = x− z.

This shows that xRz, and therefore, R is transitive.

Since R satisfies all three properties (reflexivity, symmetry, and transitivity), it is indeed

an equivalence relation.

(2) To find the equivalence class of the element x ∈ R, we need to determine all elements

y ∈ R such that xRy.

From the definition of R, we have:

xRy ⇐⇒ x2 − y2 = x− y.

Let’s simplify this equation:

x2 − y2 = x− y (x− y)(x+ y) = x− y.

Now, we have two cases:

Case 1: x− y = 0. This implies x = y.

Case 2: x− y ̸= 0. In this case, we can divide both sides by (x− y):

x+ y = 1.

Now, we have two equations:

(i) x = y from Case 1.

(ii) x+ y = 1 from Case 2.
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Therefore, the equivalence class of x consists of all real numbers y such that y = x or

y + x = 1.

(3) To determine how many elements are in this equivalence class, let’s analyze the

possibilities:

(a) If y = x, then there is only one element in the equivalence class, which is x = 1/2

(b) If y ̸= x, then there is only two elements in the equivalence class, which is {x, 1− x}

Exercise N°− 13 − ��C �§rm�

:d�¤� .A = [−1, 4] �kt� ¤ x 7→ x2 �y� f : R → R �kt� (1

Let f : R → R where x 7→ x2 and let A = [−1, 4]. Find:

f �ybWt�� TWF�w� A T�wm�ml� ­rJAbm�� ­CwO�� (A

The direct image of the set A by application f .

.f �ybWt�� TWF�w� A T�wm�ml� Tysk`�� ­CwO�� (B

The inverse image of the set A by the application f .

Let the function be sin : R → R sin : R → R T��d�� �kt� (2

?[0, π/2] ¤ ?[0, 2π] ¤ ?R T�wm�ml� sin TWF�w� ­rJAbm�� ­CwO�� ¨¡A� (A

What is the direct image by sin of the set R? And [0, 2π]? And [0, π/2]?

?[1, 2] ¤ ?[3, 4] ¤ ?[0, 1] T�wm�ml� sin TWF�w� Tysk`�� ­CwO�� ¨¡A� (B

What is the inverse image by sin of the set [0, 1]? And [3, 4]? And [1, 2]?

Solution : �þþ���

@�� �t§ , 0 ¤ −1 �yb� x ∈ [−1, 4] A�dn� x2
TWF�w� ­Ðw��m�� �yq�� �ym� �� ��b� (A (1

.f(A) = [0, 16] , ��@� 16 ¤ 0 �y� �yq�� �ym� , 4 ¤ 0 �y�¤ , 1 Y�� 0 �� �yq�� �ym�

We are looking for all the values taken by x2 when x∈ [−1, 4]. Between −1 and 0,

all values are taken from 0 to −1, and between 0 and 4, all values are taken from 0

to 16. Therefore, f(A) = [0, 16].
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Tb�As�� �yq��  A`btF� �� �bW�A� x2 ∈ [−1, 4] 
�A� �Ð� Xq�¤ �Ð� x ∈ f−1(A) An§d� (B

An§d�  Ð� x ∈ [−2, 2]  � ¨�Ak��¤ ©C¤rS�� �m� , [0, 4] ¨� x2
 wk� ¨k�¤ ,

.f−1(A) = [−2, 2]

We have x ∈ f−1(A) if and only if x2 ∈ [−1, 4], of course, excluding negative values.

To have x2 in [0, 4], it is necessary and sufficient for x to be in [−2, 2]. So, we have

f−1(A) = [−2, 2].

.[−1, 1]¨¡ [0, 2π] �� �CAbt�� R þ� ­rJAbm�� ­CwO�� (2

.[0, 1] ¨¡[0, π/2] þ� ­rJAbm�� ­CwO��

,¢n� ¤ .sin(x) ∈ [0, 1] ��� x Tyqyq���  �d�±� �� ��b� ,[0, 1] þ� T�wlqm�� ­CwO�� d§d�t�

T�At� An�Ak��� . k ∈ Z ¤ u ∈ [0, π] �� u + k2π ¨¡ Aht�At� �km§ ¨t�� Tyqyq��� �yq��

T�wm�m��⋃
k∈Z

[2kπ, (2k + 1)π].

T�wm�m�� ¨¡ [3, 4] þ� Tysk`�� ­CwO��  �� ¨�At�A�¤ [3, 4] ¨� ¢b� ¨qyq�  d� d�w§ ¯

.T�CAf��

©¤As� ¨¡¤ , {1} þ� Tysk`�� ­CwOl� Tq�AW� [1, 2] þ� Tysk`�� ­CwO�� ,�ry��

.{π/2 + 2kπ; k ∈ Z}

Exercise N°− 14 − ��C �§rm�

¤ f(x) = 2x ¨l§ Am� T�r`m�� N w�� N �� T�r`m�� ��¤d�� g ¤ f �kt�

Let f and g be the functions defined from N towards N defined as follows f(x) = 2x and

g(x) =

{
x
2

if x an even number

0 if x an odd number

Find g ◦ f and f ◦ g. . f ◦ g ¤ g ◦ f d�¤�

?Tyl�Aq� ?­r�A� ?Tn§Abt� g ¤ f ��¤d�� �¡

Are the functions f and g Injectionts? surjections? bijections?

Solution : �þþ���

:f ◦ g ¤ g ◦ f 	y�rt�� ¾¯¤� d�n� (1

Let’s first find the compositions g ◦ f and f ◦ g:

(g ◦ f)(x) = g(f(x)) = g(2x) = x.
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On the other hand: :«r�� Th� ��

f ◦ g(x) =

{
f(x/2) = x if x an even number

f(0) = 0 if x an odd number

In particular, we have: :An§d� ,T}A� TfO�

f ◦ g ̸= g ◦ f

because  ±

f ◦ g(1) = 0 ̸= g ◦ f(1) = 1.

:��¤d�� P¶AO� �l�� A�w�  µ� (2

Now, let’s analyze the properties of the functions:

For the function : :T��d�� ��� ��

f(x) = 2x

 wk§ ,x2¤ x1 �yfl�� �yy`ybV �§ d� �� ��� �� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

.�yflt�� f(x2) = 2x2¤ f(x1) = 2x1

Injection: Yes, it’s injective because for any two different natural numbers x1 and x2,

f(x1) = 2x1 and f(x2) = 2x2 are different.

.Cw} Ah� Hy� T§ rf��  �d�±�  ± ­r�A� 
sy� Ah�� :Cwm���

Surjection: No, it’s not surjective because the odd numbers don’t have images.

.��Aq� 
sy� ¨h� ­r�A� 
sy� Ah�± �r\� :��Aqt��

Bijection: No, it’s not bijection because it’s not surjective.

For the function : :T��d�� ��� ��

g(x) =

{
x
2

if x an even number

0 if x an odd number

g(3) = g(7) = 0  ± Tn§Abt� 
sy� T��d�� £@¡ :�§Abt��
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Injection: No, it’s not injective because it maps different even numbers to the same

value (e.g., g(3) = g(7) = 1).

Hy� N T�wm�m�� ¨� (y = 1) rOn� ��±� Yl� d�w§ ¢�± ­r�A� 
sy� T��d�� £@¡ :Cwm���

.�r�A� Hy� g  � ¨n`§ A� �@¡¤ N T�wm�m�� ¨� Tq�AF Ah�

Surjection: No, it’s not surjective because there exists at least one element (y = 1)

in the domain N which is not the image of an element in the domain N under g, which

means that g is not surjective.

.��Aq� 
sy� ¨h� Tn§Abt� 
sy� ¤ ­r�A� 
sy� Ah�± �r\� :��Aqt��

Bijection: No, it’s not a bijection because it’s neither injective nor surjective.

.��Aq� Asy� g ¤ f �yt��d�� ®� �bF A� �®� ��

From the above, both functions f and g are not bijective.

Exercise N°− 15 − ��C �§rm�

?Tyl�Aq� ?­r�A� ?Tn§Abt� Ty�At�� ��¤d�� �¡

Are the following functions Injectionts? surjections? bijections?

f1 : Z → Z, n 7→ 2n, f2 : Z → Z, n 7→ −n

f3 : R → R, x 7→ x2, f4 : R → R+, x 7→ x2

f5 : C → C, z 7→ z2.

Solution : �þþ���

Let’s analyze each of the functions: :«d� Yl� T�� �� �l�n�

The function :T��d�� (1

f1 : Z → Z, n 7→ 2n,

2n = 2m  A� �Ð� (n,m) T�y�O��  �d�±� �� �¤E �k� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

n = m  ��
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Injection: This function is injective because for every distinct pair of integers (n,m) if

2n = 2m, then n = m.

∀n,m ∈ Z : f1 (n) = f1 (m) =⇒ 2n = 2m =⇒ n = m

Yl� .�A�m�� ¨� T�y�O��  �d�±� �ym� ¨W�� ¯ Ah�± ­r�A� 
sy� T��d�� £@¡ :Cwm���

.2n = 1 �y� n �y�}  d� d�w§ ¯ ,�A�m�� �ybF

Surjection: This function is not surjective because it does not cover all integers in the

domain. For example, there is no integer n such that 2n = 1.

.��Aq� 
sy� ¨h� ­r�A� 
sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not surjective, it’s not a bijection.

The function :T��d�� (2

f2 : Z → Z, n 7→ −n,

−n = −m  A� �Ð� (n,m) T�y�O��  �d�±� �� �¤E �k� ¢�± Tn§Abt� T��d�� £@¡ :�§Abt��

n = m  ��

Injection: This function is injective because for every distinct pair of integers (n,m) ,

if −n = −m , then n = m.

∀n,m ∈ Z : f2 (n) = f2 (m) =⇒ −n = −m =⇒ n = m

��� �� .Z T�wm�m�� ¨� T�y�O��  �d�±� �ym� ¨W�� Ah�± ­r�A� T��d�� £@¡ :Cwm���

.−n = −m �y� n �y�}  d� d�w§ ,Z ¨� m �y�}  d� ��

Surjection : This function is surjective because it covers all integers in the domain Z.
For any integer m in Z, there exists an integer n such that −n = −m.

.��Aq� ¨h� ­r�A� ¤ Tn§Abt� Ah�± �r\� :��Aqt��
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Bijection: Since it’s both injective and surjective, it is a bijection.

The function :T��d�� (3

f3 : R → R, x 7→ x2,

¨h� �@� ,f3(2) = 4¤ f3(−2) = 4 ,�A�m�� �ybF Yl� ¤ ¢�± Tn§Abt� 
sy� T��d�� £@¡ :�§Abt��

.Tn§Abt� 
sy�

Injection : This function is not injective because for example, f3(−2) = 4 and f3(2) = 4,

so it’s not injective.

�� ��� �� .R T�wm�m�� ¨� Tyqyq���  �d�±� T�A� ¨W�� Ah�± ­r�A� T��d�� £@h:Cwm���

.x2 = y �y� x ¨qyq�  d� d�w§ ,y ¨qyq�  d�

Surjection : This function is surjective because it covers all real numbers in the domain

R. For any real number y, there exists a real number x such that x2 = y.

.��Aq� 
sy� ¨h� Tn§Abt� 
sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s not injective, it’s not a bijection.

The function :T��d�� (4

f4 : R → R+, x 7→ x2,

�y� Tyqyq�  �d�� x2¤ x1 �ky� .f3 ��� 	bs�� Hfn� Tn§Abt� 
sy� ­T��d�� £@¡ :�§Abt��

.Tn§Abt� 
sy� ¨¡ �@h� Tb�wm�� ­CwO�� Hf� Amh� .x1 = −x2

Injection : This function is not injective for the same reason as f3. It maps distinct real

numbers x1 and x2 to the same positive value if x1 = −x2. So, it’s not injective.

��� �� .R T�wm�m�� ¨� Tyqyq���  �d�±� T�A� ¨W�� Ah�± ­r�A� T��d�� £@¡ :Cwm���

.x2 = y �y� x ¨qyq�  d� d�w§ ,y ¨qyq�  d� ��

Surjection: This function is surjective because it covers all positive real numbers in

the domain R+. For any positive real number y, there exists a real number x such that

x2 = y.

.��Aq� 
sy� ¨h� Tn§Abt� 
sy� Ah�± �r\� :��Aqt��
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Bijection: Since it’s not injective, it’s not a bijection.

The function :T��d�� (5

f4 : C → C, z 7→ z2,

Injection: This function is not injective because it maps distinct complex numbers z1

and z2 to the same value if z1 = z2. For example, f5(−2i) = −4 and f5(2i) = −4, so it’s

not injective.

�ybF Yl� .C T�wm�m�� ¨�  �d�±� T�A� ¨W�� ¯ Ah�± ­r�A� 
sy� T��d�� £@¡ :Cwm���

.Tb�As�� Tyqyq���  �d�°� ���wF  A�§� �km§ ¯ ,�A�m��

Surjection: This function is not surjective because it doesn’t cover all complex numbers

in the domain C. For example, it cannot map to negative real numbers.

.��Aq� 
sy� ¨h� ­r�A� 
sy�¤ Tn§Abt� 
sy� Ah�± �r\� :��Aqt��

Bijection: Since it’s neither injective nor surjective, it’s not a bijection.

Exercise N°− 16 − ��C �§rm�

Show that 5 divides n5 − n. .n5 − n �sq§ 5  � �y�

Solution : �þþ���

,���rt�A� �¯dtF³� ��d�tFA� n Ty`ybW��  �d�±� �� ��� �� n5 − n �sq§ 5  d`��  � 
b�n�

: Ty�At�� ��wW��� �btnF

To prove that 5 divides n5−n for all natural numbers n using mathematical induction, we will

follow these steps:

 wk� A� ­ A� ¨t��¤ ,TyFAF±� T�A�l� A¾A�y�}  Ayb��  A� �Ð� Am� �q�tnF ,¾¯¤� :TyFAF±� T�A���

:An§d� ,n = 1 þ� Tbsn�A� .n = 1
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Base Case: First, we’ll check if the statement holds for the base case, which is typically n = 1.

For n = 1, we have:

15 − 1 = 0.

.T�y�} TyFAF±� T�A���  �� ,5 ��Ð ¨� Am� ,�y�}  d� ©� Yl� Tmsql� ��A� rfO��  ± �r\�

Since 0 is divisible by any integer, including 5, the base case is true.

©� ,k ¨`ybW��  d`�� ��� �� T�y�} Ty`��rt�� Ty}A���  � |rtf� :Ty¶�rqtF¯� TyRrf��

.k5 − k �sq� 5  � |rtf�

Inductive Hypothesis: We assume that the statement is true for some positive integer k,

i.e., we assume that 5 divides k5 − k.

©@�� |�rt�¯� Y�� A¾ AntF� k + 1 þ� T�y�} Ty}A���  � 
b��  � Anyl� :Ty¶�rqtF¯� ­wW���

.Ty¶�rqtF¯� TyRrf�� ¨� ¢� Anm�

Inductive Step: We need to prove that the statement is true for k+1 based on the assumption

made in the inductive hypothesis.

.�y�}  d� m �y� k5 − k = 5m An§d� ,|�rt�¯� �� �ºd�

Starting with the assumption, we have: k5 − k = 5m, where m is an integer.

Now, we’ll consider: : Y�� r\nnF , µ�

(k + 1)5 − (k + 1) :

(k + 1)5 − (k + 1) = k5 + 5k4 + 10k3 + 10k2 + 5k + 1− (k + 1)

= k5 − k + 5k4 + 10k3 + 10k2 + 5k

= 5m+ 5
(
k4 + 2k3 + 2k2 + k

)
= 5 +

(
m+ k4 + 2k3 + 2k2 + k

)
= 5m′,m′ ∈ Z.

.5 Yl� Tmsql� ��A� (k + 1)5 − (k + 1)  � Antb�� d� ,¾�Ð�
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So, we’ve shown that (k + 1)5 − (k + 1) is divisible by 5.

.n5 − n �sq§ 5 ,n Ty`ybW��  �d�±� �ym�� Tbsn�A� ¢�� Antb� d� ,¨RA§r�� �¯dtF¯� �db� 	�wm�

By the principle of mathematical induction, we have established that for all natural numbers

n, 5 divides n5 − n.
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�� �wn�� �@¡ .Ahf§r`� �A�� ��  d� ©�� Tyqyq� Tmy� ¨qyq��� ry�tml� Tyqyq��� T��d�� X�r�

.�yty¶A§zy� �ytym� �y� T�®� T�Ay} QwO��� ¢�¤ Yl� �kmm�� �� �`�§ T§ d`�� ��¤d��

�®� �� T��d�� £@¡ d§d�� AS§� �km§¤ ,�l`m�  ¤zm�� «wtsm�� ¨� ¨ly�mt�� A¡An�nm� ­zymm�

.¨lyl�� �kJ ¤� TylRAf� T� A`� ¤� Tny`� T�y}

A real-valued function of a real variable relates a real value to any number within its domain.

This type of numerical function makes it possible, in particular, to formulate a relationship
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Real functions Tyqyq��� ��¤d�� Numerical function T§ d`�� T��d�� .1.2

between two physical quantities. It is characterized by its graphical representation in the coor-

dinate plane, and can also be defined by a specific formula, differential equation, or analytical

form.

Numerical function T§ d`�� T��d�� 1.2

1.1.2 : Definition - �§r`�

�Ð� T�� Ah�� f �� �wq� . F T�wm�m�� w�� E T�wm�m�� �� T�®� f ¤  At�wm�� F ¤ E �kt�

:	tk�¤ F �� r��±� Yl� �rOn� E �� rOn� �k� 
q�C�

Let E and F be two sets and f be a relation from the set E to the set F . We say that f is a

function, if every element of E is associated with at most one element of F , and we write:

f : E −→ F

x 7−→ f(x) = y

is an application .�ybW� �kK�

2.1.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� T§ d� T�� f  � �wq�

We say that f is a numerical function if and only if:

f : E ⊂ R −→ F ⊂ R
x 7−→ f(x) = y

is an application .�ybW� �kK�

. F ∈ R ¨� r��±� Yl� ­Cw} E �� x rOn� �k�  A� �Ð� Xq�¤ �Ð� T§ d� T�� f  � Yn`m�

In other words, f is a numerical function if and only if for every element x in E, its image in

F is at most one real number.
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Numerical function T§ d`�� T��d�� .1.2 Real functions Tyqyq��� ��¤d��

1.1.2 : Example - �A��

The function is the inverse of x: : x 
wlq� T��d��

f : ]−∞, 0[∪ ]0,+∞[ −→ R

x 7−→ 1

x
.

Domain of definition �§r`t�� T�wm�� 1.1.2

£@h� A¡Cw} d��  � �km§ ¨t��  �d�±� T�wm��  A�§� ¨n`§ T§ d� T�� �§r`� T�wm�� d§d��

:¨l§ Am� Ah�r`�  � �km§ �@h�¤ .T��d��

To determine the domain of a numerical function, we need to find the set of numbers for which

the function is defined. So we can define the domain of a numerical function as follows:

3.1.2 : Definition - �§r`�

 �d�±� �ym� T�wm�� ¨¡ ,Dom(f) z�r�A� Ah� z�r� ¨t�� ,f �§r`� T�wm�� .T§ d� T�� f �kt�

	tk�¤ .¾� d�� ¾Ayqyq� ¾� d� f(x) �`�� ¨t�� x Tyqyq���

Let f be a numerical function. The domain of f , denoted by Dom(f), is the set of all real

numbers x such that f(x) is a well-defined real number and we write:

Dom(f) = {x ∈ R | f(x) ∈ R}

T§ d� T�yt� ¨W`� ¨t�� �yq�� �ym� T�wm�� ¨¡ T§ d`�� T��d�� �§r`� T�wm�� ,r�� Yn`m�

.­ d�� T��d�� �`�� ¨t��¤ ,T��d�� Y�� Ah�A� � dn� Tyqyq�

In other words, the domain of a numerical function is the set of all values for which the

function is defined and has a real number output.

f : Dom(f) ⊂ R −→ R
x 7−→ f(x).

�A�m� d���
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Real functions Tyqyq��� ��¤d�� Numerical function T§ d`�� T��d�� .1.2

2.1.2 : Example - �A��

¨l§ Am� T�r`m�� f T��d�� �kt�

Let the function f be defined as follows

f : R −→ R

x 7−→ f(x) =
1

(x2 − 1)
.

 � Annkm§ ¯ An¡  Ð� .0 ©¤As§  � �km§ ¯ ¨qyq�  d� �Aq�  � �l`�¤ . T��d�� �Aqm� d�w§ x ry�tm��

ºAn�tF�� Tyqyq���  �d�±� �ym� Yl� T�r`� f ¨�At�A� . f T��d�A� −1  d`�� ¯ ¤ 1  d`�� ­Cw} 	s��

: 	tk� ¤ −1, 1

The variable x is in the denominator of the function. We know that a real number cannot

have a denominator equal to zero. Therefore, we cannot compute the image of the numbers 1

and −1 under the function f . Hence, f is defined for all real numbers except −1 and 1, and

we write:

(f : Defined T�r`� ) ⇐⇒ x2 − 1 ̸= 0

x2 − 1 = 0 ⇐⇒ (x− 1) (x+ 1) = 0

⇐⇒ x = 1 ∧ x = −1

⇐⇒ Df = R−{1,−1}

⇐⇒ Df = ]−∞,−1[ ∪ ]−1, 1[ ∪ ]1,+∞[

x

y

1
x2−1

1−1
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Parity and periodicity T§C¤d��¤ ��Amt�� .2.2 Real functions Tyqyq��� ��¤d��

Function curve T��d�� Yn�n� 2.1.2

4.1.2 : Definition - �§r`�

¨l§ Am� T�r`m�� R2 �� Γf Ty¶z��� T�wm�m�� w¡ f : U → R T�d�� Yn�n�

The graph of the function f : U → R is the subset Γf of R2 defined as follows:

Γf =
{
(x, f(x)) | x ∈ U

}
.

3.1.2 : Example - �A��

T��d�� Yn�n� �CAs§¤ 1/x T��d�� Yn�n� Anym§

To the right the graph of the function 1/x and to the left of the graph of the function

1

2
+

x2

2
+ sin

(
3(x− 1)

2

)
.

x

f(x)
(x, f(x))

Γf

x

y

1
x

Parity and periodicity T§C¤d��¤ ��Amt�� 2.2

�Fr�� ��d�tFA� ,¯ �� T§ r� �� Ty�¤E T��d�� 
�A� �Ð� A� d§d�� Tyfy� �l`tnF ,ºz��� �@¡ ¨�

.Ty�¤E �� T§ r� 
�A� �Ð� A� Y�� T��d�� Yn�n� rZAn� ryK§ �y� .Ahf§r`� ¤� Ah� QA��� ¨�Ayb��
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Real functions Tyqyq��� ��¤d�� Parity and periodicity T§C¤d��¤ ��Amt�� .2.2

In this section, we will learn how to determine whether a function is even, odd, or neither,

using its graph or its definition. The symmetry of the function’s curve indicates whether it is

odd or even.

Even function Ty�¤z�� T��d�� 1.2.2

5.2.2 : Definition - �§r`�

We say that f is an even function if: :  A� �Ð� Ty�¤E T�� f  � �wq�

∀x ∈ Df : f (x) = f (−x) .

4.2.2 : Example - �A��

¨�¤E (n ∈ N) �y� x 7→ axn ¨l§ Am� R T�wm�m�� Yl� T�r`m�� ��¤d��

Functions defined on the set R as x 7→ axn where n is even, are even functions.

x

y

x2

x4
6x6

�Ð� , ¨�At�A�¤ .T��d�� �AW� ¨� x �ym�� f(−x) = f(x)  � ¨n`§ �@h� , Ty�¤E f T��d�� 
�A� �Ð�

.M(−x0, f(−x0)) = (−x0, f(x0)) TWqn�� �bOts� , M(x0, f(x0)) TWq� ¨� −x þ� x �§dbt� Anm�

If the function f is even, this means that f(−x) = f(x) for all x in the domain of the function.

Therefore, if we replace x with −x in the point M(x0, f(x0)), the point M ′(−x0, f(−x0)) =

(−x0, f(x0)) is obtained.
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Parity and periodicity T§C¤d��¤ ��Amt�� .2.2 Real functions Tyqyq��� ��¤d��

¨�At�A�¤ .Xq� x �Ay��d�� � Ab� �t§ ��@� ,x þ�� Cw�� ��m§ ¢��� ,	y��rt�� Cw�m� Tbsn�A�

Cw�m� Tbsn�A� M(x0, f(x0)) TWqn� ­rZAntm�� ¨¡ M(−x0, f(x0)) TWq�  � «r�  � Annkm§ ,

.	y��rt�� Cw�m� Tbsn�A� �y�rZAnt� Am¡ M ′
¤ M �ytWqn��  �� , ¨�At�A�¤ .	y��rt��

Regarding the axis of symmetry, it represents the x-axis, so only the x-coordinates are ex-

changed. Therefore, we can see that the point M ′(−x0, f(x0)) is the reflection of the point

M(x0, f(x0)) with respect to the axis of symmetry. Thus, the points M and M ′ are symmetric

with respect to the axis of symmetry.

Odd function T§ rf�� T��d�� 2.2.2

6.2.2 : Definition - �§r`�

We say that f is an odd function if: :  A� �Ð� T§ r� T�� f  � �wq�

∀x ∈ Df : f (x) = −f (−x) .

5.2.2 : Example - �A��

© r� (n ∈ N) �y� x 7→ xn ¨l§ Am� R T�wm�m�� Yl� T�r`m�� ��¤d��

Functions defined on the set R as follows x 7→ xn where (n ∈ N) is an odd functions

x

y

x3
x5

x7
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.T��d�� «d� ¨� x �ym�� f(−x) = −f(x)  � ¨n`§ ��@� ,T§ r� f T��d�� 
�A� �Ð�

TWqn�� Yl� �wO��� �tys� ,M(x0, f(x0)) TWqn�� ¨� −x þ� x �§dbt� Anm� �Ð� ,¨�At�A�¤

.M ′(−x0, f(−x0)) = (−x0,−f(x0))

If the function f is odd, this means that f(−x) = −f(x) for all x in the domain of the function.

Therefore, if we replace x with −x in the point M(x0, f(x0)), the point M ′(−x0, f(−x0)) =

(−x0,−f(x0)) is obtained.

TWqn��  � «r�  � Annkm§ ,¨�At�A�¤ .�Ay��d�³� «wts� Yl� (0, 0) TWqn�� wh� ,�dbml� Tbsn�A�¤

M�ytWqn��  wk� ,¨�At�A�¤ .�dbml� Tbsn�A� M(x0, f(x0)) TWqn�� xAk`�� ¨¡ M ′(−x0, f(−x0))

.�dbml� Tbsn�A� �ytl�Amt� M ′
¤

Regarding the origin, it is the point (0, 0) on the coordinate plane. Therefore, we can see that

the point M ′(−x0, f(−x0)) is the reflection of the point M(x0, f(x0)) with respect to the origin.

Thus, the points M and M ′ are symmetric with respect to the origin.

Periodic function T§C¤d�� T��d�� 3.2.2

�hf� .¨�CAk§d�� ©wtsm�� ¨� Crkt� �kK� ¢�At��  A`u§ �Ðwm� Y�� T§C¤d�� ��¤d�� ryK� ,Ay�Ay�

.­rtf��¤ ­C¤d�� �y¡Af�  Aq�� �hm�� �� ,A�Am� T§C¤d�� �whf�

Graphically, periodic functions refer to a pattern that is repeated regularly in the Cartesian

plane. To fully understand the concept of periodicity, it is important to master the concepts

of cycle and period.

7.2.2 : Definition - �§r`�

�y� ­w�f�� Yms� ¤ .T��d�� C¤d� Crkt� Xm� �� ºz� r�}� �� ���wt§ ©@�� ¨�Ayb�� �Fr�� ºz� Yms§

.­rtf�� �FA� C¤d�� Hf� �A§Ah� ¨� ­ w�wm�� Tl}Af�� ªAqn�� �� �yn��

The part of the graph that corresponds to the smallest repeating pattern of a periodic

function is called one cycle. The gap between two consecutive points that mark the end

of the same cycle is called the period.

8.2.2 : Definition - �§r`�

: �y� k > 0 d�¤ �Ð� T§C¤ T�� f  � �wq�
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We say that f is a periodic function if there exists k > 0 where :

∀x ∈ Df : f (x+ k) = f (x) .

x x+ Ti⃗

ff(x) = f(x+ T )

6.2.2 : Example - �A��

.π A¡C¤ T§C¤ T�� tangent T��d��¤ 2π A¡C¤ T§C¤ ��¤ cosine ¤ sine ��¤d��

The sine and cosine functions are periodic functions with a period of 2π, while the tangent

function is a periodic function with a period of π.

x

y

cosx

sinx

0 π−π

+1

−1

Positive and negative functions Tb�As��¤ Tb�wm�� ��¤d�� 4.2.2

.Df �� ¯A�� ∆ �ky�¤ .Df Ahf§r`� T�wm�� Yl� T�r`� T§ d� T�� f �kt�

Let f be a numerical function defined on a set Df , and let ∆ be a subset of Df .

9.2.2 : Definition - �§r`�

 A� �Ð� ∆ Yl� (A�Am� ) Tb�w� f T��d��  wk�
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The function f is said to be positive (or strictly positive) on ∆ if:

∀x ∈ ∆ : f (x) ≥ 0 (f (x) > 0) .

 A� �Ð� ∆ Yl� (A�Am� ) Tb�AF f T��d��  wk� ¤

The function f is said to be negative (or strictly negative) on ∆ if:

∀x ∈ ∆ : f (x) ≤ 0 (f (x) < 0) .

1.2.2 : Remark - T\�®�

T��d�� Yn�nm� Tbsn�A� Hk`��¤ �}�wf�� Cw�� �w�  wk§ A¡An�n�  �� Tb�w� f T��d�� 
�A� �Ð� •
.Tb�As��

If the function f is positive, its graph lies above the x-axis, and conversely, if the

function f is negative, its graph lies below the x-axis.

.�}�wf�� Cw�� �� �d�� �VAqt§ ¯ A¡An�n�  �� A�Am� Tb�AF ¤� A�Am� Tb�w� f T��d�� 
�A� �Ð� •
If the function f is strictly positive or strictly negative, its graph never intersects the

x-axis.

Operations on functions ��¤d�� Yl� �Aylm`�� 5.2.2

¢n�¤ .R T�wm�m�� �� U ºz��� Hf� Yl� �yt�r`� �yt�� g : U → R ¤ f : U → R �kt�

:Ty�At�� ��¤d�� �§r`� �yWts�

Let f : U → R and g : U → R be two defined functions on the same part U of the set R. From
this, we can define the following functions:

¨l§ Am� T�r`m�� f + g : U → R T��d�� w¡ g ¤ f �yt��d�� �wm�� (1

The sum of the functions f and g is the function f + g : U → R defined as follows:

∀x ∈ U, (f + g)(x) = f(x) + g(x).

¨l§ Am� T�r`m�� f · g : U → R T��d�� w¡ g ¤ f �yt��d�� º�d� (2

The product of the functions f and g is the function f · g : U → R defined as follows:

∀x ∈ U, (f · g)(x) = f(x) · g(x).
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¨l§ Am� T�r`m�� λ · f : U → R T��d�� w¡ f T��d��¤ λ ∈ R ¨mls� º�d��� (3

The product by scalar λ ∈ R and the function f is the function λ · f : U → R defined as

follows:

∀x ∈ U, (λ · f)(x) = λ · f(x).

x

y

x

f(x)

g(x)

(f + g)(x)

g

f

f + g

Comparison of two functions �yt�� T�CAq� 6.2.2

©¤As§ ¤� �� r�}� f  � �wq� ¢n�¤ . ∆ ⊂ Df ∩Dg ºz��� Hf� Yl� �yt�r`� �yt�� g ¤ f �kt�

	tk�¤ g

Let f and g be two defined functions on the same domain ∆ ⊂ Df ∩Dg. We say that f is less

than or equal to g, denoted as:

f ≤ g : if  A� �Ð� ∀x ∈ ∆, f(x) ≤ g(x).

	tk�¤ g ©¤As§ ¤� �� rb�� f  � �wq� ¤

We say that f is greater than or equal to g, denoted as:

f ≥ g : if  A� �Ð� ∀x ∈ ∆, f(x) ≥ g(x).
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2.2.2 : Remark - T\�®�

. g T��d�� Yn�n� �w�  wk§ f T��d�� Yn�n�  �� g ©¤As§ ¤� �� rb�� f T��d�� 
�A� �Ð�

If the function f is greater than or equal to g, then the graph of the function f lies above the

graph of the function g.

x

y

f(x) = exp(x)

g(x) = ln(x)

Function monotony Tþþ�� T�A�C 7.2.2

.Df �� ¯A�� I �ky�¤ .Df Ahf§r`� T�wm�� Yl� T�r`� T�� f �kt�

Let f be a function defined on its domain Df , and let I be a subset of Df .

10.2.2 : Definition - �§r`�

We say that f is increasing on I if and only if: :  A� �Ð� Xq�¤ �Ð� I Yl� ­d§�zt� f  � �wq�

∀(x, y) ∈ I2 : x > y =⇒ f(x) ≥ f(y).

7.2.2 : Example - �A��

.]0,+∞[ �A�m�� Yl� ­d§�zt� T�� x 7→ ln (x) �t§CA�w� T��d��

The function logarithm x 7→ ln (x) is an increasing function on the domain ]0,+∞[.
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x

y
f(x) = ln(x)

11.2.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� I Yl� A�Am� T§d§�zt� f  � �wq�

We say that f is strictly increasing on I if and only if:

∀(x, y) ∈ I2 : x > y =⇒ f(x) > f(y).

12.2.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� I Yl� TO�Ant� f  � �wq�

We say that f is strictly decreasing on I if and only if:

∀(x, y) ∈ I2 : x > y =⇒ f(x) ≤ f(y).

13.2.2 : Definition - �§r`�

:  A� �Ð� Xq�¤ �Ð� I Yl� A�Am� TO�Ant� f  � �wq�

We say that f is strictly decreasing on I if and only if:

∀(x, y) ∈ I2 : x > y =⇒ f(x) < f(y).
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8.2.2 : Example - �A��

.]0,+∞[ �A�m�� Yl� A�Am� TO�Ant� T�� x 7→ 1
x

wlq� T��d��

The inverse function x 7→ 1
x
is a strictly decreasing function on the domain ]0,+∞[.

x

y

f(x) = 1/x

Finite function ­ ¤d�m�� T��d�� 8.2.2

T�wm�� Yl� T�r`� T��d��  wk�  � d�¯ ¯ ¤� ­ ¤d�� T��d�� 
�A� �Ð� A� ��b�� ¨� ºdb�� �b�

.T��d��  ¤d� �� ��b�� ¨� �db� �� Ty�A� ry�

Before investigating whether a function is bounded or not, it must be defined on a non-empty

set, and then we can start searching for the bounds of the function.

14.2.2 : Definition - �§r`�

.Df Ahf§r`� T�wm�� T§ d� T�� f �kt�

Let f be a numerical function defined on the set Df

: �y�� M ¨qyq�  d� d�¤ �Ð� Xq�¤ �Ð� Yl�±� �� ­ ¤d�� f  � �wq� (1

We say that f is bounded above if and only if there exists a real number M such that:

∀x ∈ Df : f(x) ≤ M.

: �y�� m ¨qyq�  d� d�¤ �Ð� Xq�¤ �Ð� �fF±� �� ­ ¤d�� f  � �wq� (2

We say that f is bounded below if and only if there exists a real number m such that:

∀x ∈ Df : m ≤ f(x).
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: �y�� M ¤ m  Ayqyq�  � d� d�¤ �Ð� Xq�¤ �Ð� ­ ¤d�� f  � �wq� (3

We say that f is bounded if and only if there exist two real numbers m and M such

that:

∀x ∈ Df : m ≤ f(x) ≤ M.

x

y

M

m

9.2.2 : Example - �A��

.­ ¤d�� ��¤ cosine ¤ sine ��¤d��

The sine and cosine functions are bounded functions.

x

y

cosx

sinx
0 π−π

+1

−1

Max and min values of a function T��d� Ay�d��¤ «wOq�� �yq�� 9.2.2
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15.2.2 : Definition - �§r`�

.Df �� �A�� I ¤ x0 ∈ Df �ky� ¤ Df Ahf§r`� T�wm�� T§ d� T�� f �kt�

Let f be a numerical function defined on the set Df , and let x0 ∈ Df and I be a subset of

Df .

 A� �Ð� x0 TWqn�� dn� f T��dl� TqlWm�� «wOq�� Tmyq�� ¢�� f(x0)  d`��  � �wq� (1

We say that the number f(x0) is the absolute maximum value of the function f at the

point x0 if:

∀x ∈ Df : f(x) ≤ f(x0).

 A� �Ð� I �A�m�� ¨� x0 TWqn�� dn� f T��dl� Tybs� «wO� Tmy� ¢�� f(x0)  d`��  � �wq� (2

¤ x0 ∈ I

We say that the number f(x0) is a relative maximum value of the function f at the

point x0 in the domain I if x0 ∈ I and:

∀x ∈ I f(x) ≤ f(x0).

 A� �Ð� x0 TWqn�� dn� f T��dl� TqlWm�� Ay�d�� Tmyq�� ¢�� f(x0)  d`��  � �wq� (3

We say that the number f(x0) is the absolute minimum value of the function f at the

point x0 if:

∀x ∈ Df f(x) ≥ f(x0).

x0 ∈ I  A� �Ð� I �A�m�� ¨� x0 TWqn�� dn� f T��dl� Tybs� Ay� Tmy� ¢�� f(x0)  d`��  � �wq� (4

¤

We say that the number f(x0) is a relative minimum value of the function f at the

point x0 in the domain I if x0 ∈ I and:

∀x ∈ I f(x) ≥ f(x0).

10.2.2 : Example - �A��
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.[2, 2] �A�m�� Yl� �Fr�� ¨� �y� d�m�� �ytWqn�� ¨� ¨lfF r��¤ ©wl� d� �bq� f T��d��

The function f has an upper limit and a lower limit at the two specified points in the graph

on the domain [2, 2].

y

f(x) = 3x3 − x2 − 10x

x2−2

Limits �Aþþ§Ahn�� 3.2

�y� �yl�t�� ¨� Tmhm�� �y¡Afm�� ��¤ �AyRA§r�� ¨� TyFAF±� �y¡Afm�� d�� �� �A§Ahn�� rbt`�

TF�C ¢� �bF d� ¹CAq��  � ¨� �J ¯¤ .��Akt��¤ �AqtJ¯�¤ C�rmtF¯� �whf� Ahyl� dmt`§

.T� r��� �kK� �A§Ahn�� xCd� �Of�� �@¡ ¨� �k� ,�A§Ahn�� �wRw�

Limits are one of the fundamental concepts in mathematics and an important concept in anal-

ysis, upon which the concepts of continuity, differentiation, and integration rely. Undoubtedly,

the reader has already studied the topic of limits, but in this chapter, we study limits in more

detail.

Definitions �þþ§CA`� 1.3.2

End at point TWq� dn� T§Ahn��

16.3.2 : Definition - �§r`�

Brahim Brahimi-Jihane Abdelli 78 University of Mohamed Kheidar, Biskra



Real functions Tyqyq��� ��¤d�� Limits �Aþþ§Ahn�� .3.2

©w�§ �wtf� �A�� Yl� ©wt�� 
�A� �Ð� x0 TWqn�� C�w� ¢�� R �� V Ty¶z��� T�wm�m��  � �wq�

.x0 TWqn��

We say that a subset V of R is a neighborhood of the point x0 if it contains an open set that

includes the point x0.

.I �A�m�� �� TWq� x0 ∈ R �kt�¤ .R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt�

Let f : I → R be a function defined on the domain I of R. Let x0 ∈ R be a point in the

domain I.

17.3.2 : Definition - �§r`�

�bq� Ah�� (x0 TWqn�� dn� T�r`� ry�  wk� Am�C) x0 TWqn�� C�w� ¨� T�r`m�� f T��d��  � �wq�

: A� �Ð� x0 TWqn�� dn� ℓ ∈ R T§Ah�

We say that the function f , defined in a neighborhood of the point x0 (possibly undefined at

the point x0), has a limit ℓ ∈ R at the point x0 if:

∀ϵ > 0 ∃δ > 0 ∀x ∈ I |x− x0| < δ =⇒ |f(x)− ℓ| < ϵ.

: 	tk� ¤ x0 Y�� �¤¥§ x Am� ℓ Y�� �¤¥� f(x) T��d��  � �wq�¤

and we say that the function f(x) approaches ℓ as x approaches x0, and we write:

lim
x→x0

f(x) = ℓ or ¤� lim
x0

f = ℓ.

x

y

x0

ℓ
ϵ

ϵ

δ
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11.3.2 : Example - �A��

:An§d� .x0 = 1 TWqn�� dn� T§Ahn��  A�§� 
wlWm�� f (x) = 3x− 2 �kt�

Let f(x) = 3x− 2, the task is to find the limit at the point x0 = 1. We have:

lim
x→1

f (x) = lim
x→1

(3x− 2) = 1

Using the definition, we find d�� �§r`t�� �Am`tFA�¤

∀ϵ > 0, ∃δ > 0, ∀x ∈ R, |x− x0| < δ =⇒ |f(x)− ℓ| < ϵ

|x− 1| < δ =⇒ |3x− 2− 1| < ϵ

=⇒ |3x− 3| < ϵ

=⇒ |3 (x− 1)| < ϵ

=⇒ 3 |(x− 1)| < ϵ

=⇒ |(x− 1)| < ϵ

3

 � d�� ¨k� δ = ϵ
3
Tmyq�� @���  � ¨fk§ ¨n`§

It means that taking the value δ = ϵ
3
is sufficient to show that for any x satisfying

|x− 1| < δ, we have |f(x)− 1| < ϵ.

lim
x→1

f (x) = 1.

.]a, x0[∪]x0, b[ �kK�� �� T�wm�m�� Yl� T�r`� T�� f �kt�

Let f be a function defined on the set of points of the form ]a, x0[∪]x0, b[.

18.3.2 : Definition - �§r`�

 A� �Ð� x0 TWqn�� dn� +∞ T§Ah� �bq� f T��d��  � �wq� (1

We say that the function f tends to +∞ at the point x0 if

∀A > 0, ∃δ > 0, ∀x ∈ I : |x− x0| < δ =⇒ f(x) > A.

we write: :	tk�¤
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lim
x→x0

f(x) = +∞.

 A� �Ð� x0 TWqn�� dn� −∞ T§Ah� �bq� f T��d��  � �wq� (2

We say that the function f has a limit of −∞ at the point x0 if:

∀A > 0, ∃δ > 0, ∀x ∈ I : |x− x0| < δ =⇒ f(x) < −A.

we write: :	tk�¤

lim
x→x0

f(x) = −∞.

.I =]a,+∞[ �kK�� �� T�wm�� Yl� T�r`m�� f : I → R T��d�� �kt�

Let the function f : I → R be defined on a set of the form I =]a,+∞[.

19.3.2 : Definition - �§r`�

 A� �Ð� +∞ dn� ℓ T§Ahn�� �bq� f T��d��  � �wq� ℓ ∈ R �ky� (1

We say that the function f converges to the limit ℓ ∈ R as x approaches infinity,

denoted by +∞, if:

∀ϵ > 0, ∃B > 0, ∀x ∈ I : x > B =⇒ |f(x)− ℓ| < ϵ.

we write: :	tk�¤

lim
x→+∞

f(x) = ℓ Or ¤� lim
+∞

f = ℓ.

 A� �Ð� +∞ dn� +∞ T§Ahn�� �bq� f T��d��  � �wq�¤ (2

We say that the function f converges to infinity, denoted by +∞, as x approaches to

+∞, if:

∀A > 0, ∃B > 0, ∀x ∈ I : x > B =⇒ f(x) > A.

we write: :	tk�¤

lim
x→+∞

f(x) = +∞.
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.]−∞, a[ �kK�� �� T�wm�� Yl� T�Är`m�� fT��d� Tb�As�� T§Ah�®�� dn� Äd��� �r`� ,Tq§rW�� Hfn�

,−∞ z�r�A� Ah� z�r� ¨t�� ,Tb�As�� T§Ah�®�� Y�� x �¤¥§ A�dn� ℓ ∈ R T§Ah� �bq� f T��d��  � �wq�

: A� �Ð�

Similarly, we define the limit at negative infinity for a function f defined on a set of the

form ]−∞, a[. We say that the function f converges to the limit ℓ ∈ R as x approaches

negative infinity, denoted by −∞, if:

∀ϵ > 0, ∃B > 0, ∀x ∈ I : x < B =⇒ |f(x)− ℓ| < ϵ.

we write: 	tk�¤

lim
x→−∞

f(x) = ℓ Or ¤� lim
−∞

f = ℓ.

Operations on limits �A§Ahn�� Yl� �Aylm`�� 2.3.2

.x0 = ±∞ �y� x0 TWqn�� �kt� . g¤ f �yt��d�� �kt�

Let f and g be two functions. Let x0 be a point where x0 = ±∞.

1.3.2 : Proposition - TþyS�

If we have  A� �Ð�

lim
x0

f = ℓ ∈ R ¤ lim
x0

g = ℓ′ ∈ R

then: :  ��

lim
x0

(λ · f) = λ · ℓ  �� λ ∈ R �� ��� �� •
For every λ ∈ R, lim

x0

(λ · f) = λ · ℓ.

lim
x0

(f + g) = ℓ+ ℓ′ •

lim
x0

(f · g) = ℓ · ℓ′ •

lim
x0

1

f
=

1

ℓ
¢n�¤ ,ℓ ̸= 0  A� �Ð� •

If ℓ ̸= is0, then lim
x0

1

f
=

1

ℓ
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.lim
x0

1

f
= 0  �� (−∞ ¤�) lim

x0

f = +∞ AS§�  A� �Ð�

If also lim
x0

f = +∞ (or −∞), then lim
x0

1

f
= 0.

Continuity C�rmtF³� 4.2

Continuity at a point TWq� dn� C�rmtF³� 1.4.2

20.4.2 : Definition - �§r`�

T��d��  � �wq� .I �A�m�� �� TWq� x0 ∈ R �kt�¤ .R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt�

: ¨l§A� �q�� �Ð� x0 TWqn�� dn� ­rmts� f

Let f : I → R be a function defined on the domain I of the real numbers. Let x0 ∈ R be

a point in the domain I. We say that the function f is continuous at the point x0 if the

following holds:

∀ϵ > 0, ∃δ > 0, ∀x ∈ I, |x− x0| < δ =⇒ |f(x)− f(x0)| < ϵ,

we write: :	tk�¤

lim
x→x0

f (x) = f (x0) .

x

y

x0

f(x0)
ϵ

ϵ

δ
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12.4.2 : Example - �A��

 ± x0 = 0 TWqn�� dn� ­rmts� f(x) = ex T��d��

The function f(x) = ex is continuous at the point x0 = 0 because

lim
x→x0

f (x) = lim
x→0

ex = e0 = 1 = f(x0).

Continuity on domain �A�� Yl� C�rmtF³� 2.4.2

21.4.2 : Definition - �§r`�

.R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt�

Let f : I → R be a function defined on the domain I of R.
T�wm�m� z�r� .I �A�m�� ªAq� �ym� Yl� ­rmts� 
�A��Ð� I �A�m�� Yl� ­rmts� f T��d��  � �wq�

. C (I) z�r�A� I �A�� Yl� ­rmtsm�� ��¤d��

We say that the function f is continuous on the domain I if it is continuous on all points of

the domain I. We denote the set of continuous functions on the domain of I as C (I) .

Mean Value Theorem TWFwtm�� �yq�� T§r\�

1.4.2 : Theorem - T§r\�

y ¨qyq�  d� �� ��� �� ¢n�¤ . [a, b] Tmyqtsm�� T`Wq�� Yl� ­rmtsm�� f : [a, b] → R T��d�� �kt�

.f(c) = y �y� c ∈ [a, b] ¨qyq�  d� d�w§ ¢��� f(b) ¤ f(a) �y� CwO��

Let f : [a, b] → R be a function that is continuous on the closed interval [a, b]. For any real

number y that lies between f(a) and f(b), there exists a real number c ∈ [a, b] such that

f(c) = y.

�k� �� �Ð� ,«r�� Ty�A� �� .�d§r� ­C¤rS�A� Hy� c ¨qyq���  d`��  �� , (rs§±� �kK�� ¨�)

.(�ymy�� Yl� �kK��) T�y�} T§r\n�� d`� �l� ,­rmts� T��d��
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(In the left figure), the real number c is not necessarily unique. On the other hand, if the

function is not continuous, then the theorem does not hold (as shown in the figure on the

right).

x

y

a

f(a)

b

f(b)

y

c1 c2 c3
x

y

a
f(a)

b

f(b)

y

Continuous extension C�rmtF³A�  �dt�³� 3.4.2

,Aht§C�rmtF� Yl�_Af��� �� TF®s� Ah�A�� ¤� Ah�AW� d§dmt� An� �ms§ T��d� C�rmtF³A�  �dt�¯�

Ahf§r`� T�wm�� AhtRr� ¨t��  wyq�� Yl� 	l�t��¤ �F¤� �AyF ¨� Ah�wlF �yl�� �� Annkm§ Am�

.Tyl}±�

A continuous extension of a function allows us to extend its domain or range smoothly while

preserving its continuity, enabling us to analyze its behavior in a broader context and overcome

limitations imposed by its original definition.

22.4.2 : Definition - �§r`�

.T�� f : I{x0} → R ¤ I �� TWqn�� x0 �kt� ¤ I �A�m�� �ky�

Let the domain I, x0 be the point from I and f : I{x0} → R be a function.

dn� Tyhtn� T§Ah� �bq� f 
�A� �Ð� x0 TWqn�� dn� C�rmtF³A� d§dmtl� Tl�A� f T��d��  � �wq� (1

:	tk�¤ .x0

We say that the function f is continually extendable at the point x0 if f accepts a finite

limit at x0, and we write:

ℓ = lim
x0

f.
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x ∈ I �� ��� �� f̃ : I → R z�r�A� Ah� z�r� ¨t�� T��d�� Ahny� �r`� (2

We then define the function that we denote f̃ : I → R for each x ∈ I

f̃(x) =

f(x) if x ̸= x0

ℓ if x = x0.

.x0 TWqn�� dn� C�rmtF³A� f T��d�� d§dm� Yms�¤ x0 TWqn�� dn� ­rmts� f̃ T��d�� ¢n�¤

Then the function f̃ is continuous at point x0, and the extension of the function f is

called continuing at point x0.

x

y

x0

ℓ

13.4.2 : Example - �A��

¨l§ Am� R∗ T�wm�m�� Yl� T�r`m�� T��d�� �kt�

Let the function defined on the set R∗ be as follows

f(x) = x sin

(
1

x

)
.

Does f accept extension by continuing at 0? ? 0 dn� C�rmtF³A� d§dmt�� �bq� f �¡

d§dmtl� Tl�A� Ah�� ©� .0 dn� 0 þ� �¤¥� f  � �tnts� ,|f(x)| ≤ |x|  �� x ∈ R∗ �� ��� �� An§d�

:¨l§ Am� R Yl� T�r`m�� f̃ T��d�� w¡ A¡d§dm�¤ 0 dn� C�rmtF³A�

We have for each x ∈ R∗ that |f(x)| ≤ |x|, we get that f goes to 0 at 0. That is, it is

extendable continuously at 0 and its extension is the function f̃ defined on R as follows:

f̃(x) =

x sin
(
1
x

)
, if x ̸= 0

0, if x = 0.
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−2 −1.5 −1 −0.5 0.5 1 1.5 2

−0.5

0.5

1

x

x sin(1/x)

Operations on continuous functions ­rmtsm�� ��¤d�� Yl� �Aylm`�� 4.4.2

.�A§Ahn�� Yl� Tl�Amm�� A§ASql� T§Cw� �¶At� ¨¡ T§C�rmtF¯� Yl� Ty�¤±� �Aylm`��

The primary operations on continuity are immediate consequences of analogous issues at the

endpoints.

2.4.2 : Proposition - TþyS�

:¢n�¤ .x0 ∈ I TWqn�� �kt� f, g : I → R �yt��d�� �kt�

Let the two functions f, g : I → R be given. Let x0 ∈ I be a point, hence:

λ · f is continuous at x0 (∀λ ∈ R). .(∀λ ∈ R) x0 dn� ­rmts� λ · f •

f + g is continuous at x0. .x0 dn� ­rmts� f + g •

f · g is continuous at x0. .x0 dn� ­rmts� f · g •

.x0 dn� ­rmts�
1
f
¢n�¤ ,f(x0) ̸= 0  A� �Ð� •

If f(x0) ̸= 0, then 1
f
is continuous at x0.
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3.4.2 : Proposition - TþyS�

�Ð� ¤ x0 ∈ I TWqn�� dn� ­rmts� f 
�A� �Ð� .f(I) ⊂ J �y� �yt�� g : J → R ¤ f : I → R �kt�

.x0 TWqn�� dn� ­rmts� g ◦ f 	y�r� T��d��  �� f(x0) TWqn�� dn� ­rmts� g 
�A�

Let f : I → R and g : J → R be two functions, where f(I) ⊂ J . If f is continuous at the

point x0 ∈ I and g is continuous at the point f(x0), then the composite function g ◦ f is

continuous at the point x0.

Derivative and derivation laws �AqtJ³� �y��w� ¤ �tKm�� 5.2

�tKm�� �l`t§ .�AyRA§r�� ¨� ¨lRAft�� 
As��� ¨� TyFAF� �y¡Af� ¨¡ �AqtJ¯� �y��w�¤ �tKm��

�y��wq��¤ d��wq�� �� T�wm�� �AqtJ¯� �y��w� �kK� Amny� ,Tny`� T��d� ©Cwf�� ry�t�� �d`m�

.TqtKm�� ��¤d�� Q�w� �w� �A�wl`� An� �dq�¤ ­ d�� �rW� �AqtKm�� 
As� Anyl� �iÌhsu� ¨t��

Differentiation and the rules of differentiation are fundamental concepts in calculus in mathe-

matics. Differentiation is concerned with the instantaneous rate of change of a given function,

while the rules of differentiation form a set of rules and principles that facilitate the calcula-

tion of derivatives in specific ways and provide us with information about the properties of

derivative functions.

Derivative at a point TWq� ¨� �tKm�� 1.5.2

.x0 ∈ I �kt�¤ .T�� f : I → R ¤ R �� �wtf� �A�� I �ky�

Let I be an open interval in R and f : I → R be a function. Let x0 ∈ I.

23.5.2 : Definition - �§r`�

d§�zt�� Tbs� 
�A� �Ð� x0 TWqn�� dn� �AqtJ²� Tl�A� f T��d��  � �wq�

We say that the function f is differentiable at the point x0 if the rate of increase

f(x)− f(x0)

x− x0
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dn� f T��dl� �tKm�� Tmy� ¤� �tKm��  d`�� T§Ahn�� ¢t¡ Yms� .x0 Tmyql� �¤¥§ x Am� Tt�A� T§Ah� �bq�

	tk�¤ .f ′(x0) z�r�A� ¢� z�r� ¤ x0 Tmyq��

accepts a fixed limit as x approaches the value x0. This fixed limit is called the derivative or

the derivative value of the function f at the value x0, denoted by f ′(x0). We can write it as:

f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

.

.

24.5.2 : Definition - �§r`�

.x0 ∈ I TWq� �� Yl� �AqtJ²� Tl�A� 
�A� �Ð� I �A�m�� Yl� �AqtJ²� Tl�A� f T��d��  � �wq�

.
df
dx

¤� f ′ z�r�A� Ah� z�r� �tKm�� T�� Yms� x 7→ f ′(x) T��d��

We say that the function f is differentiable on the interval I if it is differentiable at every

point x0 ∈ I. The function x 7→ f ′(x) is called the derivative function, denoted by f ′ or df
dx
.

14.5.2 : Example - �A��

:An§d�¤ .x0 ∈ R TWq� �� dn� �AqtJ²� Tl�A� f(x) = x2 T�r`m�� T��d��

The function defined by f(x) = x2 is differentiable at every point x0 ∈ R. We have:

f(x)− f(x0)

x− x0

=
x2 − x2

0

x− x0

=
(x− x0)(x+ x0)

x− x0

= x+ x0 −−−→
x→x0

2x0.

.f ′(x) = 2x : T�At� Annkm§ AS§� ¤� ,2x0 w¡ x0 dn� f T��dl� �tKm��  d`��  � Antb�� ¢�� Yt�

Indeed, we have shown that the derivative of the function f at x0 is 2x0. Alternatively, we

can express it as: f ′(x) = 2x.

Geometric interpretation of the derivative �tKml� ¨Fdnh�� rysft�� 2.5.2

Tmyq�� ¢y�w� ��A`� ¢� (x, f(x)) ¤ (x0, f(x0)) ­zym� ªAq� rb� rm§ ©@�� �yqtsm�� X���

TWqn�� ¨� xAmm�� T� A`� ¤ .f ′(x0) Tmyq�� w¡ �\�� ¢y�w� ��A`�  � d�� T§Ahn�� ¨� .
f(x)−f(x0)

x−x0

: ¨¡ (x0, f(x0))
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The straight line passing through the distinct points (x0, f(x0)) and (x, f(x)) has a direction

coefficient of f(x)−f(x0)
x−x0

. Ultimately, we find that the directional derivative coefficient is the

value f ′(x0). The equation of the tangent at the point (x0, f(x0)) is:

y = (x− x0)f
′(x0) + f(x0).

M0

x0 x

M

4.5.2 : Proposition - TþyS�

Let f be a function. Then, : �� T�� f �kt�

T�Ahn�� 
�A� �Ð� Xq�¤ �Ð� x0 dn� �AqtJ²� Tl�A� f •
f is differentiable at x0 if and only if the limit

lim
h→0

f(x0 + h)− f(x0)

h

exists and finite. .Tyhtn�¤ ­ w�w�

ϵ : I → R T�� ¤ (f ′(x0) ©¤As§ ©@��) ℓ ∈ R d�¤ �Ð� Xq�¤ �Ð� x0 dn� �AqtJ²� Tl�A� f •
�� ϵ(x) −−−→

x→x0

0 �y�

f is differentiable at x0 if and only if there exists ℓ ∈ R (equal to f ′(x0)) and a function

ϵ : I → R such that ϵ(x) −−−→
x→x0

0 with the property that:

f(x) = f(x0) + (x− x0)ℓ+ (x− x0)ϵ(x).

5.5.2 : Proposition - TþyS�

.T�� f : I → R �kt�¤ x0 ∈ I ¤ �wtfm�� I �A�m�� �ky�

Let I be an open interval and x0 ∈ I. Let f : I → R be a function.

Brahim Brahimi-Jihane Abdelli 90 University of Mohamed Kheidar, Biskra



Real functions Tyqyq��� ��¤d�� Derivative and derivation laws �AqtJ³� �y��w� ¤ �tKm�� .5.2

.x0 dn� ­rmts� f  �� x0 dn� �AqtJ²� Tl�A� f 
�A� �Ð� •
If f is differentiable at x0, then f is continuous at x0.

.I Yl� ­rmts� f  �� I Yl� �AqtJ²� Tl�A� f 
�A� �Ð� •
If f is differentiable on I, then f is continuous on I.

15.5.2 : Example - �A��

:Tt�A��� T��d�� �tK� 	s�� .c Tmyq�� @��� ¨t�� f Tt�A��� T��d�� �kt�¤ .
�A� ¨qyq� d� c �ky�

Let c be a fixed real number. Consider the constant function f that takes the value c. We

calculate the derivative of the constant function.

∀x ∈ R,∀h ∈ R∗,
f(x+ h)− f(x)

h
=

c− c

h
= 0,

then: :¢n�¤

∀x ∈ R, f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= 0.

.�¤d`� Tt�A��� T��d�� �tK�  �� ¨�At�A�¤

Therefore, the derivative of the constant function is zero.

3.5.2 : Remark - T\�®�

Tl�A� ry� ¢nk�¤ 0 ¨� rmts� f(x) = |x| TqlWm�� Tmyq�� T�� , �A�m�� �ybF Yl� :¸VA� Hk`��

.0 dn� �AqtJ³�

The converse is incorrect: for example, the absolute value function f(x) = |x| is continuous
at 0 but not differentiable at 0.

x

y

1

0 1

y = |x|

: �q�§ x0 = 0 dn� ­ A§z�� �d`�  �� ,�`f�A�¤
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Indeed, the rate of increase at x0 = 0 achieves:

f(x)− f(0)

x− 0
=

|x|
x

=

+1 if x > 0,

−1 if x < 0.

Derivative calculation �tKm�� 
As� 3.5.2

6.5.2 : Proposition - TþyS�

:An§d� x ∈ I �� ��� �� ¢n�¤ .I �A�m�� Yl� �AqtJ²� �ytl�A� �yt�� f, g : I → R �kt�

Let f, g : I → R be two differentiable functions on the interval I. Hence, for every x ∈ I,

we have:

(f + g)′(x) = f ′(x) + g′(x) •

(λf)′(x) = λf ′(x) •
where λ is a constant real number. 
�A� ¨qyq�  d� λ �y�

(f · g)′(x) = f ′(x)g(x) + f(x)g′(x) •(
1
f

)′
(x) = − f ′(x)

f(x)2
•

(if f(x) ̸= 0) (f(x) ̸= 0  A� �Ð�)(
f

g

)′

(x) =
f ′(x)g(x)− f(x)g′(x)

g(x)2
•

(if g(x) ̸= 0) (g(x) ̸= 0  A� �Ð�)

4.5.2 : Remark - T\�®�

It is easier to remember the following equation: :Ty�At�� ­�¤Asm�� ^f� �hF±� ��

(f + g)′ = f ′ + g′ (λf)′ = λf ′ (f · g)′ = f ′g + fg′

(
1

f

)′

= − f ′

f 2
,

(
f

g

)′

=
f ′g − fg′

g2
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(
f−1
)′
=

1

f ′ ◦ f−1
.

7.5.2 : Proposition - TþyS�

T�� g ◦ f 	y�rt��  �� f(x) dn� �AqtJ²� Tl�A� T�� g ¤ x dn� �AqtJ²� Tl�A� T�� f 
�A� �Ð�

:�kK�� �� AhqtK�¤ x dn� �AqtJ²� Tl�A�

If f is a function that is differentiable at x and g is a function that is differentiable at f(x),

then the composition g ◦ f is a function that is differentiable at x, and its derivative is given

by: (
g ◦ f

)′
(x) = g′

(
f(x)

)
· f ′(x).

16.5.2 : Example - �A��

Let’s calculate the derivative of the function T��d�� �tK� 	s�n�

ln(1 + x2).

.f ′(x) = 2x �� f(x) = 1 + x2 ¤ g′(x) = 1
x
�� g(x) = ln(x) An§d�

We have g(x) = ln(x) with g′(x) = 1
x
and f(x) = 1 + x2 with f ′(x) = 2x.

Then, the derivative of the composition 	y�rt�� �tK� ¢n� ¤

ln(1 + x2) = g ◦ f(x)

is w¡(
g ◦ f

)′
(x) = g′

(
f(x)

)
· f ′(x) = g′

(
1 + x2

)
· 2x =

2x

1 + x2
.

Differentiation of some common functions T�w��m�� ��¤d�� {`� �tK�

.f ′(x) = 0  �� ,
�A� �� ­CAb� c �y� ,f(x) = c 
�A� �Ð� :Tt�A��� T��d�� •
Constant function: If f(x) = c, where c is a constant, then f ′(x) = 0.
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:­wq�� T��d�� •
.f ′(x) = nxn−1

 �� ,
�A� �� ­CAb� n �y� ,f(x) = xn

�A� �Ð�

Power function: If f(x) = xn, where n is a constant, then f ′(x) = nxn−1.

:TyF±� T��d�� •
.f ′(x) = ex  �� ,f(x) = ex 
�A� �Ð�

Exponential function: If f(x) = ex, then f ′(x) = ex.

:Tym�CA�wl�� T��d�� •
.f ′(x) = 1

x ln(b)
 �� ,��CA�wl�� xAF� w¡ b �y� ,f(x) = logb(x) 
�A� �Ð�

Logarithmic function: If f(x) = logb(x), where b is the base of the logarithm, then

f ′(x) = 1
x ln(b)

.

Trigonometric functions: :Ty�l�m�� ��¤d�� •

.f ′(x) = cos(x)  �� ,f(x) = sin(x) 
�A� �Ð� :	y��� T�� 

Sine function: If f(x) = sin(x), then f ′(x) = cos(x).

.f ′(x) = − sin(x)  �� ,f(x) = cos(x) 
�A� �Ð� :Ty�Amt�� 	y��� T�� 

Cosine function: If f(x) = cos(x), then f ′(x) = − sin(x).

.f ′(x) = sec2(x)  �� ,f(x) = tan(x) 
�A� �Ð� :�\�� T�� 

Tangent function: If f(x) = tan(x), then f ′(x) = sec2(x).

where: :�y�

sec(x) =
1

cos(x)

Hyperbolic functions: :T§d¶�z�� ��¤d�� •

.f ′(x) = cosh(x)  �� ,f(x) = sinh(x) 
�A� �Ð� :T§d¶�z�� 	y��� T�� 

Hyperbolic sine function: If f(x) = sinh(x), then f ′(x) = cosh(x).

.f ′(x) = sinh(x)  �� ,f(x) = cosh(x) 
�A� �Ð� :T§d¶�z�� Ty�Amt�� 	y��� T�� 

Hyperbolic cosine function: If f(x) = cosh(x), then f ′(x) = sinh(x).

.f ′(x) = sech(x)2(x)  �� ,f(x) = tanh(x) 
�A� �Ð� :T§d¶�z�� �\�� T�� 

Hyperbolic tangent function: If f(x) = tanh(x), then f ′(x) = sech2(x).

Brahim Brahimi-Jihane Abdelli94University of Mohamed Kheidar, Biskra



Real functions Tyqyq��� ��¤d��Derivative and derivation laws �AqtJ³� �y��w� ¤ �tKm�� .5.2

where: :�y�

sech(x) =
1

cosh(x)

Successive derivatives Ty��wtm�� �AqtKm�� 4.5.2

AS§� f ′ : I → R TqtKm�� T��d�� 
�A� �Ð� .AhqtK� f ′
�ky�¤ �AqtJ²� Tl�A� T�� f : I → R �kt�

: T�A� TfO� .f T��dl� ¨�A��� �tKm�� f ′′ = (f ′)′  �� �AqtJ²� Tl�A� T�� 

Let f : I → R be a differentiable function, and let f ′ be its derivative. If the derivative function

f ′ : I → R is also differentiable, then f ′′ = (f ′)′ is the second derivative of the function f .

In general:

f (0) = f, f (1) = f ′, f (2) = f ′′ and.... f (n+1) =
(
f (n)

)′
.­r� n �AqtJ²� Tl�A� f �wq� , w�w� n T�Cd�� �� f (n)

�tKm��  A� �Ð�

If the nth derivative, f (n), exists, we say that f is differentiable n times.

2.5.2 : Theorem - T§r\�

]Leibniz’s rule ztynby� T�®� [

(f✕g)(n) = f (n)✕g + C1
nf

(n−1)✕g(1) + · · ·+ Ck
n f (n−k)✕g(k) + · · ·+ f✕g(n)

In other words: : «r�� ­CAb`�¤

(
f✕g

)(n)
=

n∑
k=0

Ck
n f (n−k)✕g(k).

: An§d� n = 0 ��� �� :zynby� T�y} T�} ���rt�A� �¡rbn�

To prove the correctness of the Leibniz formula by induction: For n = 0, we have:

(f✕g)(0)(x) = (f · g)(x) =
0∑

k=0

Ck
0 f

(k)(x)g(0−k)(x) = f (x) g (x)
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: � |rf� .n = 0 ��� �� T�y�} Ty}A���  Ð�

So, the property is true for n = 0. We assume that:

(f✕g)(n)(x) =
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x)

:  � �ybn�¤

and let’s demonstrate that:

(f✕g)(n+1)(x) =
n+1∑
k=0

Ck
n+1f

(k)(x)g(n+1−k)(x)

we have : An§d�

(f✕g)(n+1)(x) = ((f✕g)(n))
′
(x).

Therefore :  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x)

)′

so : ¨�At�A�¤

(f✕g)(n+1)(x) =
n∑

k=0

Ck
n

(
f (k+1)(x)g(n−k)(x) + f (k)(x)g(n+1−k)(x)

)
Therefore :  Ð�

(f✕g)(n+1)(x) =
n∑

k=0

Ck
nf

(k+1)(x)g(n−k)(x) +
n∑

k=0

Ck
nf

(k)(x)g(n+1−k)(x).

p = k + 1 : �¤±� �wm�m�� ¨� ry�tm�� ryy�t� �wq�

We substitute the variable in the first sum: p = k + 1

n∑
k=0

Ck
nf

(k+1)(x)g(n−k)(x) =
n+1∑
p=1

Cp−1
n f (p)(x)g(n+1−p)(x)

so : ¨�At�A�¤

(f✕g)(n+1)(x) =
n+1∑
k=1

Ck−1
n f (k)(x)g(n+1−k)(x) +

n∑
k=0

Ck
nf

(k)(x)g(n+1−k)(x)
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Therefore :  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=1

(Ck−1
n + Ck

n)✕
(
f (k)(x) g(n+1−k)(x)

))
+Cn

nf
(n+1)(x)g(0)(x) + C0

nf
(0)(x)g(n+1)(x)

Note that: :  � ^�¯

Ck−1
n + Ck

n = Ck
n+1 and Cn

n = C0
n = 1

Therefore: :  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=1

Ck
n+1f

(k)(x)g(n+1−k)(x)

)
+ f (n+1)(x)g(0)(x) + f (0)(x)g(n+1)(x)

: �wm�m�� ¨� �§ry�±� �§d��� �A� � Annkm§ ¢�� ^�¯

C0
n+1f

(0)(x)g(n+1−0)(x) = f (0)(x) g(n+1)(x)

and ¤

Cn+1
n+1f

(n+1)g(n+1−(n+1))(x) = f (n+1)(x)g(0)(x).

Therefore: :  Ð�

(f✕g)(n+1)(x) =
n+1∑
k=0

Ck
n+1f

(k)(x)g(n+1−k)(x)

: An§d� ��rt�A�  A¡rb�� 	s�  Ð�

Therefore, according to the proof by induction, we have:

(∀n ∈ N, n ≤ p)(∀x ∈ I) : (f✕g)(n)(x) =
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x).

Trigonometric functions Ty�l�m�� ��¤d�� 6.2

�®kKm�� ��� TFdnh��¤ ,ºA§zyf��¤ ,¨RA§r�� �yl�t��¤ ,TFdnh�� ¨� T§C¤rR Ty�l�m�� ��¤d��

.T§C¤d�� r¡�w\��¤ ,�A�l�m��¤ ,A§�¤z�A� Tql`tm��
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Trigonometric functions are essential in geometry, calculus, physics, and engineering for solving

problems related to angles, triangles, and periodic phenomena.

Cosine and arccosine 	�t�� xw� ¤ 	�� T��d�� 1.6.2

:�y� cos z�r�A� Ah� z�r� ¨t�� 	�� T��d�� �kt�

Let the cosine function, denoted as cos, where:

cos : R → [−1, 1]

x 7→ cosx,

T��d��  wk� ,�A�m�� £@¡ ¨� .[0, π] �A�m�� Yl� A¡@�� ¨fk§ T��d�� £@¡ �� ��Aq� Yl� �wO�l�

:CAOt�³�  �� ¨�At�A�¤ ,A�Am� TO�Ant�¤ ­rmts� 	��

To obtain the bijection of this function, it is sufficient to restrict it to the domain [0, π]. In this

domain, the function cosine is continuous and strictly decreasing. Therefore, the restriction:

cos : [0, π] → [−1, 1]

	tk�¤ 	�t�� xw� Y�d� Tyl�Aqt�� Tysk`�� ¢t�� ¤ .��Aq� w¡

is a bijection, and its inverse function, known as ”arccosine”, is written as:

arccos : [−1, 1] → [0, π]

x

y

cosx

0 π 2ππ
2

−π −π
2

+1

−1
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Real functions Tyqyq��� ��¤d�� Trigonometric functions Ty�l�m�� ��¤d�� .6.2

x

y

arccosx

0 1−1

π

π
2

: ¨sk`�� ��Aqt�� �§r`� �®� �� ,An§d� ��@�

So, through the definition of the inverse bijection:

cos
(
arccos(x)

)
= x ∀x ∈ [−1, 1]

arccos
(
cos(x)

)
= x ∀x ∈ [0, π]

:«r�� ��CAb`�

In other words:

cos(x) = y ⇐⇒ x = arccos y, :�i x ∈ [0, π]

:w¡ Tysk`�� T��d�� �tK�  ��

The derivative of the inverse function is:

arccos′(x) =
−1√
1− x2

, ∀x ∈]− 1, 1[

Sine and arcsine 	��� xw� ¤ 	� T��d�� 2.6.2

�r`m�� [−π
2
,+π

2
] �A�m�� Yl� 	� T��d�� CAOt��

The function sine is restricted to the domain [−π
2
,+π

2
] defined as

sin : [−π
2
,+π

2
] → [−1, 1]

:�y� arcsinez�r�A� ¢� z�r�¤	���xw�Y�d§ ¨sk`�� Ahl�Aq� .Tyl�Aq� T�� w¡
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It is a bijective function. Its inverse function is called the arc of sin, and we denote it by

”arcsine”, where:

arcsin : [−1, 1] → [−π
2
,+π

2
]

x

y sinx

0 π 2ππ
2

−π −π
2

+1

−1

x

y

arcsinx

0 1−1

π
2

−π
2

We have: :An§d�¤

sin
(
arcsin(x)

)
= x ∀x ∈ [−1, 1]

arcsin
(
sin(x)

)
= x ∀x ∈ [−π

2
,+π

2
]

sin(x) = y ⇐⇒ x = arcsin y, :�i x ∈ [−π

2
,+

π

2
]

the derivative of the inverse function is: :w¡ Tysk`�� T��d�� �tK�  ��

arcsin′(x) =
1√

1− x2
∀x ∈]− 1, 1[

Tangent and arctangent �S�� xw� ¤ �R T��d�� 3.6.2

]− π
2
,+π

2
[ �A�m�� Yl� �R T��d�� CAOt��

The function tangent restricted to the domain ]− π
2
,+π

2
[

tan :]− π
2
,+π

2
[→ R
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: �y� arctangentz�r�A� ¢� z�r�¤ �S�� xwq� ¨sk`�� Ahl�Aq� ¨ms� .Tyl�Aq� T�� w¡

It is a bijective function. We call its inverse function the arc of tangent and we denote it by

”arctangent” where:

arctan : R →]− π
2
,+π

2
[

x

y tanx

π
2

−π
2

3π
2

π−π

arctanx

0

π
2

−π
2

tan
(
arctan(x)

)
= x ∀x ∈ R

arctan
(
tan(x)

)
= x ∀x ∈]− π

2
,+π

2
[

tan(x) = y ⇐⇒ x = arctan y, if: x ∈]− π

2
,+

π

2
[

the derivative of the inverse function is: :w¡ Tysk`�� T��d�� �tK�  ��

arctan′(x) =
1

1 + x2
, ∀x ∈ R.

University of Mohamed Kheidar, Biskra 101 Brahim Brahimi-Jihane Abdelli
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Hyperbolic functions T§d¶�z�� ��¤d�� 7.2

.T§r¶�d�� ¤� Ty�l�m�� ��¤dl� Tl�Amm�� ��¤d�� ¨¡ �AyRA§r�� ¨� ­d¶�z�� ��¤d�� ¤� T§d¶�z�� ��¤d��

©rs§ws�� ¨RA§r�� �b� �� ��¤d�� £@¡ �§dq� �� d¶�z�� �Wq�� T�� �� TqtK� ��¤ Ah�±

.Aq�¯ �ybtyF Am� Ty�l�m�� ��¤d�A� �d� ThybJ Q�w� Ah� ¤ �rb�¯ �rn¡  A¡w�

Hyperbolic functions in mathematics are functions similar to trigonometric or cyclic functions.

They are derived from the hyperbolic function, these functions were introduced by the Swiss

mathematician Johann Henrik Lambert, and they have properties very similar to trigonometric

functions, as will be seen later.

Hyperbolic cosine and its inverse Ah�wlq�¤ ©d¶�z�� �Amt�� 	y� T�� 1.7.2

:T�r`m�� T��d�� ¨¡ ©d¶�z�� �Amt�� 	y� T��d�� ,x ∈ R ��� ��

For x ∈ R, the hyperbolic cosine function is defined as:

coshx =
ex + e−x

2
.

:	tk� �y� [0,+∞[ �A�m�� Yl� A¡CAOt��

Restricting it to the domain [0,+∞[ where we write:

cosh : [0,+∞[→ [1,+∞[

�y� Argch z�r�A� ¨sk`�� Ahl�Aqt� z�r� .Tyl�Aq� T�� Ahn� �`�§

it makes it a bijective function. We denote its inverse as Argch where:

Argch : [1,+∞[→ [0,+∞[.

x

y
coshx

Argchx
1

10
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Hyperbolic sine and its inverse Ah�wlq�¤ ©d¶�z�� 	y��� T�� 2.7.2

: z�r�A� Ah� z�r� ¨t�� ©d¶�z�� 	y��� T�� x ∈ R �� ��� ��

For every x ∈ R the hyperbolic sine function denoted by:

sinh : R → R : sinhx =
ex − e−x

2
,

:¨l§A� �q�� A�Am� ­d§�zt� �AqtJ²� Tl�A� ,­rmts� T�� ¨¡

It is a continuous, completely differentiable, increasing function that achieves the following:

lim
x→−∞

sinhx = −∞

and ¤

lim
x→+∞

sinhx = +∞,

:w¡ ¨sk`�� Ahl�Aq�¤ .Tyl�Aq� T�� Ah�� ¨n`§ �@¡

This means that it is a bijective function. Its inverse function is:

Argsh : R → R.

x

y

sinhx

Argshx

1

10

8.7.2 : Proposition - TþyS�

cosh2 x− sinh2 x = 1 •

sinh′ x = coshx and cosh′ x = sinhx •
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Hyperbolic functions T§d¶�z�� ��¤d�� .7.2Real functions Tyqyq��� ��¤d��

.­rmts� ¤ A�Am� ­d§�zt� T�� Argsh : R → R •
Argsh : R → R is a strictly increasing and continuous function.

Argsh is a differentiable function where: :�y� �AqtJ²� Tl�A� T�� Argsh •

Argsh′x =
1√

x2 + 1
.

Argshx = ln
(
x+

√
x2 + 1

)
. •

Hyperbolic tangent and its inverse Ah�wlq�¤ ©d¶�z�� �\�� T�� 3.7.2

:z�r�A� Ah�z�r� ¨t�� ©d¶�z�� �\�� T�� ,�§r`t�A�

By definition, the hyperbolic tangent function denoted by:

tanhx =
sinhx

coshx

:z�r�A� ¨sk`�� Ahl�Aqt� z�r� ,Tyl�Aq�¤ tanh : R →]− 1, 1[ T�r`� T�� ¨¡

It is a function known as tanh : R →]−1, 1[ and it is a bijective function. We denote its inverse

by:

Argth :]− 1, 1[→ R.

x

y

tanhx

Argthx

1

−1

0
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Trigonometric relations of hyperbolic T§d¶�z�� ��¤dl� Ty�l�m�� �A�®`�� 4.7.2

functions

(1

cosh2 x− sinh2 x = 1

(2

cosh(a+ b) = cosh a · cosh b+ sinh a · sinh b

cosh(2a) = cosh2 a+ sinh2 a = 2 cosh2 a− 1

= 1 + 2 sinh2 a

(3

sinh(a+ b) = sinh a · cosh b+ sinh b · cosh a

sinh(2a) = 2 sinh a · cosh a

(4

tanh(a+ b) =
tanh a+ tanh b

1 + tanh a · tanh b

Derivative of hyperbolic functions T§d¶�z�� ��¤d�� �tK� (5

cosh′ x = sinhx.

sinh′ x = coshx.

tanh′2 x =
1

cosh2 x
.

T§d¶�z�� ��¤d�� 
wlq� ��¤d�� �tK� (6

The derivative of the inverse of hyperbolic functions

Argch′x =
1√

x2 − 1
, (x > 1)

Argsh′x =
1√

x2 + 1
,

Argth′x =
1

1− x2
, (|x| < 1)
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Limited Expansion  ¤d�m�� rKn�� .8.2Real functions Tyqyq��� ��¤d��

(7

Argchx = ln
(
x+

√
x2 − 1

)
, (x ≥ 1)

Argshx = ln
(
x+

√
x2 + 1

)
, (x ∈ R)

Argthx =
1

2
ln

(
1 + x

1− x

)
, (−1 < x < 1)

Limited Expansion  ¤d�m�� rKn�� 8.2

x = 0 TWqn�� �w� f(x) = expx T��d�� �wlF �� ­rk� ºAW�� �km§ .TyF±� T��d�� �A�� @���

.�yqts� X�� ¨�Ayb�� �Fr�� 	§rqt� Anm� dq� .y = 1 + x ¢t� A`�  wk� ©@�� , AhlZ TWF�w�

We take the example of the exponential function. You can give an idea of the behavior of the

function f(x) = ex around the point x = 0 using its shadow, which has the equation y = 1+x.

We have approximated the graph with a straight line.

T��dl� ¨�Ayb�� �Fr�� ,y = c0 + c1x + c2x
2
T� A`m�� ®�� @��� , �S�� 	§rq� d��  � A� C� �Ð�

­zym� Ty}A� Ah� T� A`m�� £@¡ .y = 1 + x + 1
2
x2

T� A`m�� ��� w¡ x = 0 TWqn�� C�w� ¨� f

�Wq�� T� A`� Yl� r�`� .g′′(0) = 0 ¤ g′(0) = 0 , g(0) = 0 �� g(x) = expx −
(
1 + x + 1

2
x2
)
¨¡

.f T��dl� 2 T�Cd�� �� 	§rq� d�� ¨n`§ ¸�Akm��

If we want to find a better approximation, we can take, for example, the equation y = c0+c1x+

c2x
2. The graph of the function f near the point x = 0 is like the equation y = 1 + x+ 1

2
x2.

This equation has a special property: g(x) = exp x −
(
1 + x + 1

2
x2
)
, and then g(0) = 0,

g′(0) = 0, and g′′(0) = 0. We can find the equation of the equivalent parabola, meaning we

find a second-degree approximation for the function f .

... T`��r��¤ T��A��� T�Cd�� �Am`tFA� 	§rqt�A� rmtsns� ,T� r���  wk�  � A� C� �Ð� �bW�A�

Of course, if we wanted to be more precise, we would continue to approximate using the third

and fourth degrees...
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Real functions Tyqyq��� ��¤d�� Limited Expansion  ¤d�m�� rKn�� .8.2

x

y

1

0 1

y = ex

y = 1 + x

y = 1 + x+ x2

2

y = 1 + x+ x2

2
+ x3

6

¨t�� ,T�� ©± Tbsn�A� n T�Cd�� ��  ¤d��� ry�� Yl� ��b� �wF ,�Of�� �� ºz��� �@¡ ¨�

 wk� A� Ab�A�) x Tt�A��� TWqn�� C�w� ¨� Xq� T��A} �¶Atn�� .�S�� �kK� T��d�� �� 
rtq�

.Ahy� r\n�� �� ¨t�� TWqn�� dn� Ty�Attm�� �AqtKm�� �� �@¡  ¤d��� ry�� 
As� �tyF .(0 C�w��

In this part of the chapter, we will look for the nth-degree polynomial approximation for any

function that provides a better fit. The results are valid only in the vicinity of a fixed point xx

(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula Cwl§A� T�y} 1.8.2

,1712 �A� A¡�K�� ©@�� Cwl§A� �¤r� �AyRA§r�� ��A� �F� Yl� 
ymF ¨t�� ,Cwl§A� T�y} �ms�

¢�®�A`� dmt`� ©@�� , ¤d� ry�� TWF�w� TWq� C�w�� ��r� ­d� �RAftl� Tl�A� T�� 	§rqt�

.TWqn�� £@¡ ¨� T��d�� �AqtK� Yl� Xq�

The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712,

allows for approximating a differentiable function multiple times around a point using power

series, whose coefficients depend solely on the derivatives of the function at that point.
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3.8.2 : Theorem - T§r\�

An§d� ¢n� ¤ x0, x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x0, x ∈ I, then we have

f(x) = f(x0) +
(x− x0)

1!
f ′(x0) +

(x− x0)
2

2!
f ′′(x0) + . . .

+
(x− x0)

n

n!
f (n)(x0) + (x− x0)

nε(x− x0),

where �y�

lim
x→x0

ε(x− x0) = 0.

17.8.2 : Example - �A��

Let the function f be defined as follows: :¨l§ Am� T�r`m�� f T��d�� �kt�

f :]− 1,+∞[ → R
x 7→ ln(1 + x)

T�®��� 	��rm�� �� 0 TWqn�� ¨� Cwl§A� �y} 
As�� �wqnF ,��rm�� �� T§Ah�¯A� �AqtJ²� ��A�

.Y�¤±�

Differentiable infinitely many times, we will compute the Taylor series at the point 0 up to

the first three orders.

We have f(0) = 0. Then, when we calculate: :	s�� �� .f(0) = 0 :An§d�

f ′(x) =
1

1 + x
=⇒ f ′(0) = 1

Afterwards, we calculate: :	s�� A¡d`�

f ′′(x) = − 1

(1 + x)2
=⇒ f ′′(0) = −1.

Finally, we calculate: :	s�� �ry��¤

f (3)(x) =
2

(1 + x)3
=⇒ f (3)(0) = 2.
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: � ���rt�A� 
b��  � �yWts�

We can demonstrate by induction that:

f (n)(x) =
(−1)n−1(n− 1)!

(1 + x)n

Where the value can be calculated: : Tmyq�� 
As� �km§ �y�

f (n)(0) = (−1)n−1(n− 1)!.

Thus for n > 0 we have: : An§d� n > 0 ��� �� ¨�At�A�¤

f (n)(0)

n!
xn =

(−1)n−1(n− 1)!

n!
xn =

(−1)n−1

n
xn.

w¡ 0 TWqn�� ¨� f T��dl� Cwl§At�  ¤d��� ry�� ,T�A� TfO�

In general, the Taylor polynomial of the function f at the point 0 is

Pn(x) =
n∑

k=1

(−1)k−1xk

k
= x− x2

2
+

x3

3
− · · ·+ (−1)n−1xn

n
.

:Cwl§At�  ¤d� ��ry�� �®� �¤� ¨l§ Amy�

Here are the first three Taylor series expansions:

P1(x) = x,

P2(x) = x− x2

2
,

P3(x) = x− x2

2
+

x3

3
.

�Fr�� �� r���� r��� P3 ¤ P2 ¤ P1  ¤d��� ��ry�k� Ty�Ayb�� �wFr�� 
rtq� ,¢lfF� ¨�Ayb�� �Fr�� ¨�

.0 C�w� ¨� Xq� �@¡¤ f þ� ¨�Ayb��

In the graph below, the plots of the Taylor series P1, P2, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.
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x

y

0

1

y = ln(1 + x)

y = x

y = x− x2

2

y = x− x2

2
+ x3

3

Mac-Laurent formula  �Cw� - �A� T�y} 2.8.2

4.8.2 : Theorem - T§r\�

¨� Cwl§A� T�y} �ybWt� An§d� ¢n� ¤ x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

: �Cw� - �A� T�y} d�� x0 = 0 TWqn��

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x ∈ I Then have, by

applying Taylor’s formula at the point x0 = 0, we find the Mack-Laurent formula:

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) + . . .+

xn

n!
f (n)(0) +

xn

n!
ε(x).

18.8.2 : Example - �A��

1) cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ . . .+ (−1)n

x2n

(2n)!
+ x2n+1ε(x)

2) sinx = x− x3

3!
+

x5

5!
+ . . .+ (−1)n

x2n+1

(2n+ 1)!
+ x2n+2ε(x)

3)(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + . . .+

α(α− 1) . . . (α− n+ 1)

n!
xn + xnε(x)

3.1) α = −1 =⇒ 1

1 + x
= 1− x+ x2 + . . .+ (−1)nxn + xnε(n)

3.2) α = −1

2
=⇒ 1√

1 + x
= 1− 1

2
x+

3

8
x2 + . . .+ (−1)n

1 ∗ 3 ∗ 5 . . . (2n− 1)

2 ∗ 4 ∗ 6 . . . 2n
xn + xnε(x)
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4)ex = 1 +
x

1!
+

x2

2!
+ . . .+

xn

n!
+ xnε(x)

5) ln(1 + x) = x− x2

2
+

x3

3
+ . . .+ (−1)n−1x

n

n
+ xnε(x)

Limited expansion of some T�w��m�� ��¤d�� {`b�  ¤d�m�� rKn�� 3.8.2

common functions

ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+ o(x4) ⋆

1

1− x
= 1 + x+ x2 + ...+ xn + o(xn) ⋆

ch(x) = 1 +
x2

2!
+

x4

4!
+ ...+

x2n

2n!
+ o(x2n+1) ⋆

sh(x) = 1 +
x3

3!
+

x5

5!
+ ...+

x2n+1

(2n+ 1)!
+ o(x2n+1) ⋆

Operations on limited expansions  ¤d�m�� rKn�� Yl� �Aylm� 4.8.2

¨� A� T��d�  ¤d�m�� rKn�� ry��  � �km§ ¢��  �Cw� - �A� T�y}¤ Cwl§AV T�y} �� Aq�AF An§�C

 ¤d�m�� rKn�� Yl� �Aylm`�� �rK� �wF �@h�¤ 0 TWqn�� ¨�  ¤d�� rK� Y�� R a ∈ TWqn��

.0 TWqn�� ¨� Xq�

We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited

expansion of a function at the point a ∈ R to a limited expansion at the point 0. Therefore,

we will explain the operations on the limited expansion only at the point 0.

n T�Cd�� ��  ¤d�m�� rKn�� 0 C�w� ¨�  ®bq� 0 dn� �yt�r`� �yt�� g ¤ f �kt�¤ n ∈ N �kt�

:�y�

Let n ∈ N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

f(x) = p0 + p1x+ · · ·+ pnx
n + xnϵ1(x)

= Pn (x) + xnϵ1(x)

University of Mohamed Kheidar, Biskra111Brahim Brahimi-Jihane Abdelli



Limited Expansion  ¤d�m�� rKn�� .8.2 Real functions Tyqyq��� ��¤d��

and ¤

g(x) = q0 + q1x+ · · ·+ qnx
n + xnϵ2(x)

= Qn (x) + xnϵ2(x)

9.8.2 : Proposition - TþyS�

:g ¤ f �yt��dl�  ¤d��� ©rK� �wm�� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ f + g •
f + g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f + g)(x) = f(x) + g(x) = Pn (x) +Qn (x) + xnϵ(x).

¯� ºAq�³� �� g ¤ f �yt��dl�  ¤d��� ©rK� º�d� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ fg •
:n ©¤As� ¤� �� ��� T�Cd�� ��Ð  ¤d��� Yl�

fg accepts a limited expansion of degree n at 0 and represents the product of the

limited expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:

(f · g)(x) = f(x) · g(x) = Tn(x) + xnϵ(x)

.n T�Cd�� dn� ��wtm�� (Pn (x) ·Qn (x))  ¤d��� ry�� Tn(x) �y�

Where Tn(x) is the polynomial (Pn (x) ·Qn (x)) stopping at degree n.

�y� n T�Cd�� �� 0 dn�  ¤d�� rK� �bq� f ◦ g T��d��  �� (q0 = 0 ©�) g(0) = 0 
�A� �Ð� •
.P (Q(x)) 	y�rt�A� �r`� n T�Cd�� dn� ��wtm��  ¤d��� ry�� ºz�

If g(0) = 0 (i.e. q0 = 0) then the function f ◦ g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n is defined by the

structure P (Q(x)).

If q0 ̸= 0 then we have: :An§d�  �� q0 ̸= 0  A� �Ð� •

1

g(x)
=

1

q0

1

1 + q1
q0
x+ · · ·+ qn

q0
xn + xnϵ2(x)

q0

.

: 	tk§¤ n+ 1 T�Cd�� �� a dn�  ¤d�� rK� �bq� F  �� f T��dl� Tyl}� T�� F 
�A� �Ð� •
If F is a primitive function of the function f , then F accepts a limited expansion at a
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of degree n+ 1 and is written:

F (x) = Pn+1(x− a) + (x− a)n+1η(x)

where: lim
x→a

η(x) = 0. .lim
x→a

η(x) = 0 :�y�

19.8.2 : Example - �A��

.arctan(x) T��dl�  ¤d�m�� rKn�� 
As�

Calculate the limited expansion of the function arctan(x).

We know that: : � �l`�

arctan′(x) =
1

1 + x2
.

We set: �S�

f(x) =
1

1 + x2

and F (x) = arctan(x) and we write: :	tk� ¤ F (x) = arctan(x) ¤

arctan′ x =
1

1 + x2
=

n∑
k=0

(−1)kx2k + x2nϵ(x).

because arctan(0) = 0, then: : �� arctan(0) = 0  ±¤

arctanx =
n∑

k=0

(−1)k

2k + 1
x2k+1 + x2n+1ϵ(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·

20.8.2 : Example - �A��

.5 Tb�r�� �� 0 dn� tanxT��dl�  ¤d�m�� rKn�� •
The limited expansion of the function tanx at 0 is of order 5.

Firstly: :¯¤�

sinx = x− x3

6
+

x5

120
+ x5ϵ(x).
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On the other hand «r�� Th� ��

cosx = 1− x2

2
+

x4

24
+ x5ϵ(x) = 1 + u

we set �S�

u = −x2

2
+

x4

24
+ x5ϵ(x).

In the calculation we need u2 and u3: : u3 ¤ u2 
As��� ¨� �At��

u2 =

(
−x2

2
+

x4

24
+ x5ϵ(x)

)2

=
x4

4
+ x5ϵ(x)

then ��

u3 = x5ϵ(x).

so: :¨�At�A�¤

1

cosx
=

1

1 + u
= 1− u+ u2 − u3 + u3ϵ(u)

= 1 +
x2

2
− x4

24
+

x4

4
+ x5ϵ(x)

= 1 +
x2

2
+

5

24
x4 + x5ϵ(x).

Finely ry�±� ¨�

tanx = sin x · 1

cosx

=
(
x− x3

6
+

x5

120
+ x5ϵ(x)

)
·
(
1 +

x2

2
+

5

24
x4 + x5ϵ(x)

)
= x+

x3

3
+

2

15
x5 + x5ϵ(x).

.4 Tb�r�� �� 0 dn�
1+x
2+x

T��dl�  ¤d�m�� rKn�� •
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The limited expansion of the function 1+x
2+x

at 0 of order 4.

1 + x

2 + x
= (1 + x)

1

2

1

1 + x
2

=
1

2
(1 + x)

(
1− x

2
+
(x
2

)2
−
(x
2

)3
+
(x
2

)4
+ o(x4)

)
=

1

2
+

x

4
− x2

8
+

x3

16
− x4

32
+ o(x4),

21.8.2 : Example - �A��

.3 Tb�r�� �� 0 dn� h(x) = sin
(
ln(1 + x)

)
T��dl�  ¤d�m�� rKn�� 
As�

Calculate the limited expansion of the function h(x) = sin
(
ln(1 + x)

)
at 0 of order 3.

:¢n�¤ g(x) = ln(1 + x) ¤ f(u) = sinu �S� •
We set f(u) = sinu and g(x) = ln(1 + x), from which:

f ◦ g(x) = sin
(
ln(1 + x)

)
¤ g(0) = 0.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •
We write the limited expansion of order 3 for the function

f(u) = sinu = u− u3

3!
+ u3ϵ1(u)

for u in the vicinity of 0. .0 C�w� ¨� u ��� ��

We set �S�

u = g(x) = ln(1 + x) = x− x2

2
+

x3

3
+ x3ϵ2(x)

for x in the vicinity of 0. .0 C�w� ¨� x ��� ��

We calculate u2: :u2 	s�� •

u2 =
(
x− x2

2
+

x3

3
+ x3ϵ2(x)

)2
= x2 − x3 + x3ϵ3(x)
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and u3 : : u3 ¤

u3 = x3 + x3ϵ4(x).

then: :¢n�¤

h(x) = f ◦ g(x) = f(u)

= u− u3

3!
+ u3ϵ1(u)

=

(
x− 1

2
x2 +

1

3
x3

)
− 1

6
x3 + x3ϵ(x)

= x− 1

2
x2 +

1

6
x3 + x3ϵ(x).

Exercise series N° 2 ��C �§CAmt�� TlslF 9.2

Exercise N°− 1 − ��C �§rm�

Calculate the following limits if they exist. .­ w�w� 
�A� �Ð� Ty�At�� �A§Ahn�� 	s��

1. lim
x→5+

x2 − 11x+ 28

x2 − 25
2. lim

x→5−

x2 − 11x+ 28

x2 − 25

3. lim
x→5+

x2 − 9x+ 20

x2 − 25
4. lim

x→5−

x2 − 9x+ 20

x2 − 25

Solution : �þþ���

�� .�Aqm�� ­CAJ� Y�� £Abt�¯� Anyl� . limx→5x
2 − 25 = 0 ¤ limx→5 x

2 − 11x+ 28 = −2 An§d� (1

: �tnts� .limx→5+ x2 − 25 = 0+ ¢n�¤ x2 > 25 An§d� x > 5 ���

lim
x→5+

x2 − 11x+ 28

x2 − 25
= −∞.

:An§d� T�A��� £@¡ ¨� .limx→5− x2 − 25 = 0− : � ^�®� �k� ,Tq§rW�� Hfn� rys� (2

lim
x→5−

x2 − 11x+ 28

x2 − 25
= +∞.
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�yl�� �§rV �� Ahl§znF .0/0 �yy`� �d� T�A� ¨¡ ¨�At�A�¤ ,limx→5 x
2 − 9x+20 = 0 An§d� (3

:An� �tn§ ¨�At�A�¤ .�rtKm�� C@��� Y�� �Aqm��¤ Xsb��

x2 − 25 = (x− 5)(x+ 5)

«r�� Ty�A� ��

x2 − 9x+ 20 = (x− 5)(x− 4).

:	tk�  � �yWts�

x2 − 9x+ 16

x2 − 25
=

(x− 5)(x− 4)

(x− 5)(x+ 5)
=

x− 4

x+ 5
.

:¢yl�¤ ,�yy`t�� �d� T�A� d�w�¯ An¡

lim
x→5

x− 4 = 1 ¤ lim
x→5

x+ 5 = 10.

: � �tnts� ](4[

lim
x→5

x2 − 9x+ 16

x2 − 25
=

1

10
.

.�CAs§ ¤ Anym§ T§Ahn�� TF�Cd� T�A�� Ans�¤

Exercise N°− 2 − ��C �§rm�

Calculate the following limits. : Ty�At�� �A§Ahn�� 	s��

1. limx→+∞
√
x+ 4−

√
x− 4 2. limx→+∞

√
x2 − 1− x

Solution : �þþ���

:���rm�� ¨� 
rSnF , T�A� �� ¨�

(1

√
x+ 4−

√
x− 4 =

(
√
x+ 4−

√
x− 4)(

√
x+ 4 +

√
x− 4)√

x+ 4 +
√
x− 4

=
(x+ 4)− (x− 4)√
x+ 4 +

√
x− 4

=
8√

x+ 4 +
√
x− 4

.

:An§d� �tn§ ¢n�¤ (�yy`� �d� T�A� 
sy�) +∞ Y�� �Aqm�� �¤¥§

lim
x→+∞

√
x+ 4−

√
x− 4 = 0.

University of Mohamed Kheidar, Biskra117Brahim Brahimi-Jihane Abdelli



Exercise series N° 2 ��C �§CAmt�� TlslF .9.2Real functions Tyqyq��� ��¤d��

(2

√
x2 − 1− x =

(
√
x2 − 1− x)(

√
x2 − 1 + x)√

x2 − 1 + x

=
x2 − 1− x2

√
x2 − 1 + x

=
−1√

x2 − 1 + x
.

:An§d� �tn§ ¢n�¤ +∞ Y�� �Aqm�� �¤¥§

lim
x→+∞

√
x2 − 1− x = 0.

Exercise N°− 3 − ��C �§rm�

Calculate the following limits. : Ty�At�� �A§Ahn�� 	s��

1. lim
x→+∞

e2x − ex 2. lim
x→+∞

e2x + 1

x+ 3

3. lim
x→+∞

xex + 2ex − 5

ex − 3
4. lim

x→+∞

x2 + x sinx

x2 + x cosx
.

Solution : �þþ���

: d�� .�rtK� ��A`� e2x �r�� (1

e2x − ex = e2x
(
1− ex

e2x

)
= e2x(1− e−x).

:¢n�¤ limx→+∞ 1− e−x = 1 ¤ limx→+∞ e2x = +∞ �y� ¨�

lim
x→+∞

e2x − ex = +∞.

:d�� �Aqm�� ¨� x ¤ Xsb�� ¨� �rtK� ��A`� e2x �r�� (2

e2x + 1

x+ 3
=

e2x

x
· 1 + e−2x

1 + 3
x

.

:An§d� �y� ¨�

lim
x→+∞

1 + e−2x = 1, lim
x→+∞

1 +
3

x
= 1 =⇒ lim

x→+∞

1 + e−2x

1 + 3
x

= 1.
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An§d� ,d§�zt�� �®� �� ,«r�� Ty�A� ��

lim
x→+∞

e2x

x
= +∞.

:w¡ �A§Ahn�� 
rR �}A�� �tnts� ,�ry��

lim
x→+∞

e2x + 1

x+ 3
= +∞.

: d�� �Aqm�� �� ex ¤ Xsb�� �� �rtK� ��A� xex �r�� (3

xex + 2ex − 5

ex − 3
=

xex

ex
·
1 + 2

x
− 5

xex

1− 3e−x
= x ·

1 + 2
x
− 5

xex

1− 3e−x
.

:AnyW`§ limx→+∞ e−x = 0  ± ,(�yy`� �d� T�A� 
sy�) limx→+∞ xex = +∞  ±¤

lim
x→+∞

1 +
2

x
− 5

xex
= 1, lim

x→+∞
1− 3e−x = 1 =⇒ lim

x→+∞

1 + 2
x
− 5

xex

1− 3e−x
= 1.

:  � �yt§Ahn�� 
rR �}A�� �tnts�

lim
x→+∞

xex + 2ex − 5

ex − 3
= +∞.

:d�� �Aqm��¤ Xsb�� �� �rtK� ��A`� x2
�r�� (4

x2 + x sinx

x2 + x cosx
=

x2

x2
·
1 + sinx

x

1 + cosx
x

=
1 + sinx

x

1 + cosx
x

.

:x > 0 �� ��� �� An§d� −1 ≤ sinx ≤ 1  ±

−1

x
≤ sinx

x
≤ 1

x

: d�� .limx→+∞
cosx
x

= 0  � Tq§rW�� Hfn� �¡rb� .limx→+∞
sinx
x

= 0 T§r\n�� 	s� ¢n�¤

lim
x→+∞

x2 + x sinx

x2 + x cosx
=

1

1
= 1.

Exercise N°− 4 − ��C �§rm�

.1 dn� x3 T��d�� T§Ah� TF�Cd� ,(ϵ, δ) d�¤� ,�A§Ahn�� �§r`� �Am`tF��

Using the definition of limits, find (ϵ, δ) to study the limit of the function x3 at 1.
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Solution : �þþ���

�yWts� .(1 ¨¡ T§Ahn��  ±) |x3− 1| < ϵ  �� |x− 1| < δ  A� �Ð� ,�y�δ > 0 �� ��b� .ϵ > 0 @���

.ϵ ≥ 1 ���w§ δ þ�� Hf� ,ϵ = 1 ��� �� δ d�¤ �Ð�� ϵ ≤ 1  � |rf�  �

­d§�zt� x3
	`k� T��d��  ±¤ ,��rV±� 	y`kt� 1− δ ≤ x ≤ 1+ δ  �� .|x− 1| < δ �y� δ > 0 �k�

: ��

1− 3δ + 3δ2 − δ3 ≤ x3 ≤ 1 + 3δ + 3δ2 + δ3.

:¸�Ak§ �@¡

−3δ + 3δ2 − δ3 ≤ x3 − 1 ≤ 3δ + 3δ2 + δ3.

: �y� δ ∈]0, 1] @���  � ¨fk§

−3δ + 3δ2 − δ3 ≥ −ϵ

¤

3δ + 3δ2 + δ3 ≤ ϵ.

:¢n�¤ 
�A� c > 0 ¤ δ ≤ cϵ  � |rf�

3δ + 3δ2 + δ3 = 3cϵ+ 9c2ϵ2 + c3ϵ3 ≤ (3c+ 9c2 + c3)ϵ

¤ ϵ ≤ 1  ±

−3δ + 3δ2 − δ3 ≥ −3δ − 3δ2 − δ2 ≥ −(3c+ 9c2 + c3)ϵ

�ybF Yl� .3c + 9c2 + c3 ≤ 1 �y� c > 0 ¨qyq���  d`�� d��  � ¨fk§ ,�A�As��� Hf� �Ab�A� ¤

 �� δ = ϵ/2  A� �Ð� ¢�� �¡rb� ϵ ∈]0, 1] ��� �� .c = 1/2 �A�m��

|x− 1| ≤ δ =⇒ |x3 − 1| ≤ ϵ.

.1 ©¤As� 1 dn� x3
T§Ah�  � 
b�§ �@¡

Exercise N°− 5 − ��C �§rm�

Let f be the function defined by: : þ� T�r`m�� T��d�� f �kt�

f(x) =

√
1 + x−

√
1 + x2

x

.f T��dl� Df �§r`t�� T�wm�� d�¤� (1

Find the definition set Df of the function f .

? R Yl�C�rmtF³A� d§dmtl� Tl�A� ¨¡ �¡ ,lim
x→0

f(x) 	s�� (2
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Calculate lim
x→0

f(x), is it extendable continuously over R?

Solution : �þþ���

f(x) =

√
1 + x−

√
1 + x2

x

Df �§r`t�� T�wm�� •

Df = {x ̸= 0} ,

Df =
{
1 + x > 0, 1 + x2 > 0

}
=⇒ Df = {x > −1} =⇒ Df = ]−1, 0[ ∪ ]0,+∞[ .

rsk�� Xsb�¤ ���rm�� ¨� 
rS� T§Ahn�� 
As�� •

√
1 + x−

√
1 + x2

x
=

√
1 + x−

√
1 + x2

x
∗
√
1 + x+

√
1 + x2

√
1 + x+

√
1 + x2

=
1 + x− (1 + x2)

x
(√

1 + x+
√
1 + x2

)
=

x− x2

x
(√

1 + x+
√
1 + x2

)
=

1− x(√
1 + x+

√
1 + x2

) =⇒ lim
x→0

f(x) =
1

2

: ¨¡ ­ dmm�� T��d��¤ R Yl� C�rmtF³A� d§dmtl� Tl�A� f

f̃ =

{ √
1+x−

√
1+x2

x
, x ̸= 0,

1
2
, x = 0.

Exercise N°− 6 − ��C �§rm�

Let the function g defined on R be as follows: : ¨l§Am� R Yl� T�r`m�� g T��d�� �kt�

g(x) =

{
1

ln |x| if x /∈ {0,−1, 1}
0 if x = 0,−1, 1
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At which points is the function g continuous? ?­rmts�  wk� g T��d�� ªAqn�� ©� ¨�

Solution : �þþ���

.Ah�Aq� �d`n§ ¯ ­rmts� T�� 
wlq� A¡CAbt�A� R\{−1, 0, 1} Yl� ­rmts� T�� ¨¡ g T��d��

 ± .0 dn� g T��d�� T§C�rmtF� xCdn�

lim
x→0

ln |x| = −∞

:An§d�

lim
x→0

g(x) = lim
X→−∞

1

X
= 0 = g(0).

 ±¤ �� .0 dn� ­rmts� g T��d��

lim
x→1+

ln |x| = 0+

 ��

lim
x→1+

g(x) = lim
X→0+

1

X
= +∞ ≠ g(1).

.−1 dn� ­rmts� 
sy� g  � �¡rb� Tq§rW�� Hfn� .1 dn� ­rmts� 
sy� g T��d��

Exercise N°− 7 − ��C �§rm�

¨l§ Am� T�r`m�� f : R → R T��d�� �kt� (1

Let the function f : R → R be defined as follows

f(x) =

(ax)2 if x ≤ 1,

a sin(π
2
x) if x > 1

?­rmts� f T��d��  wk� Yt� a �y� ¨¡A� .¨qyq� 
�A� a ∈ R �y�

where a ∈ R is a real constant. What are the values of a for the function f to be

continuous?

: ­rmts� Ty�At�� g : R → R T��d��  wk� Yt� α, β, γ ∈ R 
�A��� �y� �� d�¤� (2

Find all values of the constant α, β, γ ∈ R such that the following function g : R → R
is continuous:

g(x) =


1 if x ≤ 0,

αe−x + βex + γx(ex − e−x) if 0 < x < 1,

e2−x if x ≥ 1.
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Real functions Tyqyq��� ��¤d�� Exercise series N° 2 ��C �§CAmt�� TlslF .9.2

Solution : �þþ���

f  A� �Ð� Xq�¤ �Ð� ­rmts� f  ± .] −∞; 1[ Yl�¤ ]1; +∞[ �A�m�� Yl� ­rmts� T��d�� (1

�k� ,Tyt§Ahn�� «¤Ast�  � 	�§ ¤ xtimi� x u� � 1 dn� CAsy�� ��¤ �ymy�� �� T§Ah� �bq§

:An§d�

lim
x→1+

f(x) = a sin(π/2) = a ¤ lim
x→1−

f(x) = a2.

.a = 0 ¤� a = 1  A� �Ð� Xq�¤ �Ð� ¨n`§ a2 = a  A� �Ð� Xq�¤ �Ð� 1 dn� ­rmts� f T��d��

dn� CAsy�� Yl� ¤ �ymy�� Yl� T§C�rmtF¯� TF�C Anyl� ­rm�� £@¡ �k� ,º¨K�� Hf� �`f� (2

Yl�¤ ]0; 1[ �A�m�� ¤ ]−∞; 0[ �A�m�� Yl� A¡C�rmtF� �R�w�� �� g T��dl� ,1 ¤ 0 �ytWqn��

:Th� �� An§d�¤ .]1; +∞[

lim
x→0−

g(x) = 1 ¤ lim
x→0+

g(x) = α + β.

:An§d� «r�� Th� ��¤

lim
x→1−

g(x) = αe−1 + βe1 + γ(e1 − e−1) ¤ lim
x→1+

g(x) = e1.

:Ty�At�� Tlm��� �q�� (α, β, γ) Ty�®��� 
�A� �Ð� Xq�¤ �Ð� ­rmts� g T��d��{
α + β = 1

e−1α + e1β + (e1 − e−1)γ = e1.

: T·�Akm�� Tlm��� d�� .L2 �� e−1L1 �rW� �A�m�� �ybF Yl�¤ Tlm��� ���{
α + β = 1

(e1 − e−1)β + (e1 − e−1)γ = e1 − e−1.

:d�n� Ty�A��� T� A`m�� �� e1 − e−1
Tmyq�� ��zt�� �yWts�

{
α + β = 1

β + γ = 1.
⇐⇒


α = γ

β = 1− γ

γ = γ

.{(0, 1, 0) + γ(1,−1, 1) : γ ∈ R} :¨¡ ­rmts� g T��d�� Ahl�� �� ¨t�� �Ay�®��� T�wm��
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Exercise series N° 2 ��C �§CAmt�� TlslF .9.2 Real functions Tyqyq��� ��¤d��

Exercise N°− 8 − ��C �§rm�

: ¨l§Am� R\{−1} Yl� T�r`m�� f T��d�� �kt�

Let the function f defined on R\{−1} as follows:

f(x) =
1 + x

x3 + 1
.

.−1 TWqn�� dn� C�rmtF³A� f T��d�� d§dm� Annkm§ ¢�� 
b�� (1

Prove that we can extend the function f by continuing at the point −1.

.d§dmt�� �@h� −1 dn� ­Ðw��m�� Tmyq��  d� (2

Find the value taken at −1 for this extension.

Solution : �þþ���

T§Ah� 
As� dn� �yy`� �d� T�A� An§d� ��@� ,−1 Tmyq�� dn� �Aqm��¤ Xsb�� �� �� �d`n§

:d�� ,�rtKm�� ��A`�� ��r�tF�� rsk�� Xsb� ,�@¡ �yy`t�� �d� T��E³ .−1 dn� f T��d��

x3 + 1 = (x+ 1)(x2 − x+ 1)

: T��d�� �bO� ¢n�¤

f(x) =
1

x2 − x+ 1
.

¨�At�A�¤

lim
x→−1

f(x) = 1/3

:�kK�� Yl� 	tk� ­ dmm�� T��d��¤ C�rmtF³A� d§dmtl� Tl�A� T��d��  � �tnts�

f̃(x) =


1 + x

x3 + 1
 A� �Ð� x ̸= −1,

1/3  A� �Ð� x = −1.

Exercise N°− 9 − ��C �§rm�

? 0¨� �AqtJ®� Tl�A� Ty�At�� ��¤d�� �¡

Are the following functions differentiable at 0?

f(x) =
x

1 + |x|
, g(x) =

{
x sin(x) sin(1/x) if x ̸= 0

0 if x = 0.
, h(x) = |x| sinx.
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Real functions Tyqyq��� ��¤d��Exercise series N° 2 ��C �§CAmt�� TlslF .9.2

Solution : �þþ���

.0 Tmyq�� dn� T§Ah� �bq� 
�A� �Ð� Amy� ��b�¤ T��dl� d§�zt�� Tbs� 	s�� �§r`t�� 	s�

f(x)− f(0)

x
=

x
1+|x|

x
=

1

1 + |x|
→ 1

:An§d� g T��dl� Tbsn�A� .1 AhqtK�¤ 0 dn� �AqtJ²� Tl�A� T��d�� .x → 0 A�dn�

g(x)− g(0)

x
= sin(x) sin(1/x).

: � �tnts� | sin(1/x)| ≤ 1 ¤ | sinx| ≤ |x| �m`ts�∣∣∣∣g(x)− g(0)

x

∣∣∣∣ ≤ |x|.

.0 Y�� �¤¥§ x Am� 0 þ� �¤¥� d§�zt�� Tbs� ,T�CAqm�� T§r\� �Am`tFA�

:An§d� h ��� �� .g′(0) = 0 �� 0 dn� �AqtJ²� Tl�A� g T��d��

h(x)− h(0)

x
= |x| · sinx

x
.

d§�zt�� Tbs� ¢n�¤ 0 Y�� �¤¥§ x Am� 0 Y�� �¤¥§ |x| ¤ 0 Y�� �¤¥§ x Am� 1 þl� �¤¥§ sinx/x  ±

.h′(0) = 0 �y� 0 dn� �AqtJ²� Tl�A� h ¢n�¤ 0 Y�� �¤¥§ x Am� 0 þ� �¤¥�

Exercise N°− 10 − ��C �§rm�

:¨l§ Am� R+ Yl� T�r`m�� f T��d��  wk� �y�� a, b ∈ R d�¤�

Find a, b ∈ R such that the function f defined on R+ is as follows:

f(x) =

{ √
x if 0 ≤ x ≤ 1,

ax2 + bx+ 1 if x > 1,

differentiable at 1. .1 dn� �AqtJ²� Tl�A�

Solution : �þþ���

.1 dn� ­rmts� f T��d��  wkt�� 	�§ ,¯¤�

: An§d�

lim
x

<→1

f (x) = lim
x

<→1

(√
x
)
= 1 = lim

x
>→1

f (x) = a+ b+ 1.
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Exercise series N° 2 ��C �§CAmt�� TlslF .9.2Real functions Tyqyq��� ��¤d��

:¢n�¤

a+ b+ 1 = 1 =⇒ b = −a.

.1 dn� �AqtJ³� Tyl�A� xCdn�

.[0, 1] �A�m�� Yl� x 7→
√
x T��d�� �� ��AWt� f T��d��

.1/2 ¢tmy� ©@��¤ 1  d`�� CAs§ �� �tK� �bq§ f ,x 7→ 1
2
√
x
w¡ x 7→

√
x T��d�� �tK�

w¡ AhqtK� ¢n�¤ x 7→ ax2 + bx+1 T��d�� �� [1,+∞[ �A�m�� Yl� ��AWt�f T��d�� «r�� Th� ��

.x 7→ 2ax+ b

.2a+ b ©¤As§ AhqtK�¤ ,1 dn� �AqtJ²� Tl�A� �Ð� f T��d��

: A� �Ð� Xq�¤ �Ð� 1 dn� �AqtJ²� Tl�A� f T��d�� ,�ry��

lim
x

<→1

f (x)− f (1)

x− 1
= f ′

g (1) = lim
x

>→1

f (x)− f (1)

x− 1
= f ′

d (1)

⇐⇒ 1

2
= 2a+ b

⇐⇒

{
a = 1

2

b = −1
2

Exercise N°− 11 − ��C �§rm�

: R Yl� Ty�At�� ��¤d�� �AqtJ� Tyl�A� xC �

Study the differentiability of the following functions on R :

f(x) =

{
x2 sin

(
1
x

)
x ̸= 0

0 x = 0
g(x) =

{
x3 sin

(
1
x

)
x ̸= 0

0 x = 0.

Solution : �þþ���

: ± ,0 dn� ­rmts� f  � ^�®�

lim
x→0

f (x) = 0 = f (0)

.R∗
Yl� Yl� C1

�nO�� �� ¨¡ f T��d�� «r�� Th� ��

: d§�zt�� Tbs� T§Ah� xCd� �§r`tl� �w�r�A�¤ 0 dn� �AqtJ³� Tyl�A� xCdn�

f(x)− f(0)

x
= x sin

(
1

x

)
−→ 0, x → 0
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Real functions Tyqyq��� ��¤d��Exercise series N° 2 ��C �§CAmt�� TlslF .9.2

.|x sin
(
1
x

)
| ≤ |x| d�� ¨lfF¤ ©wl� d�  w�¤ ¨� Ty�l�m�� ��¤d�� Q�w� �Sf�

�nO�� �� f T��d�� 
�A� �Ð� A�  d�� ¨k� .f ′(0) = 0 �� ,0 dn� �AqtJ²� Tl�A� f T��d�� ¨�At�A�¤

.0 dn� �tKm�� T§C�rmtF� TF�C 	�§ ,0 dn� C1

:An§d� x ̸= 0 ��� �� ,¢yl�¤

f ′(x) = 2x sin

(
1

x

)
− cos

(
1

x

)
.

:¤ 0 Y�� �¤¥§ xn ¢n�¤ xn = 1
2nπ

�S�

f ′(xn) =
1

nπ
sin(2nπ)− cos(2nπ) = −1 ̸= f ′(0).

.C1
�nO�� �� 
sy� f T��d��  � ©� ,0 dn� rmts� Hy� f ′

:¨�At�A�¤

�y� 0 dn� �AqtJ²� Tl�A� R∗
Yl� C1

�nO�� �� Ah�� �¡rb� ¨k� g T��d�� ��A`� �§rW�� Hfn�

:x ̸= 0 ��� �� ,��Ð Yl� T�AR� .g′(0) = 0

g′ (x) = 3x2 sin

(
1

x

)
− x cos

(
1

x

)
:�y�

|g′(x)− g′(x)| ≤ 3 |x|2 + |x|.

.C1
�nO�� �� g ¢n�¤ ,0 dn� rmts� g′  � �d§ �@¡

Exercise N°− 12 − ��C �§rm�

:AhqtK� �� T��d�� �§r`� T�wm�� T�A� �� ¨� d�¤�

In each case, find the definition set of the function and then its derivative:

1) f(x) = 4x3 − 5x2 + x− 1, 6) f(x) = −x+ 2 +
2

3x
,

2) f(x) = 5x3 − 1

x
+ 3

√
x, 7) f(x) =

1

x+ x2
,

3) f(x) = (x2 + 1)(x3 − 2x), 8) f(x) = (2x+ 1)2,

4) f(x) =
2x2 − 3

x2 + 7
, 9) f(x) =

√
x(5x− 3).

5) f(x) =
2x− 1

x+ 1
,
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Exercise series N° 2 ��C �§CAmt�� TlslF .9.2Real functions Tyqyq��� ��¤d��

Solution : �þþ���

:AhqtK�¤ R Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = 4✕3x2 − 5✕2x+ 1 = 12x2 − 10x+ 1

Tl�A� 
wlq� T��d�� .Df =]0;+∞[ ¢n�¤ .x ≥ 0 ¤ x ̸= 0  wk§  � 	�§ T�r`� f  wk� ¨k�

Yl� �AqtJ²� Tl�A� ¨`y�rt�� C@��� T��d��  � T�AR³A� .]0; +∞[ Yl� ¤ ]−∞; 0[ Yl� �AqtJ²�

:AhqtK� ¤ ]0; +∞[ Yl� �AqtJ²� Tl�A� f ¢n�¤ .]0; +∞[

f ′(x) = 15x2 − −1

x2
+ 3✕

1

2
√
x
= 15x2 +

1

x2
+

3

2
√
x

.R Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = 2x
(
x3 − 2x

)
+
(
x2 + 1

) (
3x2 − 2

)
= 2x4 − 4x2 + 3x4− 2x2 + 3x2 − 2

= 5x4 − 3x2 − 2

.x �� ��� �� x2 + 7 > 0  ± R Yl� �AqtJ²� Tl�A� ¤ T�r`� f

f ′(x) =
4x (x2 + 7)− 2x (2x2 − 3)

(x2 + 7)2

=
4x3 + 28x− 4x3 + 6x

(x2 + 7)2

=
34x

(x2 + 7)2

.]−∞;−1[∪]− 1;+∞[ Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) =
2(x+ 1)− (2x− 1)

(x+ 1)2

=
2x+ 2− 2x+ 1

(x+ 1)2

=
3

(x+ 1)2

.]−∞; 0[∪]0; +∞[ Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = −1 +
2

3
✕
−1

x2

= −1− 2

3x2
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Real functions Tyqyq��� ��¤d��Exercise series N° 2 ��C �§CAmt�� TlslF .9.2

T�r`� f ¢n�¤ .x+ x2 = x(x+ 1) ©� .x+ x2 ̸= 0  A� �Ð� �AqtJ²� Tl�A�¤ T�r`� f T��d��  wk�

.R \ {−1; 0} Yl� �AqtJ²� Tl�A� ¤

f ′(x) = − 1 + 2x

(x+ x2)2

f(x) = (2x+ 1)(2x+ 1) .R Yl� �AqtJ²� Tl�A� ¤ T�r`� f T��d��

f ′(x) = 2(2x+ 1) + (2x+ 1)✕2

= 4(2x+ 1)

= 8x+ 4

.]0; +∞[ Yl� �AqtJ²� Tl�A� [0; +∞[ Yl� T�r`� f T��d��

f ′(x) =
1

2
√
x
(5x− 3) + 5

√
x

=
5x− 3 + 10x

2
√
x

=
15x− 3

2
√
x

Exercise N°− 13 − ��C �§rm�

: Ty�At�� ��¤dl� n T�Cd�� �� �tKm�� 	s��

Calculate the derivative of degree n for the following functions:

1).x 7→ xex 2).x 7→ xn−1 ln(1 + x).

Solution : �þþ���

T�®� �m`ts� �wF .h(x) = ex ¤ g(x) = x �y� f(x) = g(x)h(x) 	tk� ¤ f(x) = xex �S� (1

ztynby�

f (n)(x) =
n∑

k=0

Ck
ng

(k)(x)h(n−k) (x) .

,g(k)(x) = 0 ,g′(x) = 1 ,g(x) = x An§d� , ���w�� ¨� .Xq� �§d� �� �wm�m�� �@¡ ���t§

: �� k ≥ 0 �� ��� �� h(k)(x) = ex AS§� An§d� ¢�±¤ .k ≥ 2

f (n)(x) = xex + nex = (x+ n)ex.
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Exercise series N° 2 ��C �§CAmt�� TlslF .9.2Real functions Tyqyq��� ��¤d��

:T��dl� n T�Cd�� �� �tKm�� (2

xn−1 ln(1 + x)

¤ ,R �yt�wm�m�� Yl� C∞
�nO�� �� �¡ �§@l�� h(x) = ln(1 + x) ¤ g(x) = xn−1

�S�

:���rt�A�  Ð� �¡rb� .	y�rt�� Yl� ]− 1,+∞[

g(k)(x) = (n− 1) . . . (n− k)xn−1−k =
(n− 1)!

(n− 1− k)!
xn−1−k,

: ±

h(k)(x) =
(−1)k−1(k − 1)!

(1 + x)k

�m`ts� .f(x) = g(x)h(x) :we write: 	tk�¤ f(x) = xn−1 ln(1 + x) �S� .k > 0 ��� ��

:d�� g(n) = 0 �y� ztynby� T�®�

f (n)(x) = (n− 1)!
n∑

k=1

(−1)k−1

(
n

k

)
xk−1

(1 + x)k
.

,Xsb� �wm�� ¢l`�� x Yl� �sq� ,x ̸= 0  A� �Ð� .f (n)(0) = n!  � d�� x = 0  A� �Ð�

:d�� d��� ¨¶An� T�®� �Am`tFA�¤

f (n)(x) =
(n− 1)!

x

(
1−

n∑
k=0

(
n

k

)(
−x

1 + x

)k
)

=
(n− 1)!

x

(
1−

(
1 +

−x

1 + x

)n)
=

(n− 1)!

x

(
1− 1

(1 + x)n

)
.

Exercise N°− 14 − ��C �§rm�

w¡ xne1/x T��dl� n+ 1 T�Cd�� �� �tKm��  � 
b�� .n ∈ N �kt�

Let n ∈ eN . Prove that the derivative of degree n+ 1 of the function xne1/x is

(−1)n+1

xn+2
e1/x.

Solution : �þþ���

.n Yl� ���rt�A� T�wlWm�� T�®`�� 
b�n� .R∗
Yl� C∞

�nO�� �� T��d��
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Real functions Tyqyq��� ��¤d��Exercise series N° 2 ��C �§CAmt�� TlslF .9.2

.n = 0 ��� �� T�y�} Ty}A��� ¢n�¤ .
−1
x2 e

1/x
w¡ e1/x T��d�� �tK� ,n = 0 ��� �� ,An§d�

: ©� n ��� �� T�y�} T�®`��  � |rf�

(
xn−1e1/x

)(n)
=

(−1)n e1/x

xn+1

T�y} �m`ts� �� x ·xn−1e1/x �kK�� Yl� xne1/x T��d�� 	tk� �@h� .n+1 ��� �� Aht�} �¡rbn�¤

: �¡rb� ¨k� zynby�(
xne1/x

)(n+1)
=

(−1)n+1

xn+2
e

1
x

:d��

(
xne1/x

)(n+1)
=

(
x
(
xn−1e1/x

))(n+1)
=

n+1∑
k=0

Ck
n · x(k) ·

(
xn−1e1/x

)(n+1−k)

= C0
n · x(0) ·

(
xn−1e1/x

)(n+1−0)
+ C1

n · x(1) ·
(
xn−1e1/x

)(n+1−1)

= 1 · x ·
(
xn−1e1/x

)(n)
+ (n+ 1) ·

(
xn−1e1/x

)(n)
= x ·

(
(−1)n e1/x

xn+1

)′

+ (n+ 1) · (−1)n e1/x

xn+1

= x · (−1)n+1

xn+3
e

1
x (x+ nx+ 1) + (n+ 1) · (−1)n e1/x

xn+1

=
(−1)n+1

xn+2
e

1
x

Exercise N°− 15 − ��C �§rm�

:Ty�At�� ��¤dl� n Tb�r�� �� a TWqn�� ¨�  ¤d�m�� rKn�� d�¤�

Find the finite diffusion at point a of order n for the following functions:

1) ln(cos(x)) n = 6, a = 0.

2)
arctan(x)− x

sin(x)− x
n = 2, a = 0.

3) ln
(
tan
(x
2
+

π

4

))
n = 3, a = 0.

4) ln(sin(x)) n = 3, a = π
4
.

5) (1 + x)
1
x n = 3, a = 0.

Solution : �þþ���
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.ln(cosx) = −1

2
x2 − 1

12
x4 − 1

45
x6 + o

(
x7
)

•

.
arctan(x)− x

sin(x)− x
= 2− 11

10
x2 + o

(
x3
)

•

.ln(tan(1/2x+ 1/4π)) = x+
1

6
x3 + o

(
x4
)

•

.ln(sinx) = ln(1/2
√
2) + x− π

4
−
(
x− π

4

)2
+

2

3

(
x− π

4

)3
+ o

((
x− π

4

)3)
•

.(1 + x)
1
x = e

ln(1+x)
x = e− 1/2 ex+

11

24
ex2 − 7

16
ex3 + o

(
x3
)

•

Exercise N°− 16 − ��C �§rm�

.3 Tb�r�� �� 0 dn� h(x) = cos
(
ln(1 + x)

)
T��dl�  ¤d�m�� rKn�� d�¤�

Find the limited expansion of the function h(x) = cos
(
ln(1 + x)

)
at 0 up to the order 3.

Solution : �þþ���

�S� •
f(u) = cos(u) and g(x) = ln(1 + x)

: ¢n�¤

f ◦ g(x) = cos
(
ln(1 + x)

)
and g(0) = 0

.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •

f(u) = cos u = 1− u2

2!
+ u3ϵ1(u)

.0 C�w� ¨� u ��� ��

�S� •

u = g(x) = ln(1 + x) = x− x2

2
+

x3

3
+ x3ϵ2(x)

.0 C�w� ¨� x ��� ��
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:u2
	s�� •

u2 =

(
x− x2

2
+

x3

3
+ x3ϵ2(x)

)2

= x2 − x3 + x3ϵ3(x)

: u3
¤

u3 = x3 + x3ϵ4(x)

.

:¢n�¤ •

h(x) = f ◦ g(x) = f(u)

= 1− u2

2!
+ u3ϵ1(u)

= 1− x2 − x3

2!
+ x3ϵ(x)

= 1− 1

2
x2 + x3ϵ(x).
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d`u§ Am� ,�� d�m�� ,�A�wfOm�� ,TyW��� �AqybWt�� ��� ,�y¡Af� �� £d`� ¨��yF Am� ¨FAF±�

.�A�wm�m�� ��As�� xCdl� Tlmk�

This chapter is considered one of the most important sections that form the foundation of

linear algebra theories. It serves as a fundamental part for subsequent concepts like linear

applications, matrices, determinants, and is also a continuation of the previous lesson on sets.

Algebraic structures T§rb��� Ynb�� 1.3

Internal composition Tyl��d�� Tylm`�� 1.1.3

1.1.3 : Definition - �§r`�

. E ̸= ∅ �y�� T�wm�� E �kt�

Let E be a set such that E ̸= ∅ .

.E ¨� ¢my� @��§¤ E✕E Yl� �r`� �ybW� �� Tyl�� Tylm� ¤� ¨l�� 	y�r�  w�A� ¨ms�

We call an internal composition law or internal composition every application defined on

E✕E and taking its values in E.

:®�� 	tkn� . . . ⊥ ,∆ , ⋆ :Ew�r�Aþ� ­ A� ¢� z�r�¤

We usually symbolize it with the symbols: ⋆, ∆, ⊥ . . . , so we write, for example:

⋆ :
E✕E → E

(x, y) → x ⋆ y

:¨l§ A� �q�� �Ð� E ¨� Tyl�� ⋆ Tylm`��  wk�¤

The operation ⋆ is Internal composition to E if the following is true:

∀x, y ∈ E : x ⋆ y ∈ E

.E ¨� ­rqts� ⋆ Tyl��d�� Tylm`��  � �wq�  � ©�

that is, we say that the internal composition ⋆ is stable in E

1.1.3 : Example - �A��
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9 + 8 = 17 /∈ E  ± .E ¨� Tyl�� Tylm� 
sy� + ¢n�¤ E = {0, 1, 6, 9, 8} T�wm�m�� �kt�

Let the set E = {0, 1, 6, 9, 8} from which + is not an internal composition in E. Because

9 + 8 = 17 /∈ E

2.1.3 : Example - �A��

(+) is an internal composition in R. .R ¨� Tyl�� Tylm� (+)

,a, b ∈ R r}An`�� �ym�� Tbsn�A� ¢�� CAhZ� Y�� �At�� ,R ¨� Tyl�� Tylm� ¨¡ (+)  � �Ab�³

.R ¨� ¾AS§�  wk§ a+ b �h�wm��

.�m��� 
�� Tql�� Tyqyq���  �d�±� T�wm��  � 
b��  � Y�� �At�� ,«r�� ­CAb`�

 �d�±�¤ TqVAn��  �d�±� �� �� �mK� Ah��� ,Tyqyq���  �d�±� �ym� T�wm�� ��m� R  � Am�

�Ð� Am� r\n�� {�� ,r�� ¨qyq�  d� ¢n� �tn§ Tyqyq���  �d�±� �� �yn�� �m� TqVAn�� ry�

 � �ybt§ ¨�At�A�¤ ,Tyqyq���  �d�°� TyFAF� TmF ¨¡ Ty}A��� £@¡ .TqVA� ry� ¤� TqVA� 
�A�

.R ¨� Tyl�� Tylm� ¾®`� ¨¡ (+)

To prove that (+) is an internal composition in R, we need to show that for all a, b ∈ R, their
sum a+ b is also in R.
In other words, we need to demonstrate that the set of real numbers is closed under addition.

Since R represents the set of all real numbers, it includes both rational and irrational numbers.

Addition of two real numbers results in another real number, regardless of whether they are

rational or irrational. This property is a fundamental characteristic of real numbers, and it

follows that (+) is indeed an internal composition in R.

Group ­r�z�� 2.1.3

�� T§C¤rR Ah�wk�  r�m�� rb��� ¨� Tmhm��¤ TyFAF±� T§rb��� Ynb�� «d�� ­r�z�� rbt`�

�d�ts�¤ ��ºASf��¤ �wq���¤ �Aql��A� :«r�±� ­ r�m�� T§rb��� Ynb�� 
A`ytF�¤ �h� ���

Er�� �� T��sm�� £@¡ rbt`�¤ ºASf�� ¨� ���wm�� Tm\tn� ªAqn�� �m� �ynO� ¨� r�z�� T§r\�

º§z� �y� X�r��  w�A� �AKktF� ¨� �A`f�� A¡C¤ Y�� T�AR� ��Cwlb�� �l� ¨� Tmhm�� �¶Asm��

�A·§z��� T§r\� Tynb� CwW� ©� CwO� Anyl� 	`O§ rRA��� 
�w�� ¨�¤ .Tny`� ­r�E¤ ­ Am��

.r�z�� T§r\� ­d�As�  ¤ 
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Groups are considered one of the fundamental and important algebraic structures in abstract

algebra. They are essential for understanding and grasping other abstract algebraic structures,

such as rings, fields, and vector spaces. Group theory is used in classifying sets of regularly

arranged points in space, making it crucial in the field of crystallography. Additionally, it plays

a significant role in exploring the relationship between the molecular structure of matter and

a specific group. Nowadays, it is challenging to envision any advancement in the theoretical

structure of molecules without the assistance of group theory.

2.1.3 : Definition - �§r`�

T`�C±� ª¤rK�� 
qq�� �Ð� ⋆ Tyl�� Tylm`� ­ ¤z� T�wm�� G �y� ­r�E �kK� (G, ⋆)  � �wq�

:Ty�At��

We say that (G, ⋆) forms a group, where G is a set equipped with an internal operation ⋆, if

the following four conditions are satisfied:

(⋆) Internal law ¨l��  w�A� (⋆) (1

∀x, y ∈ G, x ⋆ y ∈ G.

(⋆) Associated law ¨`ym��  w�A� (⋆) (2

∀x, y, z ∈ G, (x ⋆ y) ⋆ z = x ⋆ (y ⋆ z).

dy�¤ © Ay� rOn� �bq§  w�A� ⋆ (3

(⋆) A law that accepts a single neutral element

∃!e ∈ G, ∀x ∈ G, x ⋆ e = x and e ⋆ x = x,

⋆ Tylm`l� Tbsn�A� ry\� G �� rOn� �k� (4

Each element of G has an opposite with respect to the law (⋆)

∀x ∈ G, ∃x′ ∈ G : x ⋆ x′ = x′ ⋆ x = e.

.x−1 z�r�A� ¢� z�r§¤ x 
wlqm� Yms§ x′

x′ is called the opposite of x and is represented by x−1.
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If we add the condition ªrK�� AnfR� �Ð�

∀x, y ∈ G, x ⋆ y = y ⋆ x,

we say that (G, ⋆) forms a commutative group Tyl§db� ­r�E �kK� (G, ⋆)  � �wq�

3.1.3 : Example - �A��

The set (R,+) forms a commutative group Tyl§db� ­r�E �kK� (R,+) T�wm�m��

To prove that the set (R,+) forms a commutative group, we need to show that it satisfies the

four group axioms: closure, associativity, identity element, and inverse element.

Additionally, for commutativity, we need to demonstrate that the operation (+) is commutative.

Let’s go through each axiom:

Closure: For any two real numbers a and b, their sum a+ b is also a real number, so closure

is satisfied.

Associativity: For all real numbers a, b, and c, the addition operation is associative, meaning

(a+ b) + c = a+ (b+ c). This property holds in R.
Identity Element: There exists an identity element, denoted as 0, such that for any real

number a, a+ 0 = 0 + a = a. In this case, the identity element is 0.

Inverse Element: For each real number a, there exists an inverse element, denoted as −a,

such that a + (−a) = (−a) + a = 0. This property holds because every real number has an

additive inverse in R.
Commutativity: The operation of addition is commutative in R, meaning that for any real

numbers a and b, a+ b = b+ a.

Since all five properties are satisfied, the set (R,+) forms a commutative group.

4.1.3 : Example - �A��

	y�rt�� Tylm`� ­ ¤zm�� Tyl�Aqt�� �AqybWt�� T�wm�� L (E) ¤ E ̸= ∅ T�wm�m�� �kt�

Let the set E ̸= ∅ and L (E) be the set of bijective applications with the composition

operation

◦ :
E✕E → E

(f, g) → f ◦ g
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Tyl§db� 
sy� ­r�E �kK� (E, ◦) T�wm�m��

The set (E, ◦) forms a non-commutative group

Let (G, ⋆) be a group. .­r�E (G, ⋆) �kt�

3.1.3 : Definition - �§r`�

Let H ⊂ G be a subgroup of G if: :  A� �Ð� G �� Ty¶z� ­r�E H ⊂ G �kt�

e ∈ H e ∈ H •

For every x, y ∈ H then x ⋆ y ∈ H. .x ⋆ y ∈ H  �� x, y ∈ H �� ��� �� •

For every x ∈ H then x−1 ∈ H. .x−1 ∈ H  �� x ∈ H �� ��� �� •

The ring Tql��� 3.1.3

 � 	�§ ,�ytyl�� �ytylm�¤ r}An`�� �� T�wm�� �� ���t§ �h� ©rb� �ky¡ ¨¡ Tql���

�� �§rOn� ©± �ytylm`�� T�yt�  � ¨n`§ Am� ,T�wm�m�� ¨� �y�rqts�� �ytylm`�� £@¡  wk�

d§A�� rOn� �An¡  wk�  � 	�§ ,��Ð Y�� T�AR³A� .T�wm�m�� ¨� rOn� AS§� ¨¡ T�wm�m��

.T�wm�m�� ¨� rOn� �k� ¨sk� rOn�¤ �Aylm`�� d�±

A rings is an important algebraic structure composed of a set of elements and two internal

operations. These operations must be closed within the set, meaning that the result of ap-

plying these operations to any two elements in the set must also be an element within the

set. Additionally, there should exist a neutral element for one of the operations and an inverse

element for each element in the set.

4.1.3 : Definition - �§r`�

:¨l§ A� 
qq�� �Ð� Tql� �kK� Ah�� ∆ ¤ ⋆ �ytyl��d�� �yylm`�A� ­ ¤zm�� (A,∆, ⋆)  � �wq�

We say that (A,∆, ⋆) with the two internal law ⋆ and ∆ forms a ring if the following is true:

(A, ⋆) is a commutative group Tyl§db� ­r�E (A, ⋆) (1
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∆ is associative Ty`ym�� ∆ (2

∀x, y, z ∈ A : (x∆y)∆z = x∆(y∆z).

⋆ is distributive on ∆ ∆ Yl� Ty`§Ew� ⋆ (3

∀x, y, z ∈ A : x ⋆ (y∆z) = (x ⋆ y)∆(x ⋆ z).

If the condition is met ªrK�� �q�� �Ð�

∃!e ∈ A : ∀x ∈ A, x∆e = e∆x = x,

.T§d��¤ Tql� (A,∆, ⋆) Tql���  � �wq�

we say that the ring (A,∆, ⋆) is a unit ring.

If the condition is met ªrK�� �q�� �Ð�

∀x, y ∈ A : x∆y = y∆x,

.Tyl§db� Tql� (A,∆, ⋆) Tql���  � �wq�

we say that the ring (A,∆, ⋆) is a commutative ring.

5.1.3 : Example - �A��

.T§d��¤ Tyl§db� Tql� �kK� (R,+,✕) T�wm�m��

The set (R,+,✕) forms a unit commutative ring.

To prove that the set (R,+,✕) forms a unit commutative ring, we need to show that it satisfies

all the properties of a unit commutative ring:

1) Closure under addition: For all real numbers a and b, a + b is a real number, which

satisfies closure under addition.

2) Closure under multiplication: For all real numbers a and b, a · b is a real number, which

satisfies closure under multiplication.

3) Associativity of addition and multiplication: Addition and multiplication of real numbers

are both associative operations, so this property holds.
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4) Commutativity of addition and multiplication: Addition and multiplication of real num-

bers are both commutative operations, so this property holds.

5) Existence of additive identity (unit element): The real number 0 serves as the additive

identity since for all real numbers a, we have a+ 0 = 0 + a = a.

6) Existence of multiplicative identity (unit element): The real number 1 serves as the

multiplicative identity since for all real numbers a, we have a · 1 = 1 · a = a.

7) Existence of additive inverses: For every real number a, there exists an additive inverse

−a such that a+ (−a) = (−a) + a = 0.

8) Distributive property: The distributive property holds for multiplication over addition in

the set of real numbers, i.e., for all real numbers a, b, and c, a · (b+ c) = a · b+ a · c.

Since all these properties are satisfied by the set (R,+,✕), it forms a unit commutative ring.

Field �q���¤� �s��� 4.1.3

�� T�wm�� ��  wkt§ �q��� .Tql��� �� �dyq`� r��� ©rb� �ky¡ w¡ �AyRA§r�� ¨� �q���

 � 	�§ �Aylm`�� £@¡ .
rS��¤ �m��� :TyRA§r�� �Aylm`l� ��±� Yl� �yf§r`� �� r}An`��

 �d�±� �mK� �wq� Yl� Tl���¤ .ª¤rK�� �� T�wm�� ¨bl�¤ T�wm�m�� ��� ­rqts�  wk�

¨� AyFAF� �C¤ 	`l� T§rb��� ��Ayh�� £@¡ .�A�m� T§dq`��  �d�±�¤ Tybsn��  �d�±�¤ Tyqyq���

.�wl`��¤ �AyRA§r�� �¤r� �� d§d`��

A field in mathematics is a more complex algebraic structure than a ring. It consists of a set

of elements with at least two defined mathematical operations: addition and multiplication.

These operations must be closed within the set and meet a set of conditions. Examples of fields

include real numbers, rational numbers, and complex numbers, among others. These algebraic

structures play a fundamental role in various branches of mathematics and the sciences.

5.1.3 : Definition - �§r`�

�Ð� ∆ ¤ ⋆ �ytyl��d�� �yylm`�A� ­ ¤zm�� �q� ¤� �s� Ah�� K ̸= ϕ �y� K T�wm�m��  � �wq�

:¨l§ A� 
qq��

We say that the set K where K ̸= ϕ is a field endowed with the two internal laws ⋆ and ∆ if

the following statements is true:
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(K, ⋆,∆) is a ring. Tql� (K, ⋆,∆) (1

∆ Tyl��d�� Tylm`l� Tbsn�A� © Ay��� rOn`�� w¡ {e} �y� ,­r�E (K−{e},∆) (2

(K−{e},∆) is a group, where {e} is the neutral element with respect to the internal

operation ∆

If the condition holds. ªrK�� �q�� �Ð�

∀x, y ∈ K : x∆y = y∆x,

.¨l§db� (K, ⋆,∆) �s���  � �wq�

We say that the structure (K, ⋆,∆) is a commutative field.

6.1.3 : Example - �A��

.¨l§db� �s� �kK� (Q,+, ·) T�wm�m��

The set (Q,+, ·) forms a commutative field.

To prove that the set (Q,+, ·) forms a commutative field, we need to show two things:

(Q,+) is an abelian group (commutative group) under addition. (Q \ 0, ·) is an abelian group

(commutative group) under multiplication, where Q \ 0 is the set of nonzero rational numbers.

Let’s prove these two properties:

1) (Q,+) is an abelian group:

Closure: For any two rational numbers a and b in Q, a+ b is also a rational number, so

closure under addition holds.

Associativity: Addition is associative for all rational numbers. That is, for any a, b, c ∈
Q, (a+ b) + c = a+ (b+ c).

Identity Element: The identity element for addition is 0, as a + 0 = 0 + a = a for all

a ∈ Q.

Inverse Element: For every a ∈ Q, the additive inverse (negative) of a is −a, and

a+ (−a) = (−a) + a = 0.

Commutativity: Addition is commutative, meaning a+ b = b+ a for all a, b ∈ Q.
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Therefore, (Q,+) is an abelian group.

2) (Q \ 0, ·) is an abelian group:

Closure: For any two nonzero rational numbers a and b, a · b is also a nonzero rational

number, so closure under multiplication holds.

Associativity: Multiplication is associative for all nonzero rational numbers. That is,

for any a, b, c ∈ Q \ 0, (a · b) · c = a · (b · c).

Identity Element: The identity element for multiplication is 1, as a · 1 = 1 · a = a for

all a ∈ Q \ 0.

Inverse Element: For every nonzero rational number a, the multiplicative inverse (re-

ciprocal) of a is 1
a
, and a · 1

a
= 1

a
· a = 1.

Commutativity: Multiplication is commutative, meaning a · b = b ·a for all a, b ∈ Q\0.

Therefore, (Q \ 0, ·) is an Abelian group.

Since both conditions are satisfied, the set (Q,+, ·) forms a commutative field.

Vector space ¨�A`K�� ºASf�� 2.3

ºz��� ��m§ ¢�� Ð� ,¨W��� rb��� �A§r\� Ahyl� Ynbu� ¨t�� �wOf�� �¡� �� ºz��� �@¡ rbt`§

¢�� Am� ,��� ...�� d�m�� ,�A�wfOm�� ,TyW��� �AqybWt�� ��� ,�y¡Af� �� £d`� ¨��yF Am� ¨FAF±�

...T§rb��� Ynub��¤ �A�wm�m�� �O� ��� TyRAm�� �wOf�� x¤Cd� Tlmk� d`u§

This part is one of the most important chapters upon which linear algebra theories are built.

It represents the fundamental part for what will follow in terms of concepts, such as linear

applications, matrices, determinants, etc. It also serves as a continuation of the lessons from

previous chapters, such as the chapter on sets and algebraic structures...

6.2.3 : Definition - �§r`�

:¨l§Am� ­ ¤z� 
�A� �Ð� K ¨l§dbt�� �q��� Yl� ¨�A`J ºAS� Ah�� E ̸= ∅ T�wm�m��  � �wq�

We say that the set E ̸= ∅ is a vector space on the commutative field K if it has the

following:
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:�y� E w�� E✕E �� �r`m�� �ybWt�� ©� Tyl�� Tylm� ¤� ¨l�� 	y�r�  w�A� •
The law of an internal structure or internal operation, i.e. the application defined

from E✕E towards E where:

E✕E → E

(u, v) 7→ u+ v

:�y� E w�� K✕E �� �r`m�� �ybWt�� ©� Ty�CA� Tylm� ¤� ¨�CA� 	y�r�  w�A� •
The law of an external structure or external operation, i.e. the defined application

from K✕E towards E where:

K✕E → E

(λ, u) 7→ λ · u

which fulfills the following conditions: :Ty�At�� ª¤rK�� �q�§ ©@��

∀u, v ∈ E : u+ v = v + u. (1

∀u, v, w ∈ E : u+ (v + w) = (u+ v) + w. (2

There is a neutral element 0E ∈ E where �y� 0E ∈ E © Ay� rOn� d�w§ (3

∀u ∈ E : u+ 0E = u.

�y� u′ ry\� rOn� �bq§ u ∈ E rOn� �� (4

Every element u ∈ E accepts an opposite element u′ where

u+ u′ = 0E.

we denote the opposite element u′ by −u. .(−u) z�r�A� u′ry\nl� z�r�

∀u ∈ E : 1 · u = u, (5

∀λ, µ ∈ K, ∀u ∈ E : λ · (µ · u) = (λµ) · u. (6

∀u, v ∈ E,∀λ ∈ K : λ · (u+ v) = λ · u+ λ · v. (7

∀u ∈ E,∀λ, µ ∈ K : (λ+ µ) · u = λ · u+ µ · u. (8

:�Of�� T§Ah� Yt� ¤ ,d`� A� ¨�
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From now on, and until the end of the chapter:

.¨l§db� �q� w¡ ¢� AO� �q� �� •
Every field we encounter is a commutative field.

.�AymlF Yms� �q��� r}An�¤ T`J� Yms� ¨�A`K�� ºASf�� r}An� •
The elements of the vector space are called rays, and the elements of the field are called

scalars.

 wk§  � �kmm�� ry� �� ¢n�¤ ¤ �¤d`m�� �A`K�� Yl� ��¯� Yl� �mtK§ ¨�A`J ºAS� �� •
.Ay�A�

Every vector space contains at least the zero ray, and it cannot be empty.

.(Tyqyq���  �d�±� �q� Yl�) ¨qyq� ¨�A`J ºAS� ¢�� E �� �wq� ,K = R  A� �Ð� •
If K = R, we say that E is a real vector space (over the field of real numbers).

.(Tyly�t��  �d�±� �q� Yl�) ¨ly�� ¨�A`J ºAS� ¢�� E �� �wq� ,K = C  A� �Ð� •
If K = C, we say that E is an imaginary ray space (over the field of complex numbers).

7.2.3 : Example - �A��

¢n�¤ .E = R2 ¤ K = R �S� : ©� ,R �q��� Yl� �r`m�� ¨�A`K�� ºASf�� R2 �ky�

Let R2 be the vector space defined on the field R, that is: we set K = R and E = R2. Then

	tk�¤ .R �� rOn� y ¤ R �� rOn� x �y� (x, y) �¤z�� w¡ u ∈ E rOn� ��

Each element u ∈ E is a pair (x, y) where x is an element of R and y is an element of R,
and we write

R2 =
{
(x, y) | x ∈ R, y ∈ R

}
.

We define on R2 the internal law denoted by (+) (+) ¨l��d��  w�Aq�� R2 Yl� �r`� •

:¢n�¤ R2 �� �§rOn� (x′, y′) ¤ (x, y) �ky�

Let (x, y) and (x′, y′) be two elements of R2, then:

(x, y) + (x′, y′) = (x+ x′, y + y′).

(·) ¨�CA���  w�Aq�� R2 Yl� �r`� •
We define on R2 the external law denoted by (·)

:¢n�¤ R �� rOn� λ ¤ R2 �� rOn� (x, y) �ky�

Brahim Brahimi-Jihane Abdelli 148 University of Mohamed Kheidar, Biskra



V ector Spaces Ty�A`K�� ��ºASf�� Vector space ¨�A`K�� ºASf�� .2.3

Let (x, y) be an element of R2 and λ be an element of R, then:

λ · (x, y) = (λx, λy).

rOn� �k� ry\n�� rOn`��¤ .(0, 0) �¤d`m�� �A`K�� w¡ �m��� Tyl��d�� Tylm`l� Tbsn�A� © Ay��� rOn`��

.−(x, y) z�r�A� AS§� ¢� z�r� d� ©@�� (−x,−y) rOn`�� w¡ (x, y)

The neutral element for the internal additive operation is the null vector (0, 0). The opposite

element of each element (x, y) is the element (−x,−y), which we may also denote by −(x, y).

λ · u

u

v

u+ v

−u

0

8.2.3 : Example - �A��

¤ K = R �S� .1 �� rb�� ¨`ybV  d� n �ky� ,R �q��� Yl� �r`m�� ¨�A`K�� ºASf�� Rn �ky�

.E = Rn

Let Rn be the vector space defined on the field R, and let n be a natural number greater than

1. We set K = R and E = Rn.

:	tk�¤ .R �� r}An� x1, x2, . . . , xn �y� (x1, x2, . . . , xn) �A`K�� �Ð� w¡ u ∈ E rOn� ��

Each element u ∈ E is then the vector (x1, x2, . . . , xn) where x1, x2, . . . , xn are elements of R,
and we write:

Rn =
{
(x1, x2, . . . , xn) | xi ∈ R, i = 1, 2, ...

}
.

We define on Rn the internal law (+) (+) ¨l��d��  w�Aq�� Rn Yl� �r`� •

:¢n�¤ Rn �� �§rOn� (x′
1, . . . , x

′
n) ¤ (x1, . . . , xn) �ky�
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Let (x1, . . . , xn) and (x′
1, . . . , x

′
n) be two elements of Rn, then:

(x1, . . . , xn) + (x′
1, . . . , x

′
n) = (x1 + x′

1, . . . , xn + x′
n).

(·) ¨�CA���  w�Aq�� Rn Yl� �r`� •
We define on Rn the external law (·)

:¢n�¤ R �� rOn� λ ¤ Rn �� rOn� (x1, . . . , xn) �ky�

Let (x1, . . . , xn) be an element of Rn and λ be an element of R, then:

λ · (x1, . . . , xn) = (λx1, . . . , λxn).

�k� ry\n�� rOn`��¤ .(0, 0, . . . , 0) �¤d`m�� �A`K�� w¡ �m��� Tyl��d�� Tylm`l� Tbsn�A� © Ay��� rOn`��

.−(x1, . . . , xn) z�r�A� AS§� ¢� z�r� d� ©@�� (−x1, . . . ,−xn) rOn`�� w¡ (x1, . . . , xn) rOn�

The neutral element for the internal additive process is the null vector (0, 0, . . . , 0). The

opposite element of each element (x1, . . . , xn) is the element (−x1, . . . ,−xn), which we

may also denote by the symbol −(x1, . . . , xn).

.C ¤� R �q��� Yl� Cn ¤ C ºASf�� ºAK�� �km§ ��wnm�� Hfn�

In the same way, the space C and Cn can be constructed on the field R or C.

9.2.3 : Example - �A��

. R w�� R �� T�r`m�� ��¤dl� ¨�A`K�� ºASf��

The vector space of functions defined from R to R .

:¨l§ Am� R ¨�A`K�� ºASf�� Tynb� A¡ ¤z� .f : R −→ R ��¤d�� T�wm�� F (R,R) �kt�

Let F (R,R) be the set of functions f : R −→ R. We provide it with the vector space

structure R as follows:

(+) ¨l��d��  w�Aq�� F (R,R) Yl� �r`� •
We define on F (R,R) the internal law (+)

:¨l§ Am� �r`� f + g ¢n�¤ .F (R,R) �� �§rOn� g ¤ f �kt�

Let f and g be elements of F (R,R). Then f + g is defined as follows:

∀x ∈ R, (f + g)(x) = f(x) + g(x).

(·)¨�CA���  w�Aq�� F (R,R) Yl� �r`� •
We define on F (R,R) the external law(·)
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:¨l§ Am� ¨mls� T�� º�d� �r`� ¢n�¤ R �� rOn� λ ¤ F (R,R) �� T�� f �kt�

Let f be a function of F (R,R) and λ an element of R, then we define the product of a

scalar with function as follows:

∀x ∈ R, (λ · f)(x) = λ · f(x).

Or simply write 	tk� TVAs� �k� ¤�

(λf)(x) = λf(x).

:¨l§ Am� T�r`m�� T�¤d`m�� T��d�� ¢��� �m�l� Tbsn�A� © Ay��� rOn`�� �r`� •
We define the neutral element with respect to the addition as the zero function as

follows:

∀x ∈ R, f(x) = 0.

.0F (R,R) z�r�A� Ah� z�r�  � �km§

We can denote it as 0F (R,R).

:¨l§ Am� R w�� R �� T�r`m�� g T��d�� w¡ F (R,R) �� f T��dl� ry\n�� rOn`�� •
The opposite function of the function f in F (R,R) is the function g defined from R to

R as follows:

∀x ∈ R, g(x) = −f(x).

.(−f)z�r�A� �m�l� Tbsn�A� f ry\n� z�r�

We denote the opposite function of f for addition by (−f).

Product of vector spaces Ty�A`K�� ��ºASf�� º�d� 1.2.3

7.2.3 : Definition - �§r`�

Yl� �r`� .K �q��� Yl� Ty�A`J ��ºAS� E1, E2, . . . , En �ky�¤ Ayl§db� ®q� K �ky�

:¨l§ Am� (·) ¤ (+) �ytyl��d�� �ytylm`�� E = E1✕E2✕ · · ·✕En

Let K be a commutative field and let E1, E2, . . . , En be vector spaces on the field K. We
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define by E = E1✕E2✕ · · ·✕En the two internal operations (+) and (·) as follows:

∀λ ∈ K,∀(x1, x2, . . . , xn), (y1, y2, . . . , yn) ∈ E :

1) (x1, x2, . . . , xn) + (y1, y2, . . . , yn) = (x1 + y1, x2 + y2, . . . , xn + yn),

2) λ · (x1, x2, . . . , xn) = (λ · x1, λ · x2, . . . , λ · xn).

�A`J w¡ ºASf�� �@¡ ¨� © Ay��� rOn`��  wk§ .º�d��� ºAS� Yms§ ¨�A`J ºAS� ��m§ (E,+, ·) @¶dn�

	tk�¤ ºAS� �k� T§ Ay��� r}An`��

Then (E,+, ·) represents a vector space called the product space. The neutral element in this

space is the ray of the neutral elements of each space, and we write:

0E = (0E1 , 0E2 , . . . , 0En) .

Calculus in vector spaces Ty�A`K�� ��ºASf�� ¨� 
As��� 2.2.3

1.2.3 : Proposition - TþyS�

:An§d� ¢n�¤ .λ ∈ K ¤ u ∈ E �ky�¤ .K �q��� Yl� ¨�A`J ºAS� E �ky�

Let E be a vector space on the field K. Let u ∈ E and λ ∈ K. Then, we have:

0 · u = 0E (1

λ · 0E = 0E (2

(−1) · u = −u (3

u = 0E where λ · u = 0E ⇐⇒ λ = 0 (4

λ · u = 0E =⇒ (λ = 0K) ∨ (u = 0E) (5

.u− v z�r�A� u+(−v) �A`Kl� z�r§¤ ,�rW�� Yms� u+(−v) ­CwO�� (u, v) þ� ��r� ¨t�� Tylm`�� (6

:Ty�At�� Q�w��� An§d� ¢n�¤

The operation that attaches to (u, v) the image u+ (−v) is called subtraction, and the
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vector u+ (−v) is denoted by u− v. Then, we have the following properties:

λ(u− v) = λu− λv and (λ− µ)u = λu− µu.

Partial vector spaces Ty¶z��� Ty�A`K�� ��ºASf�� 3.2.3

.K ¨l§dbt�� �q��� Yl� ¨�A`J ºAS� (E,∆, ⋆) Ty�®��� �kt�

Let the triple (E,∆, ⋆) be a vector space on the commutative field K.

8.2.3 : Definition - �§r`�

: AVrK�� �q�� �Ð� E �� ¨¶z� ¨�A`J ºAS� ¢�� E �� F �A��� ry� ºz��� �� �wq�

We say that the non-empty part F of E is a partial vector space of E if the following

conditions are satisfied:

.(E,∆) Tyl§dbt�� ­r�z�� �� Ty¶z� ­r�E (F,∆) (1

(F,∆) is a subgroup of the commutative group (E,∆).

. ∀λ ∈ K, ∀x ∈ F : λ · x ∈ F (2

:¨�At�� �§r`t�� �Am`tF� Annkm§ ¤�

Or we can use the following definition:

9.2.3 : Definition - �§r`�

.E �� Ty�A� ry� Ty¶z� T�wm�� F ¤ K �q��� Yl� ¨�A`J ºAS� E �kt�

Let E be a vector space over the field K and F a non-empty subset of E.

:¨l§ A� �q�� �Ð� E �� ¨¶z� ¨�A`J ºAS� Ah�� F �� �wq�

We say that F is a subspace of E if the following conditions hold:

0E ∈ F 0E ∈ F (1

u+ v ∈ F An§d� u, v ∈ F �� ��� �� (2
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For every u, v ∈ F we have u+ v ∈ F

λ · u ∈ F An§d� u ∈ F Äl� ¤ λ ∈ K �� ��� �� (3

For every λ ∈ K and every u ∈ F we have λ · u ∈ F .

10.2.3 : Example - �A��

.E �� ¨¶z� ¨�A`J ºAS� A�¤ w¡ {0E}  �� ,E ¨�A`J ºAS� �� ��� �� (1

For every vector space E, {0E} is always a vector subspace of E.

¨¡ Pn [x] ,n ©¤As� ¤� ��� Ah�A�C ¨t�� Tyqyq��� �®�A`m�� ��Ð  ¤d��� ��ry�� T�wm�� (2

, K Yl� ¨�A`J ºAS�

The set of polynomials with real coefficients whose degrees are less than or equal to n,

Pn [x] is a vector space on K ,

.n < m �y� Pn [x] �� ¨¶z� ¨�A`J ºAS� w¡ Pm [x] : �� N∗ �� n �� ��� �� An§d�¤

and we have ∀n ∈ N∗ then: Pm [x] is a vector subspace of Pn [x] where n < m.

1.2.3 : Corollary - T�yt�

.E �� Ty�A� ry� Ty¶z� T�wm�� F ¤ K �q��� Yl� ¨�A`J ºAS� E �kt�

Let E be a vector space on the field K and F a non-empty subset of E.

:¨�At�� ªrK�� �q�t§  � ¨fk§ E �� ¨¶z� ¨�A`J ºAS� F  wk§ ¨k�

To have F be a partial subspace of E, it is sufficient for the the following conditions hold:

∀x, y ∈ F, ∀λ, µ ∈ K : λx+ µy ∈ F.

1.2.3 : Remark - T\�®�

Hf� Yl� ¨�A`J ºAS� AS§� w¡ ,¨l§db� �q� Yl� ¨�A`J ºAS� �� ¨¶z� ¨�A`J ºAS� �� •
.�q���

Every sub-vector space of a vector space on a commutative field is also a vector space

on the same field.

.�q��� Hf� Yl� ¢sf� �� ¨¶z� ¨�A`J ºAS� AS§� w¡ ,A� ¨l§db� �q� Yl� ¨�A`J ºAS� �� •
Every vector space on some commutative field is also a sub-vector space of itself on the
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same field.

Linear combination TyW��� �zm�� 4.2.3

10.2.3 : Definition - �§r`�

:�kK�� �� �A`J �� .E �� �A`J n , v1, v2, . . . , vn �kt�¤ ,�y�}  d� n ≥ 1  � |rtf�

Let n ≥ 1 be an integer, and let v1, v2, . . . , vn , n be a vector from E. Each ray of the form:

u = λ1v1 + λ2v2 + · · ·+ λnvn

.v1, v2, . . . , vn T`J°� ¨W� �z� Yms§ (K �q��� �� �AymlF λ1, λ2, . . . , λn �y�)

(where λ1, λ2, . . . , λn are ladders of the field K) It is called linear mixing of rays

v1, v2, . . . , vn.

.¨W��� �zm�� �®�A`� Yms� λ1, λ2, . . . , λn �Aymls��

The scales λ1, λ2, . . . , λn are called linear mixing coefficients.

2.2.3 : Remark - T\�®�

.v1 �� TyW� T�®� Yl� u  � �wq� ¤ u = λ1v1 ¢n�¤ ,n = 1  A� �Ð�

If n = 1, then u = λ1v1, and we say that u is in a linear relationship with v1.

11.2.3 : Example - �A��

: ± (1, 1, 1) ¤ (1, 1, 0) �y�A`Kl� ¨W� �z� ¨¡ (3, 3, 1) �A`K�� ,R3 ºASf�� ¨� (1

In the space R3, the ray (3, 3, 1) is a linear combination of the two rays (1, 1, 0) and

(1, 1, 1) because:

(3, 3, 1) = 2(1, 1, 0) + (1, 1, 1).

λ d�w§ ¯ ¢�± v1 = (1, 1) �A`K�� �� AyW� Xb�r� Hy� u = (2, 1) �A`K�� ,R2 ºASf�� ¨� (2

.(2, 1) = (λ, λ) ¸�Ak§ ©@�� u = λv1  wk§ Yt� ¨qyq�

In the space R2, the vector u = (2, 1) is not linearly related to the vector v1 = (1, 1)

because there is no real λ until u = lambdav1 which is equivalent to (2, 1) = (λ, λ).
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:¨l§Am� T�r`� ��¤ f3 ¤ f2 ,f1 ,f0 �ky�¤ ,Tyqyq��� ��¤d�� ºAS� E = F (R,R) �ky� (3

Let E = F (R,R) be the space of real functions, and let f0, f1, f2 and f3 be functions

defined by:

∀x ∈ R f0(x) = 1, f1(x) = x, f2(x) = x2, f3(x) = x3.

þ� T�r`m�� f T��d�� ¢n�¤

then the function f defined by

∀x ∈ R f(x) = x3 − 2x2 − 7x− 4

 ± f0, f1, f2, f3 ��¤dl� ¨W� �z� ¨¡

it is a linear combination of the functions f0, f1, f2, f3 because

f = f3 − 2f2 − 7f1 − 4f0.

T�wfOm�� �kt� M2,3(R) �A�wfOm�� ºAS� ¨� (4

In the matrix space M2,3(R) let the matrix

A =

(
1 1 3

0 −1 4

)
.

­d��¤ ¯� Ah�A�wk� �� ¨� CAf}� Yl� ©wt�� �A�wfOm� ¨W� �z� �kJ Yl� A T�At� �yWts�

:®�� Xq�

We can express matrix A as a linear combination of matrices that contain zeros in all

their components except one, for example:

A =

(
1 0 0

0 0 0

)
+

(
0 1 0

0 0 0

)
+ 3

(
0 0 1

0 0 0

)
−

(
0 0 0

0 1 0

)
+ 4

(
0 0 0

0 0 1

)
.

Linear correlation and independence ¨W��� �®qtF³�¤ ªAb�C³� 5.2.3

11.2.3 : Definition - �§r`�

K ¨l§dbt�� �q��� Yl� E ¨�A`K�� ºASf�� r}An� �� {v1, v2, · · · , vn} Tl¶A� �� �wq� n ∈ N∗ �ky�
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:An§d� {λi}i≤n ∈ K �Aymls�� �� Tl¶A� �� ��� ��  A� �Ð� ,­r� Tlm� Ah�� ¤� AyW� Tlqts� Ah��

Let n ∈ N∗ be a natural number. We say that a family {v1, v2, · · · , vn} of elements in the

vector space E over the field K is linearly independent or a free family if, for every family of

scalars {λi}i≤n ∈ K, the following condition holds:

λ1v1 + λ2v2 + · · ·+ λnvn = 0E

where all its coefficients are zero, i.e.: :©� ,T�¤d`� Ah�®�A`� �ym�  wk� �y�

λ1 = 0K, λ2 = 0K, · · · λn = 0K.

.	y�rt�� Yl� K ¨l§dbt�� �q��� rf}¤ E ¨�A`K�� ºASf�� rf}  ®�m§ 0K ¤ 0E

0E and 0K represent the zero of the vector space E and the zero of the commutative field K,

respectively.

12.2.3 : Example - �A��

T`J±� R3 ¨qyq��� ¨�A`K�� ºASf�� ¨� rbt`n�

Let us consider in real vector space R3 the rays

a1 =


1

1

1

 , a2 =


1

2

3

 , a3 =


2

−1

1

 , b =


2

−2

−1


:An§d� ¤ {a1, a2, a3} T`J°� ¨W� �z� w¡ b �A`K�� ,¢n�¤

Hence, the ray b is a linear mixture of the rays {a1, a2, a3} and we have:

b =


2

−2

−1

 =


1

1

1

−


1

2

3

+


2

−1

1


= a1 − a2 + a3.

3.2.3 : Remark - T\�®�

.AyW� TWb�r� Ah�� AyW� Tlqts� �k� ��  � ,¨�A`K�� ºASf�� r}An� �� Tl¶A� T§� �� �wq� •
We say of any family of vector space elements, if they are not linearly independent,
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that they are linearly dependent.

.¨�A`J ºAS� ©� ¨� AyW� Tlqts� Ty�A��� T�wm�m�� •
The empty set is linearly independent in any vector space.

13.2.3 : Example - �A��

The polynomials  ¤d��� ��ry��

P1(X) = 1−X,P2(X) = 5 + 3X − 2X2 and P3(X) = 1 + 3X −X2.

: ± Pn[X] ¤d��� ��ry�� ºAS� ¨� TW��rt� TyW� Tlm� �kK�

form a linearly dependent set in the polynomial space Pn[X] because:

T� A`m��  � ^�®ns� ,£@¡  ¤d��� ��ry�� �®�A`� AnO�� �Ð�

If we examine the coefficients of these polynomials, we can observe that the equation

aP1(X) + bP2(X) + cP3(X) = 0.

T� A`m�� £@¡ �`�§ Am� ,�rf} Ah`ym� ©¤As� ¯ ,c ¤ ,b ,a 
��w�  w�¤ ¨n`§ Am� �¤d`� ry� �� Ah�

.�rf} ©¤As�

has a non-trivial solution, which means there exist constants a, b, and c, not all equal to

zero, that make this equation equal to zero.

3P1(X)− P2(X) + 2P3(X) = 0.

. ¤d��� ��ry�� ºAS� ¨� A¾AyW� TWb�r�  ¤d��� ��ry��  �� ,��@�

Therefore, the polynomials are linearly dependent in the polynomial space.

14.2.3 : Example - �A��

Tlqts� Tlm��� £@¡  � �¡rbn� .{cos, sin} Tlm��� �kt�¤ ,Tyqyq��� ��¤d�� ºAS� F (R,R) �ky�

 � |rf� :AyW�

Let F (R,R) be the space of real functions, and let the statement be {cos, sin}. To prove that

this set is linearly independent: We assume that

λ cos+µ sin = 0
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That equivalent to  � ¸�Ak§

∀x ∈ R λ cos(x) + µ sin(x) = 0.

.λ = 0 :AnyW`� ��¤Asm�� £@¡ x = 0 ��� ��

For x = 0 these equations give us: λ = 0.

.AyW� Tlqts� {cos, sin} Tlm���  � ©� .µ = 0 AnyW`� x = π
2
��� ��¤

For x = π
2
it gives us µ = 0. That is, the set {cos, sin} is linearly independent.

:Ty�At�� Ty�l�m�� T�®`�� An§d� ¢�± AyW� TWb�r� {cos2, sin2, 1} Tlm��� , «r�� Ty�A� ��

On the other hand, the set {cos2, sin2, 1} is linearly related because we have the following

trigonometric relationship:

∀x ∈ R : cos(x)2 + sin(x)2 − 1 = 0.

:An§d� �y� T�¤d`� ry� Ahl� ¨W��� �zm�� ���w� An¡

Here, all the linear combination factors are non-zero because we have:

λ1 = 1, λ2 = 1, λ3 = −1.

2.2.3 : Corollary - T�yt�

K ¨l§dbt�� �q��� Yl� E ¨�A`K�� ºASf�� r}An� �� {v1, v2, · · · , vn} Tl¶A� �� �wq� n ∈ N∗ �ky�

:�q�� ,A`� T�¤d`� Ahl� 
sy� {λi}i≤n ∈ K �Aymls�� �� Tl¶A� �d�¤ �Ð� AyW� TWb�r� Ah��

Let n ∈ N∗ we say about the family {v1, v2, · · · , vn} of vector space elements E on The

commutative field K is linearly dependent if there exists a family of scalers {λi}i≤n ∈ K that

are not all null together, check:

n∑
i=1

λivi = 0E.

15.2.3 : Example - �A��
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From the previous example notice that the vectors Tlm���  � ^�¯ ��As�� �A�m�� ��

a1 =


1

1

1

 , a2 =


1

2

3

 , a3 =


2

−1

1

 , b =


2

−2

−1


linearly dependent AyW� TWb�r�

a1 − a2 + a3 − b = 0R3 .

so ©�

∃λ1 = 1, λ2 = −1, λ3 = 1, λ4 = −1 : λ1a1 + λ2a2 + λ3a3 + λ4b = 0R3 .

Not all are zero together. .A`� T�¤d`� Ahl� 
sy�

The base or basis xAF±� ¤� ­d�Aq�� 6.2.3

�§d�  wk§ A�dn� .­ryb� Tym¡�¤ �AqybW� Ah�¤ ¨W��� rb��� ¨� ¨FAF� �whf� ¨¡ ­d�Aq��

,T�whF¤ Amh� r��� �kK� ºASf�� �@¡ ¨� r}An`�� �h�¤ �y�m� �nkm§ ,¨�A`K�� ºASfl� ­d�A�

T�whs� �®�A`m�� 
As�¤ TyW��� �®§w�t�� ��� Tflt�� �Aylm� º�r�� AS§� �nkm§¤

.­d�Aq�� £@¡ ��d�tFA�

A basis is a fundamental concept in linear algebra and holds significant applications and im-

portance. When you have a basis for a vector space, you can represent and understand the

elements in that space more comprehensively and easily. You can also perform various oper-

ations, such as linear transformations and coefficient calculations, with ease using this basis.

12.2.3 : Definition - �§r`�

­d�w� Tlm� Ah�� {v1, · · · , vn} Tlm��� �� �wq� ,E ¨�A`K�� ºASf�� �� T`J� v1, · · · , vn �kt�

	tk�¤ .v1, · · · , vn T`J±� ¨� ¨W� �z� �kJ Yl� 	tk§ E �� �A`J ��  A� �Ð� E ¨�A`K�� ºASfl�

Let v1, · · · , vn be rays from the vector space E, we say of the set {v1, · · · , vn} that it is a

generating set for the vector space E if every ray of E can be expressed as a linear
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combination of the rays v1, · · · , vn. We write:

∀v ∈ E, ∃λ1, . . . , λp ∈ K : v = λ1v1 + · · ·+ λnvn.

¨¶z��� ¨�A`K�� ºASf�� �whfm� TWb�r� ©� .E ºASfl� ­d�w� {v1, · · · , vn} Tlm���  � AS§� �wq� ¤

:  A� �Ð� Xq�¤ �Ð� d�wm��

We also say that the set {v1, · · · , vn} generates the space E. This is also associated with the

concept of the span generator if and only if:

E = V ect(v1, · · · , vn).

16.2.3 : Example - �A��

Take, for example, the following rays Ty�At�� T`J±� �A�m�� �ybF Yl� �kt�

v1 =
(

1
0
0

)
, v2 =

(
0
1
0

)
and v3 =

(
0
0
1

)
of E = R3.

	tk§ R3 �� v =
(

x
y
z

)
�A`J ��  ± R3 þ� ­d�w� {v1, v2, v3} Tlm���

The set {v1, v2, v3} is generating R3 because each ray v =
(

x
y
z

)
from R3 writes(

x
y
z

)
= x

(
1
0
0

)
+ y

(
0
1
0

)
+ z

(
0
0
1

)
.

Here the factors are ¨¡ ���w`�� An¡

λ1 = x, λ2 = y, λ3 = z.

17.2.3 : Example - �A��

Let the following rays be Ty�At�� T`J±� �kt�

v1 =
(

1
1
1

)
, v2 =

(
1
2
3

)
of E = R3.

¨�A`K�� ºASfl� ¨mtn§¯ v =
(

0
1
0

)
�A`K�� ®�� .R3 þ� ­d�w� Tlm� �kK� ¯ {v1, v2} T`J±�

.V ect(v1, v2)

The rays {v1, v2} do not form a generative set for R3. For example, the vector v =
(

0
1
0

)
does
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not belong to the vector space V ect(v1, v2).

:AS§� 	tk§ ©@��¤ .v = λ1v1 + λ2v2 �y� λ1, λ2 ∈ R d�� �ws� ®`�  A� �Ð��

If it is true, we will find λ1, λ2 ∈ R where v = λ1v1 + λ2v2. Who also writes:(
0
1
0

)
= λ1

(
1
1
1

)
+ λ2

(
1
2
3

)
it gives us the following linear equations: :Ty�At�� TyW��� Tlm��� AnyW`§

λ1 + λ2 = 0

λ1 + 2λ2 = 1

λ1 + 3λ2 = 0

which has no solution. .�� Ah� Hy� ¨t��

18.2.3 : Example - �A��

Tlm� ¢n�¤ .Tyqyq��� �®�A`m�� ��Ð Tyqyq��� ≤ n T�Cd�� ��  ¤d��� ��ry�� ºAS� Pn[X] �ky�

.Pn[X] ºASfl� ­d�w� Tlm� �kK� {1, X,X2 · · · , Xn}  ¤d��� ��ry��

Let Pn[X] be the real vector space of polynomials of degree ≤ n with real coefficients. Then,

the polynomial set {1, X,X2 · · · , Xn} forms a generating set for the space Pn[X].

2.2.3 : Proposition - TþyS�

­d�w� Tlm� AS§� ¨¡ F ′ =
{
v′1, v

′
2, · · · , v′q

}
¢n�¤ .E þ� ­d�w� Tlm� F = {v1, v2, · · · , vp} �kt�

.F Tlm��� ¨� ¨W� �z� �kJ Yl� F ′ �� �A`J �� 	t� �Ð� Xq�¤ �Ð� E þ�

Let F = {v1, v2, · · · , vp} be a generative set of E. Hence F ′ =
{
v′1, v

′
2, · · · , v′q

}
is also a

generative set of E if and only if every vector of F ′ is written as a linear mixture in the set

F .

13.2.3 : Definition - �§r`�

�Ð� E ºASfl� xAF� �kK� E �� B = (v1, v2, . . . , vn) Tlm���  � �wq� .K Yl� ¨�A`J ºAS� E �ky�

:
�A�

Let E be a vector space on K. We say that the set B = (v1, v2, . . . , vn) of E forms a basis for

the space E if:
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B is a generating set for E. .E þ� ­d�w� Tlm� B (1

B is a linear independent set. .AyW� Tlqts� Tlm� B (2

1.2.3 : Theorem - T§r\�

.E ¨�A`K�� ºASfl� xAF� B = (v1, v2, . . . , vn) �kt�

Let B = (v1, v2, . . . , vn) be a basis of the vector space E.

�AymlF d�w§ ©� .B T�wm�m�� r}An� ¨� ¨W� �zm� ­dy�¤ T�At� �kJ Yl� 	tk§ v ∈ E �A`J ��

:�y� ­dy�¤ λ1, . . . , λn ∈ K
Each vector v ∈ E is written as a single linear combination in the elements of the set B.
That is, there are single scalers λ1, . . . , λn ∈ K where:

v = λ1v1 + λ2v2 + · · ·+ λnvn.

4.2.3 : Remark - T\�®�

.B xAF±� ¨� v �A`K�� �Ay��d�� Yms� (λ1, . . . , λn) (1

(λ1, . . . , λn) are called the coordinates of v in the basis B.

The application of form �kK�� �� �ybWt�� (2

ϕ : Kn −→ E

(λ1, λ2, . . . , λn) 7−→ λ1v1 + λ2v2 + · · ·+ λnvn

.E ¨�A`K�� ºASf�� w�� Kn ¨�A`K�� ºASf�� �� ��Aq� w¡

It is a bijection from the vector space Kn to the vector space E.

Dimension of a vector space ¨�A`J ºAS� d`� 7.2.3

.ºASf�� �@¡ Ahn�  wkt§ ¨t�� Ty�rf�� ( A`�±� ¤�) �A�A`K��  d� Y�� ryKu§ T`J±� ºASf�� ¨� d`ub��

�AyRA§r�� ��Ð ¨� Am� ,�A�Ays�� �� T�wnt� T�wm�� ¨� Amh� A�whf� d`ub��  wk§  � �km§

.ºA§zyf��¤
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The dimension in vector space refers to the number of subspaces (or dimensions) that compose

this space. Dimension can be an important concept in various contexts, including mathematics

and physics.

¨t�� (T`J±� ¤�) HF±� �� T�wm�� ��d�tFA� ¨�A`K�� ºASf�� �y�m� �km§ ,¨RA§r�� �Ays�� ¨�

T�E®�� TyFAF±� T`J±�  d� Y�� ryKu§ �Ays�� �@¡ ¨� d`ub�� .ºASf�� �@¡ ¨� TWq� ©� �y�m� �yt�

�y�A`J 	lWt§ (2D) ¨¶An��� ºASf�� ,�A�m�� �ybF Yl� .d§r� �kK� ºASf�� ¨� TWq� ©� �y�mt�

.TyFAF� T`J� �®� 	lWt§ (3D) ¨�®��� ºASf�� Amny� ,TWq� �y�mt� �yyFAF�

In a mathematical context, a vector space can be represented using a set of basis vectors (or

rays) that allows unique representation of any point in that space. Dimension in this context

indicates the number of fundamental rays required to uniquely represent any point in the space.

For example, a two-dimensional space (2D) requires two basis rays to represent a point, while

a three-dimensional space (3D) requires three basis rays.

¨t�� Tflt�m�� �A¡A��³�  d� Y�� ryKu§ ¨�A`K�� ºASf�� ¨� d`ub�� ,TFdnh�� �wl�¤ ºA§zyf�� ¨�

¨� �r�t�  A`�±� ¨�®��� ºASf�� ¨� ­rk�� ,�A�m�� �ybF Yl� .�y`� º¨J Ahy� �r�t§  � �km§

. A`�� T�®� Ah§d� ,¨�At�A�¤ ,Tflt�� �A¡A��� �®�

In physics and engineering, dimension in vector space refers to the number of different directions

in which a particular object can move. For example, a ball in three-dimensional space can move

in three different directions, and thus, it has three dimensions.

T�wnt� T�wm�� ¨� �wls��¤ P¶AO��� �h�¤ �yl�t� AyFAF�  wk§ ¨�A`K�� ºASf�� ¨� d`ub��

.Tyml`��¤ TyRA§r�� �A�Ays�� ��

The dimension in vector space is fundamental for analyzing and understanding properties and

behaviors in various mathematical and scientific contexts.

14.2.3 : Definition - �§r`�

d`� ¤Ð E ¨�A`K�� ºASf��  �� r}An`�� �� n ¢tn�  d� ¤Ð B xAF� E ¨�A`K�� ºASfl�  A� �Ð�

	tk�¤ ¢tn�

If the vector space E has a basis B with a finite number of elements n, then the vector space

Brahim Brahimi-Jihane Abdelli 164 University of Mohamed Kheidar, Biskra



V ector Spaces Ty�A`K�� ��ºASf�� Vector space ¨�A`K�� ºASf�� .2.3

E has a finite dimension, and we write:

dim(E) = Card(B) = n.

5.2.3 : Remark - T\�®�

. dim({0}) = 0 ©� �¤d`� d`� ¤Ð {0} �¤d`m�� ºASf��

The zero space {0} has a zero dimension, i.e. dim({0}) = 0.

19.2.3 : Example - �A��

The canonical basis for the space R2 is: :w¡ R2 ºASfl� ¨�w�Aq�� xAF±� (1{(
1

0

)
,

(
0

1

)}

Hence the dimension of space R2 is 2. .2 w¡ R2 ºASf�� d`� ¢n�¤

The vectors T`J±� (2{(
2

1

)
,

(
1

1

)}

.r}An`��  d� Hf� Yl� ©wt�§ ¢��� r�� R2 þ� xAF� ©� ¤ R2 ºASfl� xAF� AS§� �kK�

It also forms the basis of the space R2, and any other basis of the space R2 contains

the same number of elements.

.rOn� n ©w�§ (e1, e2, · · · , en) ¢� xAF� ��  ± n d`� ¤Ð Kn ºASf�� T�A� TfO� (3

In general, the space Kn has n dimensions because each basis (e1, e2, · · · , en) contains
n elements.

n + 1 ©w�§ ©@�� (1, X,X2, · · · , Xn) w¡ Pn[X] ºASf�� xAF�  ± (dimPn[X] = n + 1) (4

.rOn�

(dimPn[X] = n+ 1) because the basis of the space Pn[X] is (1, X,X2, · · · , Xn) which

contains n+ 1 elements.
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2.2.3 : Theorem - T§r\�

:An§d� n ¢tnm�� d`b�� ¤Ð ¨�A`J ºAS� ¨�

In a vector space with finite dimension n, we have:

,YO�� d�� rOn� n Ah� AyW� Tlqts� Tlm� �� •
Each linearly independent set has a maximum of n elements,

,xAF� ¨h� rOn� n �� T�wk� AyW� Tlqts� Tlm� �� •
Every linearly independent set consisting of n elements is a basis,

,��±� Yl� rOn� n �� T�wk� ¨h� ­d�w� Tlm� �� •
Every generative set is composed of at least n elements,

.xAF� ¨h� rOn� n �� T�wk� ­d�w� Tlm� �� •
Every generated set consisting of n elements is a basis.

15.2.3 : Definition - �§r`�

.£d�w� ©@�� ¨�A`K�� ºASf�� d`� ,T`J� Tlm� Tb�C ¨ms�

We call the range of a set of rays, the dimension of the vector space they generate.

6.2.3 : Remark - T\�®�

:Tq�As�� T§r\nl� TlhF �¶At� ¨¡ Ty�At�� �A\�®m��

The following observations are easy consequences of the previous theorem:

.n r��±� Yl� �A`J n �� T�wk� T`J� Tlm� Tb�C •
The range of a set consisting of n rays, at most is n.

.AyW� Tlqts� Tlm��� £@¡ 
�A� �Ð� Xq�¤ �Ð� n ¨¡ �A`J n �� T�wk� T`J� Tlm� Tb�C •
The range of a ray system consisting of n rays is n if and only if this system is linearly

independent.

ºASfl� AFAF� �kK� Tlm��� £@¡ 
�A� �Ð� Xq�¤ �Ð� n ¨¡ �A`J n �� T�wk� T`J� Tlm� Tb�C •
.£d�w� ©@�� ¨�A`K��

The range of a ray system consisting of n rays is n if and only if this system forms the

Brahim Brahimi-Jihane Abdelli 166 University of Mohamed Kheidar, Biskra



V ector Spaces Ty�A`K�� ��ºASf�� Vector space ¨�A`K�� ºASf�� .2.3

basis of the vector space it generates.

Direct sum rJAbm�� �wm�m�� 8.2.3

¨t�� Tylm`�� Y�� ­CAJ²� ¨W��� rb���¤ �AyRA§r�� ¨� �d�ts§ �lWO� w¡ rJAbm�� �wm�m��

�yyhtn� �§ºAS� �§d�  A� �Ð� .Amhny� ���d�  ¤ �yflt�� �y�w� �� �y¶AS� �y� �m��

�wm�m�� Yms� rb�� T�As� ºAK�³ A`� Amh�� �nkm§ ,(�yy¶z� �§ºAS� ,�A�m�� �ybF Yl�)

.rJAbm��

The direct sum is a term used in mathematics and linear algebra to refer to the operation that

combines two distinct types of spaces without any overlap between them. If you have two finite

spaces (for example, two subspaces), you can merge them together to create a larger space

known as the direct sum.

T�A� �An¡  wk� �y� �AyRA§r��¤ ¨W��� rb��� ¨� �dyf�  wk§ rJAbm�� �wm�m�� ��d�tF�

. A`�±� �yFwt� ¤� Tflt�� Ty�w� �A�As� ��d�

The use of the direct sum is valuable in linear algebra and mathematics when there is a need

to combine different types of spaces or to expand dimensions.

16.2.3 : Definition - �§r`�

Let F and G be two sub-vector spaces of E. .E �� �yy¶z� �yy�A`J �y¶AS� G ¤ F �ky�

�yy�A`K�� �y¶ASf�� �wm�� Yms� G �� rOn� v ¤ F �� rOn� u �y� u+ v r}An`�� �ym� T�wm��

:	tk� ¢n�¤ .F +G z�r�A� ¢� z�r�¤ .G ¤ F �yy¶z���

The set of all elements u+ v where u is an element of F and v is an element of G is called

the sum of the vector subspaces F and G. We denote it with F +G. Then we write:

F +G =
{
u+ v | u ∈ F, v ∈ G

}
.

F

G

F +G
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3.2.3 : Proposition - TþyS�

: �� .E �� �yy¶z� �yy�A`J �y¶AS� G ¤ F �ky�

Let F and G be two sub-vector spaces of E. Then:

F +G is a sub-vector space of E. .E �� ¨¶z� ¨�A`J ºAS� F +G (1

.G ¤ F 
�w�� Hf� ¨� ©w�§ ¨¶z� ¨�A`J ºAS� ��� w¡ F +G (2

F +G is the minimal sub-vector space that simultaneously contains F and G.

17.2.3 : Definition - �§r`�

z�r�A� ¢� z�r� E ¨� rJAb� �m� ¨� G ¤ F  � �wq� .E �� �yy¶z� �yy�A`J �y¶AS� G ¤ F �ky�

: A� �Ð� F ⊕G = E

Let F and G be two sub-vector spaces of E. We say that F and G are in direct sum in E,

which we denote by F ⊕G = E if:

F ∩G = {0E} •

.F +G = E •

.E ¨�  ®�Akt�  Ay¶z�  Ay�A`J  �ºAS� G ¤ F  � �wq� rJAb� �m� ¨� G ¤ F  A� �Ð�

If F and G are in direct sum, we say that F and G are two complementary sub-vector spaces

in E.

4.2.3 : Proposition - TþyS�

F �� rOn`� ­dy�¤ Tq§rW� 	tk§ E �� rOn� ��  A� �Ð� Xq�¤ �Ð� E ¨�  ®�Akt� G ¤ F  � �wq�

.G �� rOn�¤

We say that F and G are complementary in E if and only if each element of E is written in

as a unique way for an element of F and an element of G.
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7.2.3 : Remark - T\�®�

w = u+ v  � ¨n`§ G �� rOn�¤ F �� rOn`� ­dy�¤ T�At� �kJ Yl� 	tk§ E �� w  � �wq� (1

Amt� ¢��� v′ ∈ G ,u′ ∈ F �y� w = u′ + v′ �kK�� �� «r�� T�At� ¤ v ∈ G ¤ u ∈ F �y�

.v = v′ ¤ u = u′

We say that w of E is written as a single writing of an element of F and an element

of G, which means that w = u+ v where u ∈ F , v ∈ G, and another writing From the

form w = u′ + v′ where u′ ∈ F , v′ ∈ G it is inevitable that u = u′ and v = v′.

¨�A`K�� ºASfl� �mk� F ¨¶z��� ¨�A`K�� ºASf��  � �wq� An��� .F ⊕ G = E An§d�  A� �Ð� (2

.Hk`�� ¤ G ¨¶z���

If we have F ⊕G = E. We say that the sub-vector space F is complementary to the

sub-vector space G and vice versa.

.Tyhtn�  A`�� ��Ð Ty�A`J ��ºAS� ¨� Xq�  wk§ Tl�Aktm�� Ty¶z��� Ty�A`K�� ��ºASf��  w�¤ (3

The presence of complimentary sup-vector spaces occurs only in finite-dimensional

vector spaces.

e have F ⊕G = E. Then  �� .F ⊕G = E An§d�  A� �Ð� (4

dim(E) = dim(F ) + dim(G).

20.2.3 : Example - �A��

Let �ky� (1

F =
{
(x, 0) ∈ R2 | x ∈ R

}
and G =

{
(0, y) ∈ R2 | y ∈ R

}
Prove that  � 
b��

F ⊕G = R2.

«r�  � �km§ ¤� .F + G = R2  �� (x, y) = (x, 0) + (0, y)  � Am�¤ F ∩ G = {(0, 0)} An§d�

.­dy�¤ (x, y) = (x, 0) + (0, y) Ty�At�� T�Atk��  � T�whs�
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x

y

F

G

0

G′

We have F ∩G = {(0, 0)} and since (x, y) = (x, 0) + (0, y) then F +G = R2. Or we

can easily see that the following writing (x, y) = (x, 0) + (0, y) is unique.

:  � AS§� �Ab�� Annkm§ .G′ =
{
(x, x) ∈ R2 | x ∈ R

}
�S�¤ F @��� (2

We take F and G′ =
{
(x, x) ∈ R2 | x ∈ R

}
. We can also prove that:

F ⊕G′ = R2

we prove that  � 
b�� (A

F ∩G′ = {(0, 0)}.

 �� (x, y) ∈ G′ AS§� ¤y = 0 ©� (x, y) ∈ F Th� �� ¢n�¤ (x, y) ∈ F ∩ G′  A� �Ð�

.(x, y) = (0, 0) ¨�At�A�¤ .x = y

If (x, y) ∈ F ∩G′ then, from one side (x, y) ∈ F i.e. y = 0 and also (x, y) ∈ G′

then x = y. Therefore (x, y) = (0, 0).

we prove that  � 
b�� (B

F +G′ = R2.

 � Am� .u = v + w �y� w ∈ G′ ¤ v ∈ F �� ��b� .u = (x, y) ∈ R2 �kt�

x2 ¤ x1 d�� �Ð� .x2 = y2  �� w = (x2, y2) ∈ G′  � Am� ¤ y1 = 0  �� v = (x1, y1) ∈ F

�y�

Let u = (x, y) ∈ R2. We look for v ∈ F and w ∈ G′ where u = v + w. Since

v = (x1, y1) ∈ F then y1 = 0 and since w = (x2, y2) ∈ G′ then x2 = y2. So we find

x1 and x2 where

(x, y) = (x1, 0) + (x2, x2).
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.x2 = y ¤ x1 = x− y �y� y = x2 ¤ x = x1 + x2 ¨�At�A�¤ .(x, y) = (x1 + x2, x2) ¢n�¤

d��

Then (x, y) = (x1 + x2, x2). Hence x = x1 + x2 and y = x2 where x1 = x− y and

x2 = y. We find

(x, y) = (x− y, 0) + (y, y),

.G′ �� rOn�¤ F �� rOn� �wm�� w¡ R2 r}An� �� rOn� ©�  � 
b�§ Am�

Which proves that any element of R2 is the sum of an element of F and an

element of G′.

Exercise series N° 3 ��C �§CAmt�� TlslF 3.3

Exercise N°− 1 − ��C �§rm�

:¨l§ Am� �r`m�� ⋆ ¨l��d�� 	y�rt��  w�Aq� R T�wm�m��  ¤z� (1

We provide the set R with the internal composition law ⋆ defined as follows:

∀x, y ∈ R : x⋆y = xy +
(
x2 − 1

) (
y2 − 1

)
.© Ay��� rOn`�� w¡ 1  �¤ ¨`ym�� Hy�¤ ¨l§db� ⋆  � 
b��

Prove that ⋆ is commutative, not additive, and that 1 is the neutral element.

:¨l§ Am� �r`m�� ⋆ ¨l��d�� 	y�rt��  w�Aq� R∗
+ T�wm�m��  ¤z� (2

We provide the set R∗
+ with the internal composition law ⋆ defined as follows:

∀x, y ∈ R∗
+ : x⋆y =

√
x2 + y2

.© Ay��� rOn`�� w¡ 0  �¤ ¨`ym�� ¤ ¨l§db� ⋆  � 
b�� (A

Prove that ⋆ is commutative and additive and that 0 is the neutral element.

.⋆ Tylm`l� Tbsn�A� ry\� rOn� ©� R∗
+ ¨� d�w§¯ ¢�� 
b�� (B

Prove that there is no element in R∗
+ that is an opposite with respect to the

operation ⋆.
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Solution : �þþ���

 � ^�®� (1

x⋆y = xy + (x2 − 1)(y2 − 1) = yx+ (y2 − 1)(x2 − 1) = y⋆x

¨l§db� ⋆  w�Aq�� ¢n�¤

:�y�� z ¤ y ¤ x Yl� Cw�`�� ¨fk§ ,Ay`ym�� Hy�  w�Aq��  � �Ab�³

x⋆(y⋆z) ̸= (x⋆y)⋆z

x r}An`�� CAyt�� ¨� 1 @��� ¯  � 	�§ ¢n�¤ ,© Ay��� rOn`�� w¡ 1  � £A� � «rnF Am�

z = 3 ¤ y = 2 , x = 0 :�A�m�� �ybF Yl� @��� .z ¤ y ¤

x⋆(y⋆z) = 0⋆(2⋆3)

= 0⋆(2⋆3 + (22 − 1)(32 − 1))

= 0⋆(6 + 3✕8)

= 0⋆30

= 0⋆30 + (02 − 1)(302 − 1) = −899

(x⋆y)⋆z = (0⋆2)⋆3

= (0✕2 + (02 − 1)(22 − 1))⋆3

= (−3)⋆3

= −3✕3 + ((−3)2 − 1)(32 − 1)

= −9 + 82

= 55

.Ay`ym�� Hy� ⋆  w�Aq��

1⋆x = 1 · x+ (12 − 1)(x2 − 1) = x
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: �� ¨l§db�  w�Aq��  ± , ��@� T�AR³A�

x⋆1 = 1⋆x

.© Ay��� rOn`�� w¡ 1 ,x⋆1 = 1⋆x = x An§d�

An§d� (A (2

x⋆y =
√
x2 + y2 =

√
y2 + x2 = y⋆x

.¨l§db� ⋆  w�Aq��

(x⋆y)⋆z =
√

x2 + y2⋆z =

√
(
√
x2 + y2) + z2 =

√
x2 + y2 + z2

: d�� (y, z, x) þ� (x, y, z) ryy�� �§rV �� £®�� 
As��� ­ A���

(y⋆z)⋆x =
√

y2 + z2 + x2

.¨`ym�� ⋆  w�Aq�� : ¢n�¤ ,¨l§db� ⋆  ±

(y⋆z)⋆x = x⋆(y⋆z)(x⋆y)⋆z = x⋆(y⋆z)

.© Ay��� rOn`�� w¡ 0  �� ¨l§db� ⋆  ± x⋆(y⋆z) ­rJAb� 
As��� An�Ak���  A�

0⋆x =
√
02 + x2 = |x| = x,  ± x ≥ 0

0⋆x = x⋆0

0⋆x = x⋆0 = x

y ry\� �bq§ x  � |rtfn� (B

x⋆y = 0 ⇔
√

x2 + y2 = 0 ⇔ x2 + y2 = 0 ⇔ x = y = 0

¢� Hy� x ©� x > 0 �� ��� �� �y�ts� x⋆y = 0 ¢n�¤ y > 0 ¤ x > 0 �y� ¨�

.ry\�
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Exercise N°− 2 − ��C �§rm�

:¨l§ Am� G ¨� �r`m��  w�Aq�� ⋆ ¤ G = R∗✕R �ky�

Let G = R∗✕R and ⋆ be the law defined in G as follows:

(x, y)⋆ (x′, y′) = (xx′, xy′ + y)

.Tyl§db� 
sy� ­r�E (G,⋆)  � 
b�� (1

Prove that (G,⋆) is a non-commutative group.

. (G,⋆) �� Ty¶z� ­r�E (]0,+∞[✕R,⋆)  � 
b�� (2

Prove that (]0,+∞[✕R,⋆) is a sub-group of (G,⋆).

Solution : �þþ���

xx′ ̸= 0 ¢��� x′ ̸= 0 ¤ x ̸= 0  A� �Ð� (A− 1

(x, y)⋆(x′, y′) = (xx′, xy′ + y) ∈ R∗ · R.

.¨l�� 	y�r�  w�A� w¡ ⋆  w�Aq��

(x, y)⋆((x′, y′) ∗ (x′′, y′′)) = (x, y) ∗ (x′x′′, x′y′′ + y′)

= (xx′x′′, x(x′y′′ + y′) + y)

= (xx′x′′, xx′y′′ + xy′ + y)

¤

((x, y)⋆(x′, y′))⋆(x′′, y′′) = (xx′, xy′ + y) ∗ (x′′, y′′)

= (xx′x′′, xx′y′′ + xy′ + y)

.¨`ym�� ⋆  w�Aq�� ¢n�¤

:(x, y) ∈ R∗✕R �� ��� �� �y� (a, b) �kt� (B − 1

(a, b)⋆(x, y) = (x, y) = (x, y)⋆(a, b)

:þ� T·�Ak� ��¤Asm�� £@¡

(ax, ay + b) = (x, y) = (xa, xb+ y) ⇔

{
ax = x

ay + b = y
⇔

{
a = 1

b = 0

.© Ay��� rOn`�� w¡ (1, 0) ¢n�¤
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�y� (x′, y′) �� ��b� (x, y) ∈ R∗✕R �ky� (C − 1

(x, y)⋆(x′, y′) = (1, 0) = (x′, y′)⋆(x, y)

:þ� T·�Ak� ��¤Asm�� £@¡

(xx′, xy′ + y) = (1, 0) = (x′x, x′y + y′) ⇔

{
xx′ = 1

x′y + y′ = 0
⇔

{
x′ = 1

x

y′ = −y
x

.­r�E �kK� (R∗✕R,⋆) ¢n�¤ .

(
1
x
, −y

x

)
w¡ (x, y) þ� ry\n�� rOn`��


sy� ­r�z��  � �d� �R�w�� �m� (2, 0)⋆(1, 2) = (2, 4) ¤ (1, 2)⋆(2, 0) = (2, 2)  � Am� (D − 1

.Tyl§db�

.(1, 0) ∈]0,+∞[✕R w¡ (R∗✕R,⋆) þ� © Ay��� rOn`�� (2

¢n�¤ .(x′, y′) ∈]0,+∞[✕R ¤ (x, y) ∈]0,+∞[✕R �ky�

(x, y)⋆

(
1

x′ ,
−y′

x′

)
=

(
x

x′ , x

(
−y′

x′

)
+ y

)
=

(
x

x′ ,
−y′x+ x′y

x′

)
�� Ty¶z� ­r�E (∈]0,+∞[✕R,⋆) ¢n�¤ .

(
x
x′ ,

−y′x+x′y
x′

)
∈]0,+∞[✕R  �� x > 0  � Am�

.(R∗✕R,⋆)

Exercise N°− 3 − ��C �§rm�

:¨l§ Am� �y�r`m�� �y�w�Aq�A� A = R✕R T�wm�m��  ¤z�

We provide the set A = R✕R with the two laws defined as follows:

(x, y) + (x′, y′) = (x+ x′, y + y′)

and ¤

(x, y) ∗ (x′, y′) = (xx′, xy′ + x′y)

.Tyl§db� ­r�E (A,+)  � 
b�� (1

Prove that (A,+) is a commutative group.

Prove that  � 
b�� (2

The law ∗ is commutative. .¨l§db� ∗  w�Aq�� (A

The law ∗ is associative. .¨`ym�� ∗  w�Aq�� (B
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.∗  w�Aql� Tbsn�A� © Ay��� rOn`�� d�¤� (C

Find the neutral element with respect to the law ∗.

.Tyl§db� Tql� �kK� (A,+, ∗)  � 
b�� (D

Prove that (A,+, ∗) forms a commutative ring.

Solution : �þþ���

(1

(x, y) + (x′, y′) = (x+ x′, y + y′) ∈ A

.¨l��  w�Aq�� ¢n�¤

(x, y) + [(x′, y′) + (x′′, y′′)] = (x, y) + (x′ + x′′, y′ + y′′)

= (x+ (x′ + x′′), y + (y′ + y′′))

= ((x+ x′) + x′′, (y + y′) + y′′)

= [(x, y) + (x′, y′)] + (x′′, y′′)

.¨`ym�� +  w�Aq�� ¢n�¤

(x, y) + (x′, y′) = (x+ x′, y + y′) = (x′ + x, y′ + y)

= (x′, y′) + (x, y)

.¨l§db� +  w�Aq�� ¢n�¤

dy�w�� rOn`�� w¡ (a, b) = (0, 0)  � �R�w�� �� ,(x, y) + (a, b) = (x, y) �y� (a, b) �ky�

. © Ay���

�y� (x′, y′) �ky�

(x, y) + (x′, y′) = (0, 0)

¸�Ak§ �@¡

(x+ x′, y + y′) = (0, 0) ⇐⇒

{
x+ x′ = 0

y + y′ = 0
⇔

{
x′ = −x

y′ = −y

.Tyl§db� ­r�E (A,+)  � �tnts� .(−x,−y) w¡ (x, y) ry\n�� rOn`�� ¢n�¤

(A− 2

(x, y) ∗ (x′, y′) = (xx′, xy′ + x′y) = (x′x, x′y + xy′) = (x′, y′) ∗ (x, y)

.¨l§db� ∗ ¢n�¤
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(B − 2

[(x, y) ∗ (x′, y′)] ∗ (x′′, y′′) = (xx′, xy′ + x′y) ∗ (x′′, y′′)

= (xx′x′′, xx′y′′ + x′′(xy′ + x′y))

= (xx′x′′, xx′y′′ + x′′xy′ + x′′x′y)

(x, y) ∗ [(x′, y′) ∗ (x′′, y′′)] = (x, y) ∗ (x′x′′, x′y′′ + x′′y′)

= (xx′x′′, x(x′y′′ + x′′y′) + x′x′′y)

= (xx′x′′, xx′y′′ + xx′′y′ + x′x′′y)

¢n�¤

[(x, y) ∗ (x′, y′)] ∗ (x′′, y′′) = (x, y) ∗ [(x′, y′) ∗ (x′′, y′′)]

.¨`ym�� ∗  w�Aq��

,(x, y) ∈ A �� ��� �� �y� (e, f) �ky� (C − 2

(x, y) ∗ (e, f) = (x, y)

: �q�� f ¤ e{
xe = x

xf + ye = y
⇔

{
e = 1

f = 0

.∗  w�Aql� Tbsn�A� A þ� © Ay��� rOn`�� (1, 0) ∈ A

�m��� Yl� º�d��� Ty`§Ew� (D − 2

(x, y) ∗ [(x′, y′) + (x′′ + y′′)] = (x, y) ∗ (x′ + x′′, y′ + y′′)

= (x(x′ + x′′), x(y′ + y′′) + (x′ + x′′)y)

= (xx′ + xx′′, xy′ + xy′′ + x′y + x′′y)

= (xx′ + xx′′, xy′ + x′y + xy′′ + x′′y)

= (xx′, xy′ + x′y) + (xx′′, xy′′ + x′′y)

= (x, y) ∗ (x′, y′) + (x, y) ∗ (x′′, y′′)

.Tbl�db� Tql� (A,+, ∗) ry�±� ¨�
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Exercise N°− 4 − ��C �§rm�

:Ty�At�� T`J±� TWF�w� A¡¦AK�� �� ¨t�� Ty�A`K�� ��ºASf�� �¯ A`� d�¤�

Find the equations of the victor spaces created by the following rays:

u1 = (1, 2, 3) •

u1 = (1, 2, 3) and u2 = (−1, 0, 1) •

u1 = (1, 2, 0) , u2 = (2, 1, 0) and u3 = (1, 0, 1) •

Solution : �þþ���

¢n�¤ .u1 �A`K�A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� F �S�

(x, y, z) ∈ F ⇐⇒ ∃a ∈ R,


x = a

y = 2a

z = 3a

⇐⇒ ∃a ∈ R,


a = x

y − 2x = 0

z − 3x = 0

⇐⇒

{
y − 2x = 0

z − 3x = 0

:¢n�¤ .u2 ¤ u1 T`J±A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� G �S� .F þ� �¯ A`� �`f�A� A�d�¤ dq�

(x, y, z) ∈ G ⇐⇒ ∃(a, b) ∈ R2,


x = a− b

y = 2a

z = 3a+ b

⇐⇒ ∃(a, b) ∈ R2,


a = y/2

b = z − 3y/2

0 = x− 2y + z

⇐⇒ x− 2y + z = 0.

.u3 ¤ u2 ,u1 T`J±A� d�wm�� ¨¶z��� ¨�A`K�� ºASf�� H �S� .G T� A`� ¨¡ ­ry�±� T� A`m�� £@¡

: ¢n�¤

(x, y, z) ∈ H ⇐⇒ ∃(a, b, c) ∈ R3,


x = a+ 2b+ c

y = 2a+ b

z = c
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⇐⇒ ∃(a, b, c) ∈ R3,


a+ 2b+ c = x

−3b− 2c = y − 2x

c = z

.H = R3
¨�At�A� ¤ .z ¤ y ,x �y� 
�A� Amh� ®� �bq� Tlm���

Exercise N°− 5 − ��C �§rm�

:R3 �� Ty�At�� Ty¶z��� ��ºASfl� ­d�wm�� T`J±� d�¤�

Find the generated rays of the following subspaces of R3:

F = {(x, y, z) ∈ R3; x+ 2y − z = 0} •

G = {(x, y, z) ∈ R3; x− y + z = 0 and 2x− y − z = 0} •

Solution : �þþ���

An§d� •

(x, y, z) ∈ F ⇐⇒ x = −2y + z ⇐⇒


x = −2y + z

y ∈ R
z ∈ R

⇐⇒ (x, y, z) = (−2y + z, y, z), y ∈ R, z ∈ R,

= y(−2, 1, 0) + z(1, 0, 1), y ∈ R, z ∈ R.

.F = vect(u1, u2) d�� ¢n�¤ u2 = (1, 0, 1) ¤ u1 = (−2, 1, 0) �S�

An§d� •

(x, y, z) ∈ G ⇐⇒

{
x− y + z = 0

2x− y − z = 0
⇐⇒

{
x− y + z = 0

y − 3z = 0

⇐⇒ (x, y, z) = z (2, 3, 1)

u = (2, 3, 1) �y� G = vect(u) d�� ¢n�¤

Exercise N°− 6 − ��C �§rm�
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Let be in R4 the vectors T`J±� R4 ¨� �ky�

v1 = (1, 2, 3, 4) and v2 = (1,−2, 3,−4).

? (x, 1, y, 1) ∈ V ect{v1, v2} �y� y ¤ x  A�§� �yWts� �¡ •
Can we find x and y where (x, 1, y, 1) ∈ V ect{v1, v2}?

? (x, 1, 1, y) ∈ V ect{v1, v2} �y� y ¤ x  A�§� �yWts� �¡ •
Can we find x and y where (x, 1, 1, y) ∈ V ect{v1, v2}?

Solution : �þþ���

:An� •

(x, 1, y, 1) ∈ V ect{v1, v2}

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = λ(1, 2, 3, 4) + µ(1,−2, 3,−4)

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = (λ, 2λ, 3λ, 4λ) + (µ,−2µ, 3µ,−4µ)

⇐⇒ ∃λ, µ ∈ R (x, 1, y, 1) = (λ+ µ, 2λ− 2µ, 3λ+ 3µ, 4λ− 4µ)

=⇒ ∃λ, µ ∈ R 1 = 2(λ− µ) ¤ 1 = 4(λ− µ)

=⇒ ∃λ, µ ∈ R λ− µ =
1

2
¤ λ− µ =

1

4

.x, y ��� Yl� Cw�`�� Annkm§ ¯ ��@� .(x, y  A� A§�) �y�ts� w¡¤
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: �Wnm�� Hfn� •

(x, 1, 1, y) ∈ V ect{v1, v2}

iff ∃λ, µ ∈ R (x, 1, 1, y) = (λ+ µ, 2λ− 2µ, 3λ+ 3µ, 4λ− 4µ)

⇐⇒ ∃λ, µ ∈ R



x = λ+ µ

1 = 2λ− 2µ

1 = 3λ+ 3µ

y = 4λ− 4µ

⇐⇒ ∃λ, µ ∈ R



λ = 5
12

µ = − 1
12

x = 1
3

y = 2.

.(1
3
, 1, 1, 2) 	FAn§ ©@�� (x, 1, 1, y) dy�w�� �A`K��  �� �@�
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Definitions �§CA`� 1.1.4

Yl� ­rkf�� £@¡ �m`� �wF f : Rp −→ Rn
�ybWt�� ¨� ¨W��� �ybWt�� �whf� Aq�AF Anh��¤ dq�

.Ty�A`K�� ��ºASf�� �ym�

We have previously encountered the concept of a linear application in the application f : Rp −→
Rn We will generalize this idea to all vector spaces.

1.1.4 : Definition - �§r`�

�Ð� ¨W� �ybW� w¡ F w�� E �� f �ybWt��  � �wq� .K �q��� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

:�yy�At�� �yVrK�� �q�§  A�

Let E and F be two vector spaces over the field K. We say that the mapping f from E to F

is a linear application if it satisfies the following two conditions:

An§d� u, v ∈ E �� ��� �� (1

For all u, v ∈ E we have

f(u+ v) = f(u) + f(v).

An§d� λ ∈ K ¤ u ∈ E �� ��� �� (2

For all u ∈ E and λ ∈ K we have

f(λ · u) = λ · f(u).

1.1.4 : Example - �A��

Application f defined as �r`m�� f �ybWt��

f : R3 → R2

(x, y, z) 7→ (−2x, y + 3z)

 d� λ ¤ R3 �� �§rOn� v = (x′, y′, z′) ¤ u = (x, y, z) An§d� ,��Ð �Ab�� �km§ .¨W� �ybW� w¡

:�y� ¨qyq�

It is a linear application. It can be proven that we have u = (x, y, z) and v = (x′, y′, z′) two
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elements of R3 and λ is a real numbers where:

f(u+ v) = f(x+ x′, y + y′, z + z′)

=
(
− 2(x+ x′), y + y′ + 3(z + z′)

)
= (−2x, y + 3z) + (−2x′, y′ + 3z′)

= f(u) + f(v)

and ¤

f(λ · u) = f(λx, λy, λz)

= (−2λx, λy + 3λz)

= λ · (−2x, y + 3z)

= λ · f(u)

Properties Q�w�

1.1.4 : Proposition - TþyS�

: �� F w�� E �� ¨W� �ybW� f  A� �Ð� K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be vector spaces on the same field K. If f is a linear application from E

to F , then:

f(0E) = 0F •

∀u ∈ E : f(−u) = −f(u) •

:AS§� Ty�At�� Q�w��� An§d�

We also have the following properties:

2.1.4 : Proposition - TþyS�

: �� F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be two vector spaces on the same field K and f the application from E to F

then:

,K �� µ ¤ λ ¨mlF �� ��� ��¤ E �� v ¤ u �� ��� ��  A� �Ð� Xq�¤ �Ð� ¨W� f �ybWt��
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The application f is linear if and only if for every u and v of E and for every scalars λ and

µ of K,

f(λu+ µv) = λf(u) + µf(v).

K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be vector spaces on the same field K

2.1.4 : Definition - �§r`�

ºASfl� �zy�Cw�w�¤� ¤� �zy�Cw�¤E� AS§� ¢�� F w�� E �� �r`m�� ¨W��� �ybWt��  � �wq� •
.¨�A`K��

We say that the defined linear application of E to F is also an isomorphism or

omomorphism of the vector space.

.L(E,F ) z�r�A� Ah� z�r§ F ¨� E �� TyW��� �AqybWt�� T�wm�� •
The set of linear applications of E in F is denoted by L(E,F ).

�AqybWt�� T�wm�� ( ¨��Ð ��AK� ) �zy�Cw� ¤d��� E w�� E �� �r`m�� ¨W��� �ybWt�� ¨ms� •
.L(E) z�r�A� Ah� z�r§ F ¨� E �� TyW���

We call the linear application defined from E to E an endomorphism. The set of

linear applications defined from E to E is denoted by the symbol L(E).

Linear application range ¨W� �ybW� Tb�C 2.1.4

�� �zy�Cw�wy�� f ¤ K ¨l§dbt�� �q��� Yl� n d`b�� Ayhtn� �yy�A`J �y¶AS� F ¤ E �kt�

xAF� {v1, v2, ..., vn}  A� �Ð�� .Im(f) ­CwO�� d`� ¨¡ f ¨W��� �ybWt�� Tb�C  �� ,F w�� E

Tb�C  wk�¤ ,�ybWt�� �@¡ ­Cw} d�w� β = {f (v1) , f (v2) , ..., f (vn)}  �� ,E ¨�A`K�� ºASfl�

:	tk� ¤ β T�wm�m�� �� AyW� Tlqtsm�� T`J°�  d� rb�� m ≤ n ¨¡ �ybWt��

Let E and F be vector spaces with finite dimension n defined on a commutative field K and f

is an homeomorphism from E to F , then the range of the linear application f is the dimension

of Im(f). If {v1, v2, ..., vn} is a basis for the vector space E, then β = {f (v1) , f (v2) , ..., f (vn)}
generates the image of this application, and the range of the application is m ≤ n is the largest
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number of linearly independent rays from the set β, and we write:

rang (f) = dim (Im (f)) = m

.¨l�Aq� ¨W��� �ybWt��  �� �� ��¤ ,rf} ¢��w� d`�  �� ,n þ� T§¤As� �ybWt�� Tb�C 
�A� �Ð�¤

If the range of the application is equal to n, then its kernel dimension is zero, and therefore

the linear application is bijective.

Image and kernel ­�wn��¤ ­CwO�� 3.1.4

T�wm�� A �kt� .F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

.E �� Ty¶z�

Let E and F be vector spaces on the same field K and f an application from E to F . Let A

be a subset of E.

z�r�A� Ah� z�r� A T�wm�ml� ­rJAb� ­Cw} ¨¡ A T�wm�m�� r}An`� f TWF�w� CwO�� �ym�

:T�r`m�� .F �� Ty¶z� T�wm�� ¨¡¤ .f(A)

All images by f of the elements of the set A are direct images of the set A which we denote by

f(A). It is a subset of F . defined as:

f(A) =
{
f(x) | x ∈ A

}
.

:z�r�A� Ah� z�r�¤ ¨W��� �ybWt�� ­Cw} Yms� f(E)  �� ¨W� �ybW� f : E → F  A� �Ð�

.Im(f)

If f : E → F is a linear application, then f(E) is called the linear application image and we

denote it with: Im(f).

3.1.4 : Proposition - TþyS�

.F �� ¨¶z� ¨�A`J ºAS� ¨¡ f(E ′)  �� E �� ¨¶z� ¨�A`J ºAS� E ′ 
�A� �Ð� (1

If E ′ is a vector subspace of E then f(E ′) is a vector subspace of F .
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.F �� ¨¶z� ¨�A`J ºAS� ¨¡ Im(f) T}A� TfO� (2

In particular Im(f) is a sub-vector space of F .

1.1.4 : Remark - T\�®�

.Im(f) = F �Ð� Xq�¤ �Ð� r�A� f  wk§ : f(E) ­rJAbm�� ­CwO�� �§r`� �®� �� An§d�

We have from definition of the direct image f(E): the function f is surjective if and only

if Im(f) = F .

3.1.4 : Definition - �§r`�

.F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

Let E and F be vector spaces on the same field K and f a linear application from E to F .

: 0F �� A¡Cw} ¨t�� E �� r}An`�� T�wm�� Ker(f) z�r�A� f �ybWt�� ­�wn� z�r�

We denote the application kernel of f by Ker(f): the set of elements of E whose images

are represented by 0F :

Ker(f) =
{
x ∈ E | f(x) = 0F

}
:�w}w�� ºASf� ©rfO�� �A`Kl� Tysk`�� ­CwO�� ¨¡ ­�wn�� , r�� Yn`m�

In other words, the kernel is the inverse image of the zero ray of the arrival space:

Ker(f) = f−1{0F}.

4.1.4 : Proposition - TþyS�

f �ybWt�� ­�w�  �� .F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

.E �� ¨¶z� ¨�A`J ºAS� ¨¡

Let E and F be vector spaces on the same field K and f a linear application from E to F .

Then the kernel of application f is a sub-vector space of E.

2.1.4 : Example - �A��
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Let f be the linear application defined by �r`m�� ¨W��� �ybWt�� f �ky�

f : R3 → R2

(x, y, z) 7→ (−2x, y + 3z)

Calculating the kernel Ker(f): Let �ky� :Ker(f) ­�wn�� 
As� •

(x, y, z) ∈ Ker(f) ⇐⇒ f(x, y, z) = (0, 0)

⇐⇒ (−2x, y + 3z) = (0, 0)

⇐⇒

{
−2x = 0

y + 3z = 0

⇐⇒ (x, y, z) = (0,−3z, z), z ∈ R

then ¢n�¤

Ker(f) =
{
(0,−3z, z) | z ∈ R

}
= V ect

{
(0,−3, 1)

}
.

. (0,−3, 1) ¢hy�w� �A`J �yqts� �kK� Ker(f) «r�� T�yO�

In other words, Ker(f) it forms a straight line whose direction is (0,−3, 1).

Calculating the image of f . We take (x′, y′) ∈ R2 @��� .f ­Cw} 
As� •

(x′, y′) = f(x, y, z) ⇐⇒ (−2x, y + 3z) = (x′, y′)

⇐⇒

{
−2x = x′

y + 3z = y′

We can take an example �A�m�� @�� �yWts�

x = −x′

2
, y′ = y, z = 0.

Conclusion: :T}®���

∀(x′, y′) ∈ R2 ⇒ f
(
− x′

2
, y′, 0

)
= (x′, y′)

.r�A� f �ybWt��  � 
b�§A� �@¡ ¤ Im(f) = R2 ¢n�¤

Then Im(f) = R2, which proves that the application f is surjective.
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3.1.4 : Example - �A��

: ¢n�¤ .f(X) = AX ¨l§ Am� �r`m�� f : Rp −→ Rn ¨W��� �ybWt�� �ky�¤ .A ∈ Mn,p(R) �kt�

Let A ∈ Mn,p(R) and let the linear application f : Rp −→ Rn defined as f(X) = AX. Then:

Ker(f) =
{
X ∈ Rp | AX = 0

}
.AX = 0 Ts�A�tm�� TyW��� Tlm�l� �wl��� T�wm�� ¨¡ X ∈ Rp  �� ¨�At�A�¤

Thus X ∈ Rp is the set of solutions of the homogeneous linear system AX = 0.

.A T�wfOm�� ­dm�� �� d�wm�� ¨�A`K�� ºASf�� ¨¡ Im(f)  � � Aq�� Cw�m�� ¨� «r� �wF

We will see in the next chapter that Im(f) is the vector space generated from the columns of

the matrix A.

5.1.4 : Proposition - TþyS�

: f �ybWt��  wk§ .F w�� E �� ¨W� �ybW� f ¤  Ay�A`J  �ºAS� F ¤ E �ky�

Let E and F be two vector spaces and f a linear application from E to F . The application

f is:

Surjective if and only if Im(f) = F , ,Im(f) = F  A� �Ð� Xq�¤ �Ð� �r�A� •

.Ker(f) = {0}  A� �Ð� Xq�¤ �Ð� An§Abt� •
Injective if and only if Ker(f) = {0}.

1.1.4 : Corollary - T�yt�

.F w�� E �� ¨W� �ybW� f ¤ ¢tn� d`� ¤Ð  Ay�A`J  �ºAS� F ¤ E �ky�

Let E and F be finite-dimensional vector spaces and f be a linear application defined

from E to F .

If f is surjective then  �� r�A� f  A� �Ð� •

dim(E) ⩾ dim(F ).
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If f is injective then  �� �§Abt� f  A� �Ð� •

dim(E) ⩽ dim(F ).

If f is bijective then  �� ¨l�Aq� f  A� �Ð� •

dim(E) = dim(F ).

ªrK�� �@¡ T§¦C AS§� Annkm§ .TyW��� �AqybWt�� T`ybV Yl� ©w� ªrJ w¡ d`b��  �� ¨�At�A�¤

.¨�At�� w�n�� Yl�

Thus dimension is a strong requirement on the nature of linear applications. We can also see

this condition as follows.

1.1.4 : Theorem - T§r\�

.F w�� E �� ¨W� �ybW� f ¤ ¢tn� d`� ¤Ð  Ay�A`J  �ºAS� F ¤ E �ky�

Let E and F be finite-dimensional vector spaces and f be a linear application of E to F .

dim(Im(f)) + dim(Ker(f)) = dim(E) .

Matrix form ¨�wfOm�� �kK�� 2.4

¤ E �� ºASf�� d`� p �ky� ¤ K �q��� Yl� ,¢tnm�� d`b�� ��¤Ð �yy�A`J �y¶AS� F ¤ E �ky�

�ky� ¤ .F þ� xAF� B′ = (f1, . . . , fn) ¤ F ºASf�� d`� n �ky� .E þ� xAF� B = (e1, e2, . . . , ep)

.¨W� �ybW� f : E → F

Let E and F be finite-dimensional vector spaces on the field K and let p be the dimension of

the space of E and B = (e1, e2, . . . , ep) is a basis for E. Let n be the dimension of the space F

and B′ = (f1, . . . , fn) be the basis of F . Let f : E → F be a linear application.

:¨l§ A� r�@�  � Tyhtn�  A`�� ��Ð �y¶AS� �y� TyW��� �AqybWt�� P¶AO� An� �ms�
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The properties of linear applications between two spaces of finite dimensions allow us to state

the following:

TWF�w� �� ��¤ , E xAF±� ­Cw} �®� �� d§r� �kK� f TyW��� �ybWt�� d§d�� �t§ •
.f(e1), f(e2), . . . , f(ep) T`J±�

The linear application f is uniquely determined by the basis image of E, and hence by

the rays f(e1), f(e2), . . . , f(ep).

¨W� �zm� d§r� �kK� 
wtk� F �� �A`J w¡ f(ej) ,j ∈ {1, . . . , p} �� ��� �� •
­dy�w�� �Aymls�� �� n  d� d�w§ ¢n� ¤ .F �� B′ = (f1, f2, . . . , fn) xAF±� T`J� ¨�

:�y� (a1j, a2j, . . . , anj AS§� Ah� z�r§ d�¤) a1,j, a2,j, . . . , an,j

For each j ∈ {1, . . . , p}, f(ej) is a vector from F uniquely written as a linear mixture in the

basis rays B′ = (f1, f2, . . . , fn) from F . Then, there are n single scalers a1,j, a2,j, . . . , an,j

(which may also be denoted as a1j, a2j, . . . , anj) where:

f(ej) = a1jf1 + a2jf2 + · · ·+ anjfn =


a1j

a2j
.
.
.

anj


B′

.

.(aij)(i,j)∈{1,...,n}✕{1,...,p} �®�A`m�� TWF�w� ��Ak�A� £d§d�� �t§ f ¨W��� �ybWt��  �� ,¨�At�A�¤

:¨�At�� �§r`t�� ºAW�� ¨`ybW�� �� ��@�

Thus, the linear application f is entirely determined by the coefficients (aij)(i,j)∈{1,...,n}✕{1,...,p}.

So it is natural to give the following definition:

4.2.4 : Definition - �§r`�

 wkt§ �y� (aij) ∈ Mn,p(K) T�wfOm�� ¨¡ B′ ¤ B xAF°� Tbsn�A� f TyW��� �ybWt�� T�wfO�

: B′ = (f1, f2, . . . , fn) xAF±� ¨� f(ej) �A`K�� �Ay��d�� �� j  wm`��

The matrix of the linear application f with respect to the basis B and B′ is the matrix

(aij) ∈ Mn,p(K) where the column j consists primarily of the coordinates of the ray f(ej) in

the basic B′ = (f1, f2, . . . , fn) :
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

f(e1) . . . f(ej) . . . f(ep)

f1 a11 a1j . . . a1p

f2 a21 a2j . . . a2p
...

...
...

...
...

fn an1 anj . . . anp


xAF� T`J± f ­Cw} ¨¡ Ah�dm�� ¨t�� T�wfOm�� ¨¡ ¨W� �ybW� T�wfO� :Xs�� ��CAb`�

z�r�A� T�wfOm�� ¢th� z�r� .B′
�w}w�� ºAS� xAF� T`J� ¨� Ahn� �rb`� , B ºdb�� ºAS�

.MatB,B′(f)

In simpler terms: a linear application matrix is a matrix whose columns are an image f of the

basis rays of the start space B, expressed in basis rays of the arrival space B′. We denote this

matrix by MatB,B′(f).

2.2.4 : Remark - T\�®�

.F ºASf�� d`�¤ E ºASf�� d`b� Xq� �l`t§ MatB,B′(f) T�wfOm�� Tb�r� •
The range of the matrix MatB,B′(f) relates only to the dimension of space E and the

dimension of space F .

�� B′ xAF±� Y��¤ E �� B xAF±� CAyt�� Yl� T�wfOm�� �®�A`� dmt`� , «r�� Ty�A� �� •
.F

On the other hand, the matrix coefficients depend on the choice of basis B from E and

to basis B′ from F .

4.2.4 : Example - �A��

:¨l§ Am� R2 ¨� R3 �� �r`m�A� ¨W��� �ybWt�� f �ky�

Let f be the linear application of R3 in R2 defined as follows:

f : R3 −→ R2

(x1, x2, x3) 7−→ (x1 − x2 − 2x3, x1 + 2x2 + 3x3)

�ybWt�� T�A�m� f CAbt�� �km§ ¨�At�A�¤ ,­dm�±� T`J�¤ rWF±� T`J� d§d�� �s�tsm�� ��

It is desirable to specify line rays and column rays, and thus f can be considered as the

application
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f :


x1

x2

x3

 7→

(
x1 − x2 − 2x3

x1 + 2x2 + 3x3

)

: ©� .R2 þ� ¨�w�Aq�� xAF±� B′ = (f1, f2) ¤ R3 þ� ¨�w�Aq�� xAF±� B = (e1, e2, e3) �ky�

Let B = (e1, e2, e3) be the canonical basis for R3 and B′ = (f1, f2) the canonical basis for R2.

So :

e1 =


1

0

0

 , e2 =


0

1

0

 , e3 =


0

0

1

 and f1 =

(
1

0

)
, f2 =

(
0

1

)
.

B′ ¤ B xAF±� ¨� f ¨W��� �ybWt�� T�wfO�  A�§� (1

Finding the linear application matrix f in the basis B and B′

We have An§d� (A

f(e1) = f(1, 0, 0) = (1, 1) = f1 + f2,

It is the first column in the matrix MatB,B′(f) T�wfOm�� ¨�  wm� �¤� w¡¤

and ¤ (B

f(e2) = f(0, 1, 0) = (−1, 2) = −f1 + 2f2,

the second column in the matrix MatB,B′(f) T�wfOm�� ¨�  wm� ¨�A�

And finally �ry�� ¤ (C

f(e3) = f(0, 0, 1) = (−2, 3) = −2f1 + 3f2

the third and last column in the matrix MatB,B′(f) T�wfOm�� ¨�  wm� r��¤ ��A�

therefore: :¨�At�A� ¤

MatB,B′(f) =

(
1 −1 −2

1 2 3

)
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	s� ,�y¶ASf�� �� �k� d§d� xAF�� �w}w�� ºAS� xAF� ¤ �db�� ºAS� xAF� ryy�t�  µ� �wqnF (2

:¨l§A�

We will now change the basis of the start space and the basis of the arrival space with

a new basis for each of the two spaces, according to the following:

ϵ1 =


1

1

0

 , ϵ2 =


1

0

1

 , ϵ3 =


0

1

1

 , ϕ1 =

(
1

0

)
, ϕ2 =

(
1

1

)

¤ R3 �� B0 = (ϵ1, ϵ2, ϵ3) xAF±� ¨� ©� ­d§d��� ¨W��� �ybWt�� T�wfO� 
As��  µ� �wq�

R2 �� B′
0 = (ϕ1, ϕ2)

Now, we calculate the matrix of the new linear transformation with basis

B0 = (ϵ1, ϵ2, ϵ3) From R3 and B′
0 = (ϕ1, ϕ2) from R2

f(ϵ1) = f(1, 1, 0) = (0, 3) = −3ϕ2,

f(ϵ2) = f(1, 0, 1) = (−1, 4) = −ϕ1 − 5ϕ2,

f(ϵ3) = f(0, 1, 1) = (−3, 5) = −3ϕ1 + 2ϕ2,

then ¢n� ¤

MatB0,B′
0
(f) =

(
0 −1 −3

−3 −5 2

)
.

.�AFAF±� CAyt�� Yl� ®`� dmt`� ¨W��� �ybWt�� T�wfO�  � Tqyq� �Rw§ �A�m�� �@¡

This example illustrates the fact that the linear application matrix actually depends on

the choice of basis.

5.2.4 : Example - �A��

Let the application defined from R2 to R3: : R3 w�� R2 �� �r`m�� �ybWt�� �ky�

f : (x, y) 7−→ (x+ y, 2x+ 3y, x− y) .

¨¡ T`J±� £@¡ ­Cw} .((1, 0), (0, 1)) w¡ R2 þ� ¨�w�Aq�� xAF±�

The canonical basis of R2 is ((1, 0), (0, 1)). The image of this x-ray is:
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f((1, 0)) = (1, 2, 1) and f((0, 1)) = (1, 3,−1).

Hence the application matrix of f is ¨¡ f �ybWt�� T�wfO� ¢n�¤
1 1

2 3

1 −1


T`J±� R3 þ� xAF� ¤ ºdb�� ºAS� �� ((1, 1), (1,−1)) T`J±� R2 ºASfl� r�� xAF� @��n�

¨¡ ºdb� ºAS� xAF� T`J� ­Cw} ¢n�¤ .�w}w�� ºAS� dn� ((1, 0, 0), (1, 1, 0), (1, 1, 1))

Let’s consider another basis for the space R2: rays ((1, 1), (1,−1)) from the starting space

and a basis for R3: rays ((1), 0, 0), (1, 1, 0), (1, 1, 1)) from the destination space. The image of

the basis rays in the starting space is.

f((1, 1)) = (2, 5, 0) = −3(1, 0, 0) + 5(1, 1, 0) + 0(1, 1, 1)

f((1,−1)) = (0,−1, 2) = 1(1, 0, 0)− 3(1, 1, 0) + 2(1, 1, 1)

then the matrix is: :¨¡ T�wfOm�� ¢n�¤
−3 1

5 −3

0 2



3.2.4 : Remark - T\�®�

Hf� CAt�� ,(�zy�Cw�¤d�� �� ­CAb� �ybWt��) Ahsf� ¨¡ ºdb�� ºAS�¤ �w}w�� ºAS�  wk§ A�dn�

:­dm�±� ¤ rWF±�  d� Hf� Yl� Ahny� ¨��@�� ��AKt�� T�wfO� ©wt�� .�w}w�� ¤ ºdb�� dn� xAF±�

.T`�r� ¨W��� �ybWtl� T��rm�� T�wfOm��  wk�¤

When the destination space and the starting space are the same (the transformation is an

endomorphism), we choose the same basis for both the start and the destination. The

resulting matrix of the self-mapping then has the same number of rows and columns, making

the matrix of the linear transformation square.
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Change of basis HF±� ryy�� 3.4

x ∈ E �� ��� �� .E þ� xAF� B = (e1, e2, . . . , ep) �ky�¤ ¢tn� d`� ¤Ð ¨�A`J ºAS� E �ky�

:�y� K �� ­dy�¤ (x1, x2, . . . , xp) Tf�ASm-p d�w§

Let E be a finite-dimensional vector space and let B = (e1, e2, . . . , ep) be the basis of E. For

every x ∈ E there exists a unique p-multiple (x1, x2, . . . , xp) of K where:

x = x1e1 + x2e2 + · · ·+ xpep.

:z�r�A� ¢� z�r§ ,  wm� �A`J w¡ x �Ay��d�� T�wfO�

The coordinate matrix x is a column vector, denoted by:

MatB(x) ¤�

( x1
x2

.

.

.
xp

)
B

.

Xysb�� �kK�� �@¡ Yl� �A`K�� 	tkn� ¨�w�Aq�� xAF±� w¡ B  A� �Ð� Rp
T�wm�m�� ¨�

In the set Rp, if B is the canonical basis, then we write the vector in this simple form

( x1
x2

.

.

.
xp

)
without showing the basis. .xAF±� CAhZ�  ¤ 

�kt�¤ .¨W� �ybW� f : E → F �ky� ¤ K �q��� Yl� ,d`b�� Ayhtn� �yy�A`J �y¶AS� F ¤ E �ky�

.F þ� xAF� B′
¤ E þ� xAF� B

Let E and F be finite-dimensional vector spaces, on the field K Let f : E → F be a linear

application. Let B be the basis of E and B′ be the basis of F .

6.3.4 : Proposition - TþyS�

Let A = MatB,B′(f). .A = MatB,B′(f) �kt� •
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For every x ∈ E we set �S� x ∈ E �� ��� �� •

X = MatB(x) =

( x1
x2

...
xp

)
B

.

For every y ∈ F we set �S� y ∈ F �� ��� �� •

Y = MatB′(y) =

( y1
y2
...
yn

)
B′

.

Hence, if we have y = f(x), it can be written T�At� �km§ ¢��� y = f(x) An§d�  A� �Ð� ¢n�¤

Y = AX

In other words: : «r�� TfO�

MatB′
(
f(x)

)
= MatB,B′(f)✕MatB(x)

6.3.4 : Example - �A��

��Amt�� �ky�¤ .E þ� xAF� B = (e1, e2, e3) ¤ R �q��� Yl� ,3 ¢tnm�� d`b�� ¤Ð ¨�A`J ºAS� E �ky�

:¨¡ B xAF±� ¨� ¢t�wfO� �y� E �� f (�zy�Cw�¤d�±�) ¨��@��

Let E be a vector space with finite dimension 3, on the field R and B = (e1, e2, e3) is a basis

for E. Let the endomorphism f of E, where its matrix in basis B is:

A = MatB(f) =


1 2 1

2 3 1

1 1 0

 .

(e1, e2, e3) þ� ¨W� �z� ¨¡ E �� x r}An`�� ��  � �l`� .f ­Cw}¤ ­�w� d§d�� ¯¤� �rtq�

We first propose to define a kernel and an image f . We know that all elements x of E are

linear mixtures of (e1, e2, e3)

x = x1e1 + x2e2 + x3e3

Brahim Brahimi-Jihane Abdelli 198 University of Mohamed Kheidar, Biskra



Linear applications TyW��� �AqybWt�� Change of basis HF±� ryy�� .3.4

we have An§d� .

x ∈ Ker(f) ⇐⇒ f(x) = 0E ⇐⇒ MatB
(
f(x)

)
=


0

0

0


⇐⇒ AX =


0

0

0

 ⇐⇒ A


x1

x2

x3

 =


0

0

0


⇐⇒


x1 + 2x2 + x3 = 0

2x1 + 3x2 + x3 = 0

x1 + x2 = 0

After solving the system we find: :d�� Tlm��� �� d`�

Ker(f) =
{
x1e1 + x2e2 + x3e3 ∈ E | x1 + 2x2 + x3 = 0 and x2 + x3 = 0

}
=
{(

t
−t
t

)
| t ∈ R

}
= Vect

((
1
−1
1

)
B

)
�y�A`J �¤� @��� .2 w¡ Im(f) d`� d�� ­CwO��¤ ­�wn�� T§r\� �Am`tFA� ¤ .1 d`b�� Ah� ­�wn��  �� ��@�

: Im(f) ºASf�� dy�wt� AyW� �ylqts� A T�wfOm�� ¨�

Therefore the kernel has dimension 1. Using kernel and image theory, we find that the

dimension of Im(f) is 2. We take the first two vectors in the matrix A to be linearly

independent to generate the space Im(f):

Im(f) = Vect
((

1
2
1

)
B
,
(

2
3
1

)
B

)
.

Transit matrix Cwb`�� T�wfO� 1.3.4

©wt�� E ºASf�� �AFAF� �ym�  � �l`� �bF A� 	s� .n ¢tn� d`� ¤Ð ¨�A`J ºAS� E  � |rfn�

.rOn� n Yl�

Let E be a vector space with finite dimension n. According to the above, we know that all

basis of the space E contain n elements.

University of Mohamed Kheidar, Biskra 199 Brahim Brahimi-Jihane Abdelli



Change of basis HF±� ryy�� .3.4 Linear applications TyW��� �AqybWt��

5.3.4 : Definition - �§r`�

.E þ� r�� xAF� B′ ¤ E þ� xAF� B �kt�

Let B be the basis of E and B′ be another basis for E.

��Ð T`�rm�� T�wfOm�� PassB,B′ z�r�A� Ah� z�r�¤ B′ xAF±� Y�� B xAF±� �� Cwb� T�wfO� ¨ms�

.B xAF°� Tbsn�A� ,B′ xAF°� j �A`K�� �� ®kK� j  wm`�� �y� n✕n Tb�r��

We call the transit matrix from the basis B to the basis B′ denoted by PassB,B′ The square

matrix of rank n✕n where the column j formed by the vector j of the basis B′, with respect

to the basis B.

.MatB(B′) z�r�A� PassB,B′ T�wfOml� A�Ay�� z�r� d� ¤

We may sometimes denote the matrix PassB,B′ by MatB(B′).

7.3.4 : Example - �A��

Let the real vector space R2 and let �ky�¤ .R2 ¨qyq��� ¨�A`K�� ºASf�� �ky�

e1 =

(
1

0

)
e2 =

(
1

1

)
ϵ1 =

(
1

2

)
ϵ2 =

(
5

4

)
.

.B′ = (ϵ1, ϵ2) xAF±� ¤ B = (e1, e2) xAF±� rbt`�

We consider the basis B = (e1, e2) and the basis B′ = (ϵ1, ϵ2).

.B′ xAF±� Y�� B xAF±� �� Cwb`�� T�wfO�  A�§�

Finding the transit matrix from basis B to basis B′.

:d�� .(e1, e2) T�¯d� ϵ2 ¤ ϵ1 �� rb`�  � 	�§

We must express ϵ1 and ϵ2 in terms of (e1, e2). We find:

ϵ1 = −e1 + 2e2 =

(
−1

2

)
B

ϵ2 = e1 + 4e2 =

(
1

4

)
B
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The transit matrix is then: :  Ð� ¨¡ Cwb`�� T�wfO�

PassB,B′ =

(
−1 1

2 4

)

�r`m�� IE d§A�m�� ¨W��� �bWtl� Tq��rm�� T�wfOm�� Ah�� Yl� Cwb`�� T�wfO� rbt`�  � �km§

.E Yl�

We can regard the transit matrix as the associate matrix of the neutral linear application IE

defined on E.

7.3.4 : Proposition - TþyS�

d§A�m�� �ybWtl� Tq��rm�� T�wfOm�� ¨¡ B′ xAF±� Y�� B xAF±� �� PassB,B′ Cwb`�� T�wfO�

xAF±A�  ¤zm�� �w}w�� ºAS� E ¤ ,B′ xAF±A�  ¤zm�� �dbm�� ºAS� ¨¡ E �y� IE : (E,B′) → (E,B)
: B

Transit matrix PassB,B′ from basis B to basis B′ is the associate matrix of a natural linear

application IE : (E,B′) → (E,B) where E is the starting space provided by the basis B′, and

E is the destination space provided by the basis B:

PassB,B′ = MatB′,B(IE)

:¨l§A� d�� �wF �AFAF±� Ty`R¤ Ansk� w� �k�

8.3.4 : Proposition - TþyS�

xAF±� �� Cwb`�� T�wfO� w¡ Ah�wlq�¤ TFwk� B′ xAF±� Y�� B xAF±� �� Cwb`�� T�wfO� (1

: B xAF±� Y�� B′

Transit matrix from basis B to basis B′ its invertible and its inverse is the transit

matrix from the basis B′ to the basis B:

PassB′,B =
(
PassB,B′

)−1

If B, B′ and B′′ are three basis, then  �� �AFAF� �®� B′′ ¤ B′ ,B  A� Ð� (2

PassB,B′′ = PassB,B′✕PassB′,B′′
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8.3.4 : Example - �A��

�r`n�¤ B ¨�w�Aq�� xAF±A�  ¤z� E = R3 �ky�

Let E = R3 be provided with the canonical basis B and we define

B1 =



1

1

0

 ,


0

−1

0

 ,


3

2

−1


 and B2 =




1

−1

0

 ,


0

1

0

 ,


0

0

−1


 .

.B2 xAF±� Y�� B1 xAF±� �� Cwb`�� T�wfO�  A�§�

Finding the transit matrix from basis B1 to basis B2.

We have: :An§d�

PassB,B1 =


1 0 3

1 −1 2

0 0 −1

 and PassB,B2 =


1 0 0

−1 1 0

0 0 −1

 .

The previous proposition is equivalent to: :¸�Ak� Tq�As�� TySq��

PassB,B2 = PassB,B1✕PassB1,B2

then we find d�� ¢n�¤ .

PassB1,B2 = Pass−1
B,B1

✕PassB,B2

After calculating the inverse of Pass−1
B,B1

we find: : d�� Pass−1
B,B1


wlqm�� 
As� d`� .

PassB1,B2 =


1 0 3

1 −1 2

0 0 −1


−1

✕


1 0 0

−1 1 0

0 0 −1



=


1 0 3

1 −1 1

0 0 −1

✕


1 0 0

−1 1 0

0 0 −1

 =


1 0 −3

2 −1 −1

0 0 1

 .

.T`J±� �Ab�ru� Yl� HF±� ryy�� ry��� TF�Cd�  µ� �wqnF
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We will now study the effect of changing bases on ray compounds

.E ¨�A`K�� ºASf�� Hfn� �yFAF� B′ = (e′1, e
′
2, . . . , e

′
n) ¤ B = (e1, e2, . . . , en) �ky� •

Let B = (e1, e2, . . . , en) and B′ = (e′1, e
′
2, . . . , e

′
n) be two basis of the same vector space E.

.B′
xAF±� Y�� B xAF±� �� Cwb`�� T�wfO� PassB,B′ �ky� •

Let PassB,B′ be the transit matrix from the basis B to the basis B′.

B xAF±� ¨� x =
∑n

i=1 xiei �kK�� �� TyW� Tlm�� ¢t�At� �km§ ¢��� x ∈ E ��� �� •
:	tk�¤

For x ∈ E it can be written as a linear system of the form x =
∑n

i=1 xiei in the base B
and we write:

X = MatB(x) =

( x1
x2

.

.

.
xn

)
B

.

xAF±� ¨� x =
∑n

i=1 x
′
ie

′
i �kK�� �� TyW� Tlm�� AS§� ¢t�At� �km§ x ∈ E rOn`�� Hf� •

: 	tk� ¤ B′

The same element x ∈ E can also be written as a linear system of the form x =
∑n

i=1 x
′
ie

′
i

in the base B′ and we write:

X ′ = MatB′(x) =

 x′
1

x′
2

.

.

.
x′
n


B′

.

9.3.4 : Proposition - TþyS�

X = PassB,B′ ·X ′
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Base change formula xAF±� ryy�� T�y} 2.3.4

�� Cwb`�� T�wfO� P = PassB,B′ ¤ E þ� �yFAF� B′
¤ B .¨W� �ybW� f : E → E �ky� •

.B′
xAF±� Y�� B xAF±�

Let f : E → E be a linear application. B and B′ are two basis of E and P = PassB,B′

the transit matrix from the basis B to the base B′.

T�wfO� B = MatB′(f) ¤ B xAF±� ¨� f ¨W��� �bWt�� T�wfO� A = MatB(f) �kt� •
.B′

xAF±� ¨� f ¨W��� �bWt��

Let A = MatB(f) be the matrix of the linear application f in the basis B and B =

MatB′(f) the matrix of f in the basis B′.

:¨�µA�  wk� xAF±� ryy�� T§r\�

The basis change theory is as follows:

2.3.4 : Theorem - T§r\�

B = P−1AP

in general for every n ≥ 1 n ≥ 1 �� ��� �� T�A� TfO� ¤

Bn = P−1AnP

9.3.4 : Example - �A��

Let given the following bases of R3: : R3 ��  Ay�At��  AFAF±� �ky�

B1 =



1

1

0

 ,


0

−1

0

 ,


3

2

−1


 and B2 =




1

−1

0

 ,


0

1

0

 ,


0

0

−1


 .

: ¨¡ B1 xAF±� ¨� ¢t�wfO� �y� ¨W��� �ybWt�� f : R3 → R3 �ky� ¤
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Let f : R3 → R3 be the linear application whose matrix in the base B1 is:

A = MatB1(f) =


1 0 −6

−2 2 −7

0 0 3


:B = MatB2(f) ,B2 xAF±� ¨� f T�wfO�  A�§�

Finding a matrix of f in the basis B2, B = MatB2(f):

A�d�w� B2 xAF±� Y�� B1 xAF±� �� Aq�AF Cwb`�� T�wfO� 
As�� •
By previously calculating the transit matrix from the basis B1 to the basis B2, we find

P = PassB1,B2 =


1 0 −3

2 −1 −1

0 0 1

 .

we calculate 	s�� •

P−1 =


1 0 3

2 −1 5

0 0 1

 .

: d�� Tq�As�� T§r\n�� �� �AFAF±� ryy�� T�y} �bW� •
Applying the basis change formula from the previous theorem we find:

B = P−1AP =


1 0 3

2 −1 5

0 0 1

✕


1 0 −6

−2 2 −7

0 0 3

✕


1 0 −3

2 −1 −1

0 0 1

 =


1 0 0

0 2 0

0 0 3



T�wfO�) Xs�� T�wfO� Y�� Ah��zt�� �t§  � �AFAF±� ¨� ��ryy�t�� T�lO� ��  wk§ A� Ab�A�

Bk
T�wfOm�� ­w� 
As� �hs�� �� ,An¡ �A�m�� �ybF Yl� .(TylfF ¤� T§wl� Ty�l�� ¤� T§rW�

.Ahn� Ak
�AtntF³

It is often in the interest of changes in foundations to be reduced to a simpler matrix (an upper

or lower diagonal or triangular matrix). For example here, it is easy to calculate the power of

the matrix Bk to deduce Ak from it.
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Exercise series N° 4 ��C �§CAmt�� TlslF 4.4

Exercise N°− 1 − ��C �§rm�

:¯ �� TyW� �AqybW� �� ­CAb� Ty�At�� �AqybWt�� 
�A� �Ð�  d�

Determine whether the following applications are linear applications or not:

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 0) (1

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 1) (2

f : R2 → R, (x, y) 7→ x2 − y2 (3

Solution : �þþ���

¢n�¤ .λ ∈ R ¤ ,R2
¨� v = (x′, y′) ¤ u = (x, y) @��� .¨W� �ybW� f �ky� (1

f(u+ v) =
(
(x+ x′) + (y + y′), (x+ x′)− 2(y + y′), 0)

=
(
x+ y, x− 2y, 0) + (x′ + y′, x′ − 2y′, 0)

= f(u) + f(v).

,��@�

f(λu) = (λx+ λy, λx− 2λy, 0)

= λ(x+ y, x− 2y, 0)

= λf(u).

f
(
(0, 0)

)
̸= (0, 0, 0)  ± ¨W� �ybW� 
sy� : f (2

, ± ¨W� �ybW� 
sy� f (3

f
(
(1, 0)

)
= 1, f

(
(−1, 0)

)
= 1 ¤ f

(
(0, 0)

)
= 0 ̸= f

(
(1, 0)

)
+ f
(
(−1, 0)

)
.

Exercise N°− 2 − ��C �§rm�

Let the linear application f : R2 → R3 be defined :�r`m�� f : R2 → R3 ¨W��� �ybWt�� �ky�

f(x, y) = (x+ y, x− y, x+ y).

?r�A� ?�§Abt� w¡ �¡ ¤ .¢�Cw} ¤ ,f ¨W��� �bWt�� ­�w� d�¤�
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Find the kernel of the linear application f , and its image. And is it injective? surjective?

Solution : �þþ���

. f ¨W��� �ybWt�� ­�w�  A�§� (1

Ker(f) = {(x, y) ∈ R2 : f(x, y) = (0, 0, 0)}.

:¸�Ak§ �@¡
x+ y = 0

x− y = 0

x+ y = 0

⇐⇒

{
x+ y = 0

2x = 0

.Ker(f) = (0, 0)  � �tnts�

.�§Abt� f  �� T§r\n�� 	s� ,Ker(f) = (0, 0)  � Am� (2

T�wm�� �� (u, v, w)  � �wq� .R3
�� �A`J (u, v, w) �ky� .f ¨W��� �ybWt�� ­Cw}  A�§� (3

: A� �Ð� Xq�¤ �Ð� f ¨W��� �bWt�� Cw}

∃(x, y) ∈ R2, (u, v, w) = f(x, y) ⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

v = x− y

w = x+ y

⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

u+ v = 2x

w − u = 0

⇐⇒ ∃(x, y) ∈ R2,


u−v
2

= y
u+v
2

= x

w − u = 0

 � �tnts�

Im(f) = {(u, v, w) ∈ R3; u− w = 0}.

.r�A� Hy� f ¢n�¤ ,Im(f) T�wm�ml� ¨mtn§ ¯ (1, 1, 0) ,T}A� TfO�
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Exercise N°− 3 − ��C �§rm�

Let the linear application f : R3 → R4 be defined :�r`m�� f : R3 → R4 ¨W��� �ybWt�� �ky�

f(x, y, z) = (x+ z, y − x, z + y, x+ y + 2z).

Find a basis for Im(f). .Im(f) þ� AFAF� d�¤� (1

Find a basis for Ker(f). .Ker(f) þ� AFAF� d�¤� (2

Is f injective? Surjective? Bijective? ?¨l�Aq� ?r�A� ?�§Abt� f �¡ (3

Solution : �þþ���

:d�� f ¨W��� �ybWt�� �§r`� �m`ts� (1

f(e1) = (1,−1, 0, 1)

f(e2) = (0, 1, 1, 1)

f(e3) = (1, 0, 1, 2)

: � ^�®�  � �km§

f(e3) = f(e1) + f(e2)

f(e1), f(e2), f(e3) T`J±�  � �l`� Am� ,AyW� TWb�r� {f(e1), f(e2), f(e3)} T`J±�  � ©�

.Ah� xAF�  wk� ¨¡¤ {f(e1), f(e2)} �� ­d�w� Im(f) ¢n�¤ Im(f) þ� ­d�w�

An§d� (2

(x, y, z) ∈ ker(f) ⇐⇒


x+ z = 0

−x+ y = 0

y + z = 0

x+ y + 2z = 0

⇐⇒


x+ z = 0

y + z = 0

y + z = 0

y + z = 0

⇐⇒


x = −z

y = −z

z = z
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¢n�¤ Ker(f) xAF� wh� ,�¤d`� ry� ¢�± A¾r\� Ker(f) d�w§ (−1,−1, 1) �A`K��  � �tnts�

dim(Ker(f)) = 1.

d`� �y� ¨� 1 d`b�� ��Ð ­�wn��  ± r�A� Hy� f �ybWt��  �� ­CwO��¤ ­�wn�� T§r\� 	s� (3

 ± 3 ©¤As§ ¯ Im(f)

Im(f) = V ect{f(e1), f(e2)} =⇒ dim(Im(f)) = 2.

Exercise N°− 4 − ��C �§rm�

: ¯ �� AyW� fi �ybWt��  A� �Ð� A�  d�

Determine whether the application fi is linear or not:

f1 : R2 → R2 f1(x, y) = (2x+ y, x− y)

f2 : R3 → R3 f2(x, y, z) = (xy, x, y)

f3 : R3 → R3 f3(x, y, z) = (2x+ y + z, y − z, x+ y)

f4 : R2 → R4 f4(x, y) = (y, 0, x− 7y, x+ y)

f5 : R3[X] → R3 f5(P ) =
(
P (−1), P (0), P (1)

)

Solution : �þþ���

: (x′, y′) ∈ R2
¤ (x, y) ∈ R2

�ky� .¨W� �ybW� f1 (1

f1
(
(x, y) + (x′, y′)

)
= f1

(
x+ x′, y + y′

)
=
(
2(x+ x′) + (y + y′), (x+ x′)− (y + y′)

)
=
(
2x+ y + 2x′ + y′, x− y + x′ − y′

)
=
(
2x+ y, x− y

)
+
(
2x′ + y′, x′ − y′

)
= f1(x, y) + f1(x

′, y′)

: λ ∈ R ¤ (x, y) ∈ R2
�ky�

f1
(
λ · (x, y)

)
= f1

(
λx, λy

)
=
(
2λx+ λy, λx− λy

)
= λ ·

(
2x+ y, x− y

)
= λ · f1(x, y).

.f2(2, 2, 0) þ� T§¤As� 
sy� f2(1, 1, 0) + f2(1, 1, 0) �A�m�� �ybF Yl� ¨W� �ybW� Hy� f2 (2
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 � (x′, y′, z′) ¤ (x, y, z) ��� �� �q�t� : ¨W� �ybW� f3 (3

f3
(
(x, y, z) + (x′, y′, z′)

)
= f3(x, y, z) + f3(x

′, y′, z′)

.f3
(
λ · (x, y, z)

)
= λ · f3(x, y, z) An§d� λ ¤ (x, y, z) ��� �� A¡d`� .

 � (x′, y′) ¤ (x, y) ��� �� �q�t� : ¨W� �ybW� f4 (4

f4
(
(x, y) + (x′, y′)

)
= f4(x, y) + f4(x

′, y′).

.f4
(
λ · (x, y)

)
= λ · f4(x, y) An§d� λ ¤ (x, y) ��� ��¤ ,A¡d`�

 �� P, P ′ ∈ R3[X] �kt� : ¨W� �ybW� f5 (5

f5
(
P + P ′) = ((P + P ′)(−1), (P + P ′)(0), (P + P ′)(1)

)
=
(
P (−1) + P ′(−1), P (0) + P ′(0), P (1) + P ′(1)

)
=
(
P (−1), P (0), P (1)

)
+
(
P ′(−1), P ′(0), P ′(1)

)
= f5(P ) + f5(P

′)

: λ ∈ R ¤ P ∈ R3[X]  A� �Ð� ¤

f5
(
λ · P

)
=
(
(λP )(−1), (λP )(0), (λP )(1)

)
=
(
λ · P (−1), λ · P (0), λ · P (1)

)
= λ ·

(
P (−1), P (0), P (1)

)
= λ · f5(P )

Exercise N°− 5 − ��C �§rm�

:�r`m�� f : R3 → R3 ¨W��� �ybWt�� �ky�

Let the linear application be f : R3 → R3 defined as:

f(x, y, z) = (−3x− y + z, 8x+ 3y − 2z, −4x− y + 2z).

.A¡d`u� 	s��¤ f �ybWt�� ­�wn� xAF� d�¤� (1

Find a basis for the kernel of application f and calculate its dimension.
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Is the application f injective? ?�§Abt� f �ybWt�� �¡ (2

Find the range of f . Is the application f surjective? ?r�A� f �ybWt�� �¡ .f Tb�C d�¤� (3

Find a basis for Im(f). .Im(f) þ� xAF� d�¤� (4

Solution : �þþ���

:  A� �Ð� Xq�¤ �Ð� (x, y, z) ∈ ker(f) An§d� .(x, y, z) ∈ R3
�ky� (1

−3x − y + z = 0

8x + 3y − 2z = 0

−4x − y + 2z = 0

=⇒


z − y − 3x = 0

−2z + 3y + 8x = 0

2z − y − 4x = 0

:d�� ,(��A��� ¨��wt�� Yl�) ¨�A��� Y�� �¤±� rWs�� �`R (¨��wt�� Yl� T��E�) T�AR�� , ��


z −y − 3x = 0

y + 2x = 0

y + 2x = 0

=⇒

{
z −x = 0

y +2x = 0
.

:©� Tlm��� £@¡ �� (x, y, z)  A� �Ð� Xq�¤�Ð� (x, y, z) ∈ ker(f) ¨�At�A�¤

(x, y, z) = (x,−2x, x) = x(1,−2, 1).

d��¤ rOn� ��  wkt§ xAF±� ©� (1,−2, 1) �A`K�� f �bWt�� ­�wn� xAF�� @��� ¢n�¤

.dim(ker(f)) = 1 ¨n`§

.�§Abt� Hy� f ¢n�¤ {0} �¤d`m�� ºASf�� �� ��AWt� ¯ ­�wn�� (2

:An§d� Tb�r�� T§r\� 	s� (3

rg(f) = 3− dim(ker(f)) = 3− 1 = 2.

w¡ ©@�� �w}w�� ºAS� �� �lt�§ 2 ©¤As§ ­CwO�� ºAS� d`u�  ± : r�A� Hy� f �ybWt��

.3 d`ub�� ¤Ð R3

:An§d� .f �ybWtl� CwO�� ºAS�  A�§� (4

Im(f) = {x(−3, 8,−4) + y(−1, 3,−1) + z(1,−2, 2) : x, y, z ∈ R}

= vect(u1, u2, u3),
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Tb�C  �� ��As�� ��¥s�� �� .u3 = (1,−2, 2) ¤ u2 = (−1, 3,−1) ,u1 = (−3, 8,−4) �S� �y�

.Im(f) þ� xAF� �kK� ¨h� AyW� Tlqts� (u1, u2) Tlm��� «r�� Th� �� .2 ¨¡ f �ybWt��

Exercise N°− 6 − ��C �§rm�

:¨l§ Am� T�r`� (e1, e2, e3) ¨�w�Aq�� xAF±� ¨� ¢t�wfO� �y� R3 �� f ¨��@�� ��AKt�� �ky�

Let the ondomorphism f of R3 whose matrix in the canonical basis (e1, e2, e3) is defined as

follows:

A =


15 −11 5

20 −15 8

8 −7 6

 .

Prove that the vectors T`J±�  � 
b��

e′1 = 2e1 + 3e2 + e3, e′2 = 3e1 + 4e2 + e3, e′3 = e1 + 2e2 + 2e3

.xAF±� �@h� Tbsn�A� f T�wfO� d�¤� �� R3 ºASfl� xAF� �kK�

form a basis for the space R3, then find the matrix f with respect to this basis.

Solution : �þþ���

T�wfO� P �kt� .B′ = (e′1, e
′
2, e

′
3) þ� d§d��� xAF°� ¤ �§dq�� xAF°� B = (e1, e2, e3) þ� z�r�

d§d��� xAF±� T`J� �Ab�r� �� ryb`t�� �� �tn� ¨t�� T`J±� �Ab�r� ¨¡ Ah�dm�� ¨t�� Cwb`��

:d�� B �§dq�� xAF±� T�¯d� B′

P =


2 3 1

3 4 2

1 1 2


: ��Ð Y�� T�AR³A� ,xAF� �kK§ B′

 � d�� Ah�wlq� 
As��¤ ,TFwk� P  � �q�t�

P−1 =


−6 5 −2

4 −3 1

1 −1 1

 	s�� B = P−1AP =


1 0 0

0 2 0

0 0 3


.B′

xAF±� ¨� f �ybWt�� T�wfO� ¨¡ B
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Exercise N°− 7 − ��C �§rm�

¢t�wfO� �y� R2 �� f ¨��@�� ��AKt�� �ky�

Let the ondomorphism f of R2 where its matrix

A =

(
2 2

3

−5
2

−2
3

)

on the canonical basis, so let �ky�¤ ,¨�w�Aq�� xAF±� ¨�

e1 =

(
−2

3

)
and e2 =

(
−2

5

)
.

.MatB′(f) T�wfOm�� d�¤� �� R2 ºASfl� xAF� B′ = (e1, e2)  � 
b�� (1

Prove that B′ = (e1, e2) is a basis for the space R2 and then find the matrix MatB′(f).

Calculate An for n ∈ N. .n ∈ N ��� �� An 	s�� (2

:�q�� ¨t�� Tyqyq��� �Ay�Attm�� T�wm��  d� (3

Determine the set of real sequences that satisfy:

∀n ∈ N :


xn+1 = 2xn +

2

3
yn

yn+1 = −5

2
xn −

2

3
yn

Solution : �þþ���

.B′ = (e1, e2) xAF±� w�� B =
(
(1, 0), (0, 1)

)
¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �S� (1

: e2 ¤ e1 ­dm�±� T`J� �� T�wk�

P =

(
−2 −2

3 5

)
.xAF� B′

¨�At�A�¤ TFwk� P ¢n�¤ detP = −4 ̸= 0

: ¨¡ B′
xAF±� ¨� f T�wfO� ¢n�¤

B = P−1AP = −1

4

(
5 2

−3 −2

)(
2 2

3

−5
2

−2
3

)(
−2 −2

3 5

)
=

(
1 0

0 1
3

)
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: T§rW� T�wfO� ­w� 
As� �d� �hs�� �� (2

Bn =

(
1 0

0
(
1
3

)n
)

: An
A¡d`� �tnts� A = PBP−1

 � Am�

An =
(
PBP−1

)n
= PBnP−1 =

1

4

(
10− 6

3n
4− 4

3n

−15 + 15
3n

−6 + 10
3n

)

�kK�� Yl� 	tk� �Ay�Attm�� ¢t¡ �q�� ¨t�� �¯ A`m�� ¢n�¤ Xn =

(
xn

yn

)
An`R¤ �Ð� (3

:¨l§ Am� ¨�wfOm��

Xn+1 = AXn.

: � �tnts�¤ .Xn = AnX0 : �� X0 =

(
x0

y0

)
∈ R2

¨¶�dt�³� ªrK�� An`R¤ �Ð�

 xn = 1
4

(
(10− 6

3n
)x0 + (4− 4

3n
)y0

)
yn = 1

4

(
(−15 + 15

3n
)x0 + (−6 + 10

3n
)y0

)
.
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[1] Allab, K. Eléments d’analyse : fonction d’une variable réelle O.P.U., 1986.
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